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Abstract. Let G0 ⊆ G be Abelian groups. We prove that if Γ ∈ G,
f0, f1, f2, f3, f4, f5 are G-valued completely additive functions and

5
j=0

fj(n + j) + Γ ∈ G0 for all n ∈ Z,

then Γ ∈ G0 and fj(n) ∈ G0 for all n ∈ Z, j ∈ {0, 1, · · · , 5}.

1. Introduction

Let, as usual, P, N, Z, Q, R be the set of primes, positive integers,
integers, rational and real numbers, respectively. For each real number z we
define  z  as follows:

 z = min
k∈Z

| z − k | .
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This is true for k = 2 and for k = 3 (see [ 4, 5]). It is clear that Conjecture 2
implies Conjecture 3. In [9] A. Kovács and B. M. Phong proved Conjecture 3
for k = 4.

In [10] we stated the following

Conjecture 4. If the functions fj ∈ A∗ (j = 0, 1, . . . , k) and the real
number Γ satisfy the condition

f0(n) + f1(n + 1) + . . . + fk(n + k) + Γ ∈ Z for all n ∈ N,

then Γ ∈ Z and

fj(n) ∈ Z for all n ∈ N and j = 0, 1, · · · , k.

It is obvious that Conjecture 2 follows from Conjecture 4.

Next, let G be an Abelian group with identity element 0 and let A∗
G denote

the set of those functions f : N → G, for which f(nm) = f(n)+ f(m) holds for
all n, m ∈ N. The domain of f ∈ A∗

G can be extended to Q+ (the multiplicative
group of positive rational numbers) by f( n

m ) = f(n) − f(m). If we define
f(0) := 0 and f(−α) := f(α) for α ∈ Q+, then the domain of f ∈ A∗

G can
be extended to Q and the equation f(αβ) = f(α) + f(β) remains valid for
arbitrary nonzero rational numbers α, β.

It is obvious that if G = R, then A∗
R = A∗.

Recently, we proved in [2] that Conjecture 2 is true for the case k = 4 by
assuming that the relation

f0(n) + f1(n + 1) + f2(n + 1) + f3(n + 1) + f4(n + 1) ∈ Z

holds for all n ∈ Z.

We shall prove Conjecture 2 and Conjecture 4 for k = 5.

Theorem. If G0 ⊆ G are Abelian groups, Γ ∈ G, {f0, f1, f2, f3, f4, f5} ⊆
⊆ A∗

G and

f0(n) + f1(n + 1) + f2(n + 2) + f3(n + 3) + f4(n + 4) + f5(n + 5) + Γ ∈ G0

is true for all n ∈ Z, then

Γ ∈ G0 and fj(n) ∈ G0 for all n ∈ Z, j ∈ {0, 1, · · · , 5}.
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An arithmetic function f : N → R is said to be additive if (n,m) = 1
implies

f(nm) = f(n) + f(m),

and completely additive if this relation holds for all positive integers n and m.
Let A and A∗ denote the class of all real-valued additive and completely addi-
tive functions, respectively.

First we list the following conjectures due to I. Kátai.

Conjecture 1. If f0, f1, . . . , fk ∈ A∗ and

 f0(n) + f1(n + 1) + . . . + fk(n + k)  → 0, as n → ∞,

then there are τ0, . . . , τk ∈ R such that

τ0 + . . . + τk = 0

and
 f0(n) − τ0 logn  = · · · =  fk(n) − τk log n  = 0

for all n ∈ N.

Conjecture 2. If f0, f1, . . . , fk ∈ A∗ and

f0(n) + f1(n + 1) + . . . + fk(n + k) ∈ Z for all n ∈ N,

then
fj(n) ∈ Z for all n ∈ N and j = 0, 1, · · · , k.

Conjecture 2 is known for k = 2, 3 (see [5] and [6]). R. Styer [12] determined
all those f0, f1, f2 ∈ A for which

f0(n) + f1(n + 1) + f2(n + 2) ∈ Z (n ∈ N).

In [7] it was proved that for arbitrary a, b ∈ N, all solutions f1, f2, f3 ∈ A∗ of

f1(n− a) + f2(n) + f3(n + b) ∈ Z (n ∈ N, n ≥ a + 1)

form a finite dimensional space. If fj(q) ≡ 0 (mod 1) (i = 1, 2, 3) holds for all
primes q ≤ max(3, a + b), then fj(n) ≡ 0 (mod 1) (j = 1, 2, 3, n ∈ N).

I. Kátai stated a weaker conjecture in [4]:

Conjecture 3. If P (x) = 1 +A1x+A2x
2 + . . .+Akx

k ∈ R[x] \Q[x] and
f ∈ A∗ satisfy

f(n) + A1f(n + 1) + A2f(n + 2) + . . . + Akf(n + k) ∈ Z,

then f(n) = 0 for all n ∈ N.
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G and
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Γ ∈ G0 and fj(n) ∈ G0 for all n ∈ Z, j ∈ {0, 1, · · · , 5}.
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By using (2.4), (2.5) and P ∈ P, P ≥ 13, we obtain

2|P + ,
P + 

2
< P ( = 1, 3, 5) and 3|P + k,

P + k

3
< P (k = −2, 4).

Consequently it follows from H(P − 2) ∈ G0 and H(P ) ∈ G0 that

(2.6) ϕ2(P + 2) − ξ ∈ G0, ϕ0(P + 6) − ξ ∈ G0, P + 6 ∈ P.

Since

H(P + 2) = ϕ0(P + 2) + ϕ1(P + 3) + ϕ2(P + 4)−

− ϕ2(P + 6) − ϕ1(P + 7) − ϕ0(P + 8) ∈ G0

and 2|P + 3, 3|P + 4, 2|P + 7, we have ϕ2(P + 6) + ϕ0(P + 8) + ξ ∈ G0. If
ϕ0(P + 8) ∈ G0, then ϕ2(P + 6) + ξ ∈ G0. Consequently from H(P + 4) ∈ G0

it follows that ϕ2(P +8)+ ξ ∈ G0, P +8 ∈ P. If ϕ0(P +8) ∈ G0, then we also
have P + 8 ∈ P. Thus we have proved that P, P + 2, P + 6, P + 8 ∈ P, which
implies

(2.7) P ≡ 1 (mod 5).

Next, we prove the following assertion:

(2.8) ϕ1(4P + 7) ∈ G0.

From (2.5) we have 4P + 7 ≡ 0 (mod 3). Therefore, let Q := 4P+7
3 . If Q ∈ P,

then Q = Q1Q2, 2 ≤ Q1, Q2 ≤ 4P+7
6 < P . Consequently ϕ1(Q) = ϕ1(Q1Q2) =

= ϕ1(Q1) + ϕ1(Q2) ∈ G0. Assume now that Q ∈ P. Since

H(Q−5) = ϕ0(Q−5)+ϕ1(Q−4)+ϕ2(Q−3)−ϕ2(Q−1)−ϕ1(Q)−ϕ0(Q+1).

and

H(Q−1) = ϕ0(Q−1)+ϕ1(Q)+ϕ2(Q+1)−ϕ2(Q+3)−ϕ1(Q+4)−ϕ0(Q+5)

and 2|Q + , Q+
2 < P if  = −5,−3, 1, 3, 5, therefore

(2.9) ϕ1(Q− 4) − ϕ1(Q) ∈ G0 and ϕ1(Q) − ϕ1(Q + 4) ∈ G0.

It is clear that (Q − 4)Q(Q + 4) ≡ 0 (mod 3). This together with (2.9) show
that ϕ1(Q) ∈ G0. Thus (2.8) is proved.

From H(4P + 6) ∈ G0 and (2.8), we have

(2.10) ϕ0(4P+6)+ϕ2(4P+8)−ϕ2(4P+10)−ϕ1(4P+11)−ϕ0(4P+12) ∈ G0.
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Corollary 1. If Γ ∈ R, {f0, f1, f2, f3, f4, f5} ⊆ A∗ and

f0(n)+f1(n+1)+f2(n+2)+f3(n+3)+f4(n+4)+f5(n+5)+Γ ≡ 0 (mod 1)

is true for all n ∈ Z, then Γ ∈ Z and

fj(n) ∈ Z for all n ∈ Z, j ∈ {0, 1, · · · , 5}.

2. Lemmata

We shall prove our theorem by using the following lemmas:

Lemma 1. Let G be an Abelian group, G0 be an arbitrary subgroup of G
and let ϕ0, ϕ1, ϕ2 ∈ A∗

G. Assume that

(2.1) ϕ0(n) +ϕ1(n+1)+ϕ2(n+2)−ϕ2(n+4)−ϕ1(n+5)−ϕ0(n+6) ∈ G0

holds for all n ∈ N. If

(2.2) ϕ0(n) ∈ G0, ϕ1(n) ∈ G0, ϕ2(n) ∈ G0 for n ≤ 12,

then

(2.3) ϕ0(n) ∈ G0, ϕ1(n) ∈ G0, ϕ2(n) ∈ G0 for all n ∈ N.

Remark. We note that this result was proved by I. Kátai and M. van
Rossum-Wijsmuller [8] for the case G0 = Z. Now we prove this lemma for any
Abelian group G0.

Proof. Assume that ϕ0, ϕ1, ϕ2 ∈ A∗
G satisfy the conditions (2.1) and

(2.2), and that (2.3) is not true. Set

H(n) := ϕ0(n) + ϕ1(n + 1) + ϕ2(n + 2) − ϕ2(n + 4) − ϕ1(n + 5) − ϕ0(n + 6).

Then there is a minimal positive integer n0, n0 > 12 for which ϕi(n0) ∈ G0.
Then n0 should be a prime P ≥ 13 and

(2.4) ϕ2(P ) ∈ G0, ϕ0(P ) ∈ G0, ϕ1(P ) ∈ G0.

Let ξ := ϕ2(P ) ∈ G and ξ ∈ G0. From H(P − 4) ∈ G0, we have that
ϕ0(P + 2) + ξ ∈ G0, P + 2 ∈ P. Thus

(2.5) P ≡ 2 (mod 3).
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It is obvious from (2.5) and (2.7) that

10|4P + 6, 6|4P + 10, 5|4P + 11, 8|4P + 12.

Therefore (2.10) shows that ϕ2(4P + 8) ∈ G0, and so ϕ2(P + 2) ∈ G0. This
contradicts (2.6). The proof of Lemma 1 is complete. 

In the following let

Ln :=
 n

n + 6
,
n + 1

n + 5
,
n + 2

n + 4


(n ∈ N).

The elements Ln belong to the multiplicative group Q3
+. Let L be the group

generated by the elements Ln (n ∈ N). It is obvious that

ϕ0(α) + ϕ1(β) + ϕ2(γ) ∈ G0 holds for all (α, β, γ) ∈ L.

We prove the following

Lemma 2. If L is the subgroup of Q3
+ generated by the sequence Ln,

then L = Q3
+. Therefore (2.3) holds, i.e.

ϕ0(n) ∈ G0, ϕ1(n) ∈ G0, ϕ2(n) ∈ G0 for all n ∈ N.

Proof. For each prime p we shall use the following notations:

ap := (p, 1, 1), bp := (1, p, 1) and cp := (1, 1, p).

We shall prove that

(2.11) ap ∈ L, bp ∈ L and cp ∈ L for all p ∈ {2, 3, 5, 7, 11}.

Lemma 2 is a direct consequence of (2.11) and Lemma 1. 

Using a simple Maple program for

n ∈ {1, 2, 3, 4, 5, 6, 8, 12, 50, 9, 7, 11, 14, 18, 21, 19, 13, 15, 17, 24, 26},

we can give ap, bq, cr for primes p ≤ 23, q ≤ 31 and r ≤ 23 in terms of Ln and
a2, a3, a5, b2, b3, c2, c3, c5.
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L1L14a2
2c

2
3c5

18
�

3
22 ,

19
23 ,

2.5
11


b23 = a3b19c2c5

L18a2
2c11

=
L1L4L

2
2L6a

2
2a5b

5
3c

5
5

L3L8L9L12L14L18L50b2c2c63

21
�

7
32 ,

11
13 ,

23
52


c23 =

L21a
2
3b13c

2
5

a7b11
=

L2
1L2L6L21a

5
2a

2
3b

3
3c

6
5

L8c23c
4
2

19
�
19
52 ,

5
2.3 ,

3.7
23


a19 =

L19a
2
5b2b3c23

b5c3c7
=

L2
1L2L3L6L19L21a

6
2a

3
3a5b

2
2b

2
3c

5
5

L4L8c23c
6
2

13
�
13
19 ,

7
32 ,

3.5
17


c17 = a13b7c3c5

L13a19b23
= L4c3

L1L2
3L7L9L12L13L19L21L50a2

2a
4
3b

2
2b

2
3

15
�
5
7 ,

22

5 , 17
19


c19 =

a5b
2
2c17

L15a7b5
= c3c5

L2
3L7L9L12L13L15L19L21L50a2a4

3b
3
3c

2
2

17
�
17
23 ,

32

11 ,
19
3.7

 a23 =
a17b

2
3c19

L17b11c3c7
=

=
L8c2c

3
3

L2
1L3L5L7L9L11L13L15L17L19L21a2

2a
2
3a5b2b43c

4
5
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a5 =
F 42
6 F 19

8 F 5
9

F 45
1 F 132

2 F 72
3 F 96

4 F 71
5 F 35

7

, b2 =
F 108
1 F 353

2 F 205
3 F 258

4 F 184
5 F 93

7

F 84
6 F 60

8 F 16
9

,

b3 =
F 170
1 F 561

2 F 327
3 F 410

4 F 292
5 F 148

7

F 131
6 F 96

8 F 26
9

, c2 =
F 121
6 F 91

8 F 24
9

F 162
1 F 529

2 F 308
3 F 386

4 F 273
5 F 139

7

,

c3 =
F 192
6 F 145

8 F 38
9

F 257
1 F 841

2 F 490
3 F 614

4 F 434
5 F 221

7

, c5 =
F 280
6 F 213

8 F 56
9

F 376
1 F 1233

2 F 719
3 F 900

4 F 636
5 F 324

7

.

Finally, we infer from Table 1 that a7, a11, b5, b7, b11, c7, c11 are elements
of L. This shows that (2.11) is true, consequently Lemma 2 is proved. 

3. Proof of the Theorem

Assume that the conditions of the theorem are satisfied, i.e. G0 ⊆ G are
Abelian groups, Γ ∈ G,

f0(n) + f1(n + 1) + f2(n + 2) + f3(n + 3) + f4(n + 4) + f5(n + 5) + Γ ∈ G0

is true for all n ∈ Z. Since fj(−m) = fj(m) (m ∈ N), we infer from the last
relation that

f5(n+ 1) + f4(n+ 2) + f3(n+ 3) + f2(n+ 4) + f1(n+ 5) + f0(n+ 6) + Γ ∈ G0

and

ϕ0(n) + ϕ1(n + 1) + ϕ2(n + 2) − ϕ2(n + 4) − ϕ1(n + 5) − ϕ0(n + 6) ∈ G0,

where

ϕ0(n) = f0(n), ϕ1(n) = f1(n) − f5(n), ϕ2(n) = f2(n) − f4(n).

Hence, Lemma 2 implies that

ϕ0(n) = f0(n) ∈ G0, ϕ1(n) = f1(n)−f5(n) ∈ G0, ϕ2(n) = f2(n)−f4(n) ∈ G0.

Therefore

(3.1) f1(n + 1) + f2(n + 2) + f3(n + 3) + f2(n + 4) + f1(n + 5) + Γ ∈ G0

is satisfied for all n ∈ Z. It is easy to deduce from (3.1) that

f1(n) + f2(n + 1) + [f3(n + 2) − f1(n + 2)]−
−[f3(n + 4) − f1(n + 4)] − f2(n + 5) − f1(n + 6) ∈ G0.

This together with Lemma 2 also imply

f1(n) ∈ G0, f2(n) ∈ G0 and f3(n) − f1(n) ∈ G0.

Thus fj(n) ∈ G0 for all n ∈ N, j ∈ {0, 1, · · · , 5}, consequently Γ ∈ G0.

Our Theorem is proved. 
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24 ( 2
2

5 , 52

29 ,
13
2.7 ) b29 =

a2
2b

2
5c13

L24a5c2c7
=

L2
3L

3
4L8L12L50a

3
3b

2
2b

2
3c

11
2 c23

L2
1L2L6L24a5

2c
6
5

26 ( 1324 ,
33

31 ,
2.7
3.5 ) b31 =

a13b
3
3c2c7

L26a4
2c3c5

=
L1L

2
2L6a

2
2a5b

4
3c

4
5

L2
3L7L8L9L12L26L50a2

3b2c
6
2c

2
3

Table 1

Now, by using the above relations for n = 10, 16, 20, 22, 28 30, 34, 44
and n = 64, we get that the following 9 expressions are elements of L and they
are of the form

aα2
2 aα3

3 aα5
5 bβ2

2 bβ3

3 cγ2

2 cγ3

3 cγ5

5 ,

where α2, α3, α5, β2, β3, γ2, γ3, γ5 are suitable integers. We have

F1 :=
L2L4L6L10

L3
=

a3b2c
2
2c3

a52b
2
3c

2
5

∈ L,

F2 :=
L8L12L16

L1L2L4L5
=

a72b
2
3c

2
3c5

a3c42
∈ L,

F3 :=
L3
1L

5
2L

2
4L

2
6L20

L2
3L7L2

8L
2
9L

2
12L

2
50

=
a23b2c

9
2c

5
3

a112 a35b
6
3c

9
5

∈ L,

F4 :=
L3
3L4L5L

2
8L9L

2
12L14L18L22L

2
50

L4
1L

3
2L

2
6

=
a72a

2
5b

4
3c

12
5

a33b
3
2c

9
2c

11
3

∈ L,

F5 :=
L1L24L28

L2L2
3L

3
4L5L6L11

=
a32a

2
3a5b

4
2b3c

3
3

c22
∈ L,

F6 :=
L2
4L8L26L30

L2
1L

3
2L6L13L19L21

=
a62a3a5b2b

3
3c

4
5

c52c3
∈ L,

F7 :=
L3
1L

2
2L5L6L11L34

L2
3L4L7L2

8L9L2
12L13L15L19L21L2

50

=
a53c

13
2 c33

a102 a5b22c
8
5

∈ L,

F8 :=
L3L5L8L44

L2
1L

3
2L6L21

=
a102 a3b

4
3c

7
5

a5b2c92c
3
3

∈ L,

F9 :=
L4
2L4L

2
6L64

L4
3L7L8L3

9L
3
12L13L14L18L19L21L3

50

=
a53b

4
2c

8
2c

6
3

a25b3c
7
5

∈ L.

This system has solutions in a2, a3, a5, b2, b3, c2, c3, c5, which are given
in terms of F1, · · · , F9. Thus, a2, a3, a5, b2, b3, c2, c3, c5 are elements of L.

By means of Maple program, we have

a2 =
F 15
6 F 10

8 F 3
9

F 18
1 F 60

2 F 35
3 F 44

4 F 32
5 F 16

7

, a3 =
F 23
6 F 17

8 F 5
9

F 28
1 F 98

2 F 58
3 F 72

4 F 52
5 F 26

7

,



363

On additive functions with values in Abelian groups 363

a5 =
F 42
6 F 19

8 F 5
9

F 45
1 F 132

2 F 72
3 F 96

4 F 71
5 F 35

7

, b2 =
F 108
1 F 353

2 F 205
3 F 258

4 F 184
5 F 93

7

F 84
6 F 60

8 F 16
9

,

b3 =
F 170
1 F 561

2 F 327
3 F 410

4 F 292
5 F 148

7

F 131
6 F 96

8 F 26
9

, c2 =
F 121
6 F 91

8 F 24
9

F 162
1 F 529

2 F 308
3 F 386

4 F 273
5 F 139

7

,

c3 =
F 192
6 F 145

8 F 38
9

F 257
1 F 841

2 F 490
3 F 614

4 F 434
5 F 221

7

, c5 =
F 280
6 F 213

8 F 56
9

F 376
1 F 1233

2 F 719
3 F 900

4 F 636
5 F 324

7

.

Finally, we infer from Table 1 that a7, a11, b5, b7, b11, c7, c11 are elements
of L. This shows that (2.11) is true, consequently Lemma 2 is proved. 

3. Proof of the Theorem

Assume that the conditions of the theorem are satisfied, i.e. G0 ⊆ G are
Abelian groups, Γ ∈ G,

f0(n) + f1(n + 1) + f2(n + 2) + f3(n + 3) + f4(n + 4) + f5(n + 5) + Γ ∈ G0

is true for all n ∈ Z. Since fj(−m) = fj(m) (m ∈ N), we infer from the last
relation that

f5(n+ 1) + f4(n+ 2) + f3(n+ 3) + f2(n+ 4) + f1(n+ 5) + f0(n+ 6) + Γ ∈ G0

and

ϕ0(n) + ϕ1(n + 1) + ϕ2(n + 2) − ϕ2(n + 4) − ϕ1(n + 5) − ϕ0(n + 6) ∈ G0,

where

ϕ0(n) = f0(n), ϕ1(n) = f1(n) − f5(n), ϕ2(n) = f2(n) − f4(n).

Hence, Lemma 2 implies that

ϕ0(n) = f0(n) ∈ G0, ϕ1(n) = f1(n)−f5(n) ∈ G0, ϕ2(n) = f2(n)−f4(n) ∈ G0.

Therefore

(3.1) f1(n + 1) + f2(n + 2) + f3(n + 3) + f2(n + 4) + f1(n + 5) + Γ ∈ G0

is satisfied for all n ∈ Z. It is easy to deduce from (3.1) that

f1(n) + f2(n + 1) + [f3(n + 2) − f1(n + 2)]−
−[f3(n + 4) − f1(n + 4)] − f2(n + 5) − f1(n + 6) ∈ G0.

This together with Lemma 2 also imply

f1(n) ∈ G0, f2(n) ∈ G0 and f3(n) − f1(n) ∈ G0.

Thus fj(n) ∈ G0 for all n ∈ N, j ∈ {0, 1, · · · , 5}, consequently Γ ∈ G0.

Our Theorem is proved. 
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Abstract. The necessary and sufficient conditions providing the strong
law of large numbers for scalar-normed sums of elements of first-order
regressive sequences of random variables with independent and symmetric
disturbance are studied.

1. Introduction

Consider a linear regressive sequence of random variables (ηk) = (ηk, k ≥ 1)
which obeys the system of following recurrence equations:

(1) η1 = β1θ1, ηk = αkηk−1 + βkθk, k ≥ 2,
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