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Abstract. The so-called #-summation is well-known in the theory of ap-
proximation. A remarkable result gives a necessary and sufficient condition
for uniformly or L'-norm convergence of §-means if § has compact support.
This condition is nothing else but the integrability of the (trigonometric)
Fourier transform of 6. Later this theorem was improved by Feichtinger
and Weisz showing the same result for 6’s belonging to a suitable Wiener
algebra W (C, ¢1). If 6 is compactly supported then § € W (C, ¢1) holds ev-
idently but there are functions 6 € W (C, ¢1) with unbounded support. In
this work we extend the statement of Feichtinger and Weisz. To this end
a new space S(C,¢1) of functions will be constructed for which we prove
the validity of the integrability condition. A simple consideration leads to
the proper inclusion W (C,¢1) C S(C, ¢y).

1. Introduction

The so-called f-summation, as a general method of summation generated
by a single function 6 is an intensively investigated area of approximation.
(For this see e.g. [1], [5], [8] and references in [2], [6], [7] as illustration.) In
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this paper we consider #-means of trigonometric Fourier series and investigate
the question: for what functions # do we have convergence result. To this end
we summarize briefly the most important concepts, definitions and well-known
facts about #-summation (for historical background see also the references).

Next we denote by L' the set of the functions f : R — R integrable in the
sense of Lebesgue. Furthermore, let ||f|j1 := [|f(z)|dx := j;o |f(z)| dx. It

g € L' then
—+o0

Pg(t):= > g(t+2km) te (-7

k=—o0
is the so-called periodization of g. Since

“+o00
/Z \g(t + 2km)|dt = /|g )|dt < 400,

k=—o0

the series Z " oo 9(t+2kT) is absolutely convergent a.e. ¢ € R. It is clear that
ST |Pg(t)|dt < ||glly and ["_Pg(t)dt = [ g(t)dt. Moreover, Pg is periodic by
2m.

Now let f € L'[—m, m]. We take it as f : R — R periodic by 27 and for
g € L' define f * g as the usual convolution of f and Pg :

frglx):=fx Pg—/ Z flx—1t)g(t + 2km)dt (z € R).

k=—o0

Then fxg € L'[—m, 7] and [7_|f*g(z)ldz < [7_[f(z)|dz- ||l = [ fllx- [lg]l1-

For example if f(t) := e;(t) := €Y' (j € Z,t € [—m,7]) then
ej*g(x) =eY / Z e gt + 2km)dt =
k=—oc0

T oo
/ > By hmde = 7 [gte it (@ e R),

k=—o0

ie. ejxg(x) = €9%G(—j) (x € R). Here § stands for the (trigonometric)

Fourier transform:
g(z) == /g(t)e”:”dt (x € R).

We remember to the so-called inversion formula: if g, § € L' then

1, 1

=5 /g(t)e*”zdt (a.e. x € R).
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(It is well-known that ¢ is continuous, so in this case it can be assumed that g
is also continuous. Hence the above equality holds for all z € R).) Let 6 € L'

be given such that 6 € L' and with a natural number m = 1,2, ... we take

m g

O (t) == 5

(mt) (t € R).
By means of 0, let us considered the operators
T0fi=fx0,  (f €LY—m,n)).

Then for all f € L'[—m, 7] we have

m A~
7273 = 15 %0l < 115 00l = "B [ fimoar =

_ W e — 18
o N0

In other words the sequence of (obviously linear) operators

T8 . L'[-7, 7] = L'[—=, 7] (0 <meN)
are uniformly bounded with respect to the norm || - |; of the Banach space

LY[—m,7]. Special (see above) Te; = e;0,,(—j) (j € Z), where by the inver-
sion formula

I(—7) = o2 /é(mt)e‘”tdt _ % /é(t)e_”t/mdt —0(/m) (z€R)

Therefore TS e; = 0(j/m)e; (j € Z).
Further we assume that the function 6 is also continuous and satisfies the

condition

+oo
Com= Y |0(k/m)] <400  (0<meN).

k=—o00

Under these assumptions we consider the mappings ¢, (0 < m € N) as follows:

+oo
ot = Y Ok/miee(fex  (f € L[-m,m),
k=—o00
where c(f) = (2m)7' [T f(t)e"**dt is the usual k-th Fourier coefficient
of f. Since |ex(f)] < |[flh/@2m) (k € Z), ie. 3022 [0(k/m)er(f)ex| <

k=—o0
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< Cwllflli/(27), thus the series in question converges uniformly and for ev-
ery f € L'[—m, 7] we get

+oo

lop flle <Y 18(k/m)l-lew(f)]- llerll < Cunllf -

k=—o0

6
m

This means that for all m = 1,2,... the (linear) operator o¥ : L'[—m 7] —

— LY[—m, ] is also bounded. Furthermore,

L (k=) :
cr(ej) = 0kj = , (k,j €2),
0 (k#Jj)
which involves (see above) o%e; = 0(j/m)e; = Tle; (j € Z,0 < m € N).

From this it follows immediately the analogous equality for all trigonometric
polynomials. They form a dense set in L*[—n, 7] with respect to ||-||1, therefore

ol f=T10f (feL'l-mn], 0<meN).

A simple calculation shows that
of@) = [ FOKL@-0d (e [-ma)),

where the (27 periodic) kernel K?, is defined as follows:

1 oo
K% = o k_z_ O(k/m)ey (0 <m eN).
The assumption C,, < 4o guaranties that K% is continuous. On the other
hand
o8l = max_ o8 f(a)] = T8 f | <

1 4
< lloo W0mll = 5 M0l flloe (f € Cl=m, ).
This leads by standard argument to the inequality || K |1 < ||0]|l1/(27) (m =
=1,2,...), ie.

1 .
0
sup || K7 |l < —1|0]|1-
0<meNH mll 277” l

A remarkable result in the theory of approximation (see e.g. [8]) says that
in the above estimation we can write equality:

1 4
0
sup ||K. |1 = =—10]:.
s (|7 = 5[0
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Moreover, the "reverse” implication was also investigated. Namely (see e.g.
(3], [4], [8]), if a continuous and integrable function # : R — R has compact
support, then the next implication is true:

(%) sup |K2|1 < +o0 = e L.
0<meN

Here the assumption on the compactness of the support of § can be weakened.
To this end let for a function f: R — R

oo

Iflw = 3 sup |f(k+a)]

ke — oo z€[0,1)

and denote W (C, £1) the Wiener algebra of all continuous functions f : R - R
for which || f|lw < +oo. Then the following statement holds (Feichtinger and
Weisz [2]): the assumption § € W(C, ¢1) is enough to the implication (x). It is
clear that every continuous function f: R — R with compact support belongs
to W(C,¢;). Furthermore, a simple example can be constructed to show that
there are functions in W(C, ¢1) with unbounded supports.

2. The space (S(C,%1),] - lls)

Next we prove that the just mentioned result of Feichtinger and Weisz can
be improved. In other words the space W(C,¢;) can be so enlarged that the
implication (%) remains true. For this purpose we introduce for a continuous
function f : R — R a new norm ||f||s as follows:

—+oo

Iflls = > s Z|f +1/m)

j=—o0 "

and the space

S(C4) ={feC:|flls < +oo}.

Since m~! Zﬁgl lf(G+1/m)| (f € S(C,61),0 <m €N, j€Z)is a Riemann
sum of the integral fjJH | f(#)| dt thus

m—1

n}inoo* oG +m)| = / £ ()] dt.

=0
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Therefore
j+1
su lm t)| dt
s E s o
J
and we get
too JH1
/|f )| dt = Z /|f )| dt <
j=—00 %
+00 m—1
< Z OsupN Z|f]+l/m)\—||f|\5<+00-
j=—oc <me

Hence S(C,¢;) C L'. Furthermore, if f € S(C,¢;) and m = 1,2, ... then

+oo +oo m—1
S IS <me Y ST G+ )] < me flls < +oo.
k=—o00 j=—o0 = 1=0

Next we list some basic properties of (S(C,¢1), || - ||s)-

1° First of all, a simple consideration shows that (S(C, ¢1), ||-||s) is a normed
space. Indeed, ||0]|s = 0 is trivial. If f € S(C,¢;) and || f||s = 0 then for every
J€Z,0<meNwehave f(j+1/m)=0 (I =0,..,m—1). Let € R,
€ > 0. By the continuity of f thereare j € Z, 0 <m e N, [ =0,...,m—1
such that with y := j + [/m the inequality |f(z) — f(y)| = |f(z)| < & holds.
Hence f(z) = 0, i.e. f = 0. Furthermore, the equality ||Af|ls = |A|lf]ls
(f € S(C,41), X € R) and the inequality ||f +glls < [[flls + llgls (f,9 €
€ S(C,y)) are obvious.

2° Now, we take a sequence f, € S(C,¢;) (n € N) of functions which is
convergent in S(C, ¢1). In other words there exists f € S(C, ;) such that

[fn=Fflls =0 (n— o).

This means that

+oo
.Z S Zlfnj—i-l/m) FG+Um)| =0  (n— o).

If 0 # r € R is a rational number then with suitable jo € Z,0 < my € N,
lo=0,...,mp— 1 the equality » = jo + lo/mo holds. It is clear that

mo—1

()= F @) < Y7 1 falo+1/mo) = fGo+1/mo)| < mollfu—flls  (n€N),

=0

ie. f(r) =lim, e fu(r).
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3° The space (S(C,¥1),] - |ls) does not form a Banach space. Indeed, if
n=1,2,... and

sin(w/x) (1/n<z<1)
fu(z) ==
0 (z € R\ (1/n,1)),

then f,, € C' and

m—1

1
nlls = sup — w(l/m)| <1
Il = s o 3 Uit/

implies f,, € S(C,¢1). Furthermore, if n,k,m = 1,2, ... and k > n, then

—

m—1

| fu(l/m) — fr(l/m)| = > | fu(l/m) — fr(l/m)| =

1=0,1/k<l/m<1/n

3

Il
o

m—1

= Y Inml<

I=0,m/k<l<m/n

mom
n k
From this it follows that

m—1
I = flls = sup o3 1fat/m) — fultfm)| <

1 1
<—=—-=0 .k — 00).
<S--z (n 00)
Hence the sequence (f,,) is a Cauchy sequence with respect to || - ||s. Assume

the existence f € S(C,¢;) such that || f, — flls = 0 (n — o0). Then it would
be true by 2° for all rational r € (0, 1) that

f(r) = lim f,(r) =sin(x/r).

n— oo

However, such a continuous function f: R — R does not exist.
4° Let f € C0,1] and

,_.

S |f(l/m)| (m=1,2,...).
1=0

1
m

If
Sy = max{|f(t)] : I/m <t < (I+1)/m} (l=0,...,m—1)
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and

,_.

m—

fmi (m=1,2,...),
=0

1
m
then

s(f) == sup s (f) < S(f) :=sup S (f)-

Now let n = 1,2, ... be given and let us consider the function f, € C[0,1] in
the following way: f,(0) := f,(t) :=0 (1/n <t <1), fn(1/(2n)) := 1 and
the graph of f, over [0,1/n] is a triangle. Then Si(f,) = 1 which implies
S(fn) > 1. On the other hand for m = 1,...,n it follows s,,(f,) = 0 but

[m/"] 1 [m/n] 1

Lm)< — ST 1<~ —n4ln+2,...).
Z fu(l/m) l_zl = (m=n+1n+ )

Therefore s(f,) < 1/n (0 <n € N), i.e. it does not exist constant ¢ > 0 such
that S(f) < ¢ s(f) (f € C[0,1]).
5° Define for f € S(C,¢1) the symbol || f||sw as follows:

“+o0 m—1
Ifllsw = > sup > IfXG+1/m 1) milo
j=—oo <meN M -0
It is not hard to see that || - ||sw is norm and || - ||s < || - |[sw. However, the
functions f, (n =1,2,...) from 4° show that ||-||s, || - ||sw are not equivalent.

6° It is clear that for all continuous functions  : R — R
m—1
1 .
— 10 +1/m)| < S 106+ (GeD),
1=0
which means that W(C,¢;) C S(C, 31). A simple example proves that this
inclusion is proper, i.e. W(C,¢1) # S(C,¢;). Indeed, let 6 : R — R be a
continuous function such that [[0xj j+1/5)llec =1/7 (1 =1,2,...) and 8(¢) = 0
(t e R\ A), where A := U;’;l(j,j +1/7) (see also Feichtinger and Weisz [2]).
Then 6 € L' and for all m = 1,2, ... and j € Z

s 0 (<0
— 210G +1/m) < /4]
= w1 < (5> 0).
=1
Hence 6 € S(C, (7). However,
+00 Rl |
sup |0(j +z)| = - = 400,
j;ooogxa' ( ) ;]

in other words 6 ¢ (W, ¢4).
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3. Main result

Now, we prove the main result of this work.

Theorem 3.1. For all functions 6 € S(C,¢y) the implication (x) is true.

Proof. Let m, M, N be positive natural numbers and assume M < mr.
Then ||K? ||, can be considered as follows (the basic idea in the first steps is
due to [8]):

T mm

“+oo
1
2| KC | |_/ Z O(k/m)e™| dt = / — > 0(k/m)et™| dt >
m
k=—o0 o k=—o
v 1
> kt/m
/ —~ Z O(k/m)e dt >
M k=—o00
Tl Tl
> - kt/m _ - kt/m >
7/ — Z O(k/m)e dt / — Z O(k/m)e dt >
M k=—mN v |k|>mN
M

dt — % S J0tk/m)]

|k|[>mN

1 mN
- Z a(k/m)ezkt/m
k=—mN

-M

Here the sum m ™! Zk__mN (k/m)e*t/™ (=M <t < M) is nothing else but
a Rieman sum of the continuous function [—N, N] 3 x + 6(x)e"*®. Therefore

mN N
1 tkt/m __ wtx
W}gnooakzjvﬂ k/m)e = /G(x)e dx (—M <t < M).
=—m N

However, if —M <t < M then

mN
> 0(k/m)ettm| <

k=—mN

(2N + 1) max |0(x)],

lz[<N

i.e. by the Lebesgue’s dominated convergence theorem

://9 ety dt.

—M

M
: 1 tkt/m
Jm [ ‘ Z Okfm)e
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Furthermore,

m—

% |0(k/m)| g%z Z G+Um)l < Y

|k[>mN = lil=N

where

= Supf 0(j+1/n
= s St

We remark that 6 € S(C, ¢;) implies ijfoo Vi = [0lls < +oo,ie. D25 —
=0 (N = o).

Summarizing the above facts we get

M mN
1 K3 m
om|| K2 ||, > / — S Ok/myettm | dt—2M S Ay,
M k=—mN [iI=N
from which it follows that
o sup ||KC| > O(k/m)e* /™| dt — 2M Z v =
0<meN k_me lj|>N

//9 e'dx| dt —2M Y ;.

li|>N

Taking into account ‘fiVN O(m)e“”daﬁ‘ < |19]l1 (Jt| £ M) the above mentioned

theorem of Lebesgue guaranties that

M| N M N
lim /G(x)emdx dt = / lim /9 (z)e" dx| dt =
N—o00 N—

-M N M N

M | +00 M
:/ /e(x)emdx dt:/ é(t)’ dt.
—M ¢S] —M

Thus

N
0 : it .
sup ||K,,|[1 > lim / /93@ e dx| dt—2M lim E =
O<m€NH ”1 N—oo . ( ) N—o00 SN J

l:\:

-M
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from which

M
0]l = lim / ‘é(t)‘ dt <2m sup ||K? |1 < +oo,
M—o0 o 0<meN

ie., 6 L follows.
4. Remarks

1° Tt is clear that for compactly supported 6 the proof can be simplified (see
e.g. [8]). Namely, in this case suppf C [—N, N| can be supposed in the above
proof. Then 37, .,y O(k/m)e’t/™ =0 (|t| < M) holds trivially, hence

M 1 mN
2| KO, > / — S okt .
M k=—mN
Therefore
M 1 mN
2 KOy > i . O(k/m)e*t/™| dt =
m s K> J 1D 3 otk
—M -
M| N M
:/ /Q(x)e”wdx dt:/ é(x)‘dt
~-M N —M
and the proof can be finished as above.
2° 1f 6 € S(C, ¢1) then
1 +00 +o00 1 m—1
sup — 0(k/m)| < sup — 0 +1/m)| = |0|ls < +oc.
20 3OS 30 sup N+ 1 = )

So the next estimation holds:

1
(k) sup —
0<meN M

+o0o
S 16(k/m)]| < +oc.
k=—oc0
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On the other hand a continuous function 6 : R — R can be constructed such
that

m—1

ZIG +U/m)| ~ im0 <m,[j] €N).

For this 6 it follows that Zszoo |0(k/m)| ~ m. This means that (xx) holds but
6 does not belong to S(C,¢1)). Indeed, then v; ~ 1/(|j|1n [j]) (1 < |j] € N),
ie. ||0]ls = +oo.

3° The following question remains open: is the assumption (xx) on a con-
tinuous and integrable function 6 : R — R enough to the implication (x)?

4° Let 0 € S(C, ¢1) and (X, ||.||«) be defined as follows:

(Cl=m 7], |- floo)
(X - l) = qor

(L= 7L ]l ) -

It is well-known that the norm of the operator 0%, : X — X is nothing else but
IKC |1 (m=1,2,..). Assume that the functlon 0 satisfies also 0(0) = 1. Then
a simple calculation shows that [|o% e; —e;ll. — 0 (m — o0), from which the
same convergence follows for all trigonometric polynomials. Since the set of the
trigonometric polynomials is dense in X, the theorem of Banach and Steinhaus
(taking into account also our theorem) implies the following corollary:

lim |o8 f—fll.=0 (feX) <= HelLl.

5° We remark that (see Feichtinger and Weisz [2]) if 6 € W(C, ¢;),60(0) = 1,
then
dim fopf = flla=0  (f € L?[-mx]).

However, let 6 : R — R be continuous such that [|0x(; j+1/2)llec = Vi (1 =
=1,2,...) and 0(t) =0 (t € R\ B), where B := |J;Z,(j,j + 1/4%) and
0(5 +1/(25%)) = v (0 <j € N). For this function the relation 8 € S(C, /)
follows with j=3/2 instead of 572 (0 < j € N) analogously as above in
similar situation (see our example for the illustration of W(C, ¢1) # S(C, ¢1)).
Furthermore for m :=2j2 k:=jm+1 (0 < j € N) we get

ko1

m T

hence |0(k/m)| = /4. This implies

sup sup|f0(k/m)| = +oc.
0<meN keZ
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The norm of the operator o, : L?[—7, 7] — L*[-m, 7] (0 <m € N)is [|of | =
= supycz [0(k/m)| (see [2]). Hence supy.,nen lo% || = +oo and the theorem of
Banach and Steinhaus gives f € L? such that the sequence (o2 f) diverges in
I ||2 norm. In other words the last mentioned Feichtinger and Weisz’s theorem

on L2-convergence cannot be extended to the space S(C,¢1).
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