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Abstract. Let Go C G be Abelian groups. We prove that if I' € G,
fo, f1, f2, [3, fa, f5 are G-valued completely additive functions and

5

> filn+j)+T €Go forall nez,

J=0

then I' € Go and f;(n) € Go for alln € Z, j € {0,1,---,5}.
1. Introduction

Let, as usual, P, N, Z, Q, R be the set of primes, positive integers,

integers, rational and real numbers, respectively. For each real number z we
define || z || as follows:

| z|[|=min |z —k|.
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An arithmetic function f : N — R is said to be additive if (n,m) =1
implies
f(nm) = f(n) + f(m),
and completely additive if this relation holds for all positive integers n and m.
Let A and A* denote the class of all real-valued additive and completely addi-
tive functions, respectively.

First we list the following conjectures due to I. Kétai.
Conjecture 1. If fo, f1, ..., [r € A* and
| fon)+ filn+1)+ ...+ fuln+k) | —0, as n— oo,
then there are 19, ..., T, € R such that

7'0—|—...—|—7']€:O

and
I fo(n) —mologn || =--- = fe(n) — 7xlogn || =0
for all n € N.
Conjecture 2. If fo, f1, ..., [r € A* and
fon)+ filn+1) +... 4+ fu(n+ k) €Z  forall n €N,
then

fi(n)€eZ forall neN and j=0,1,--- k.
Conjecture 2 is known for k& = 2, 3 (see [5] and [6]). R. Styer [12] determined
all those fy, f1, fo € A for which
fom) + filn+ 1)+ fa(n+2)€Z (neN).
In [7] it was proved that for arbitrary a,b € N, all solutions fi, fa, f3 € A* of
filn—a)+ fan) + fs(n+b)€Z (meN, n>a+1)

form a finite dimensional space. If f;(¢) =0 (mod 1) (i = 1,2, 3) holds for all
primes ¢ < max(3, a+b), then f;(n) =0 (mod 1) (j =1, 2, 3, n€N).

I. Katai stated a weaker conjecture in [4]:

Conjecture 3. If P(z) =1+ Ajx+ Ayx? + ...+ Apa® € Rlz] \ Q[] and
f e A" satisfy

fn)+Aifn+1)+ Aof(n+2)+...+ Ay f(n+ k) € Z,
then f(n) =0 for alln € N.
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This is true for k = 2 and for & = 3 (see [ 4, 5]). It is clear that Conjecture 2
implies Conjecture 3. In [9] A. Kovdcs and B. M. Phong proved Conjecture 3
for k = 4.

In [10] we stated the following

Conjecture 4. If the functions f; € A* (j = 0,1,...,k) and the real
number I' satisfy the condition

fom)+ filn+ 1) +...+ fu(n+k)+T €Z forall neN,
then I' € Z and

fi(n)€Z forall neN and j=0,1,--- k.

It is obvious that Conjecture 2 follows from Conjecture 4.

Next, let G be an Abelian group with identity element 0 and let A7 denote
the set of those functions f : N — G, for which f(nm) = f(n)+ f(m) holds for
all n, m € N. The domain of f € A can be extended to Q4 (the multiplicative
group of positive rational numbers) by f(7-) = f(n) — f(m). If we define
f(0) :== 0 and f(—a) := f(a) for @ € Q4, then the domain of f € Af can
be extended to Q and the equation f(af) = f(«a)+ f(5) remains valid for
arbitrary nonzero rational numbers a, (3.

It is obvious that if G = R, then Aj = A*.

Recently, we proved in [2] that Conjecture 2 is true for the case k = 4 by
assuming that the relation

fon)+ filn+ 1)+ faoln+ 1)+ fs(n+1) + faln+1) € Z
holds for all n € Z.

We shall prove Conjecture 2 and Conjecture 4 for k = 5.

Theorem. If Gy C G are Abelian groups, T € G, {fo, f1, f2, f3, f1, 5} C
C AL and

fom)+ filn+ 1)+ fo(n+2)+ fs(n+3) + fa(n+4) + fs(n+5)+T € Gy
is true for allm € Z, then

eGy and fj(n)e Gy foral neZ, je{0,1,---,5}
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Corollary 1. If T e R, {fo, f1, f2, f3, f4, [5} € A* and
fo(n)+ filn+1)+ fo(n+2)+ fs(n+3)+ fa(n+4)+ f5(n+5)+TC =0 (mod 1)
is true for allm € Z, then I' € Z and

filn)€eZ forall neZ, je{0,1,---,5}

2. Lemmata

We shall prove our theorem by using the following lemmas:

Lemma 1. Let G be an Abelian group, Go be an arbitrary subgroup of G
and let o, 1, Y2 € AfL. Assume that

(2.1) @o(n) +wi1(n+1)+pa(n+2) —pa(n+4) —p1(n+5) —po(n+6) € Gy
holds for alln € N. If

(2.2) vo(n) € Go, ¢1(n) € Gy, w2(n) € Gy for n <12,
then
(2.3) wo(n) € Gg, ¢1(n) € Gy, @2(n) € Gy forall neN.

Remark. We note that this result was proved by I. Katai and M. van
Rossum-Wijsmuller [8] for the case Gg = Z. Now we prove this lemma for any
Abelian group Gy.

Proof. Assume that ¢g, @1, @2 € Af satisfy the conditions (2.1) and
(2.2), and that (2.3) is not true. Set

H(n) = po(n) +p1(n+1) +pa(n+2) — pa(n+4) — p1(n+5) — po(n +6).

Then there is a minimal positive integer ng, ng > 12 for which ¢;(ng) € Go.
Then ng should be a prime P > 13 and

(2.4) p2(P) € Go, po(P) € Go, p1(P) € Go.

Let £ := @2(P) € G and & ¢ Gy. From H(P —4) € Gy, we have that
wo(P+2)+&€ Gy, P+2eP. Thus

(2.5) P=2 (mod 3).
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By using (2.4), (2.5) and P € P, P > 13, we obtain

P P
2P 4 ¢, T”<P(e= 1,3, 5 and 3P4k %k<P (k= —2, 4).

Consequently it follows from H(P — 2) € Go and H(P) € Gy that
(2.6) wa(P+2)—£€ Gy, po(P+6)—€€ Gy, P+6¢€P.
Since
H(P +2) = po(P+2) + ¢1(P+3) + pa(P +4)—
—p2(P+6) —p1(P+7) — po(P +8) € Go

and 2|P + 3, 3|P + 4, 2|P + 7, we have po(P + 6) + ¢o(P + 8) + & € Gg. If
wo(P + 8) € Gy, then (P +6) + & € Gg. Consequently from H(P +4) € Gy
it follows that o (P +8)+¢& € Gy, P+8 € P. If po(P +8) & Go, then we also
have P + 8 € P. Thus we have proved that P,P + 2, P + 6, P + 8 € P, which
implies

(2.7) P=1 (mod5).
Next, we prove the following assertion:
(2.8) p1(dP +7) € Go.

From (2.5) we have 4P + 7 =0 (mod 3). Therefore, let Q := 4T If Q € P,

then Q = Q1Q2, 2 < Q1,Q2 < 2EEL < P. Consequently ¢1(Q) = ¢1(Q1Q2) =
= p1(Q1) + ¢1(Q2) € Gy. Assume now that @ € P. Since

H(Q=5) = po(@—=5)+¢1(Q—4)+¢2(Q—3) —¢2(Q—1) —¢1(Q) —po(Q@+1).
and

H(Q—1) =¢o(Q—1)+¢1(Q) + 2(Q+1) —p2(Q+3) — 1 (Q +4) —po(Q+5)
and 2|Q+ ¢, L < P if ¢ =-5-3,1,3,5, therefore

(29  »1(@—4) —¢1(Q) €Go and 1(Q) — ¢1(Q +4) € Go.

It is clear that (Q —4)Q(Q +4) = 0 (mod 3). This together with (2.9) show
that ¢1(Q) € Gg. Thus (2.8) is proved.

From H(4P + 6) € Gg and (2.8), we have

(2.10) (4P +6)+pa(4P+8) — oy (4P+10) — oy (4P+11) — o (4P+12) € Gy.
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It is obvious from (2.5) and (2.7) that
10[4P + 6, G64P +10, 5[4P +11, 8|4P + 12.

Therefore (2.10) shows that @o(4P + 8) € Gy, and so (P + 2) € Gy. This
contradicts (2.6). The proof of Lemma 1 is complete. |

In the following let

._( n n+1 n+2

N).
n+6" n+5’ n+4) (n€N)

The elements L,, belong to the multiplicative group Qi. Let £ be the group
generated by the elements L,, (n € N). It is obvious that

wo(@) + ¢1(B) + va(v) € Go  holds for all  (a, 3,7) € L.

We prove the following

Lemma 2. If L is the subgroup of Qi generated by the sequence L.,
then £ = Q3. Therefore (2.3) holds, i.e.

po(n) € Go, ¢1(n) € Go, w2(n) € Go forall neN.

Proof. For each prime p we shall use the following notations:
a,:=(p,1,1), b, :=(1,p,1) and ¢, :=(1,1,p).
We shall prove that
(2.11) ap € L, b, e L and ¢, € L forall pe{2,3,5,7,11}.
Lemma 2 is a direct consequence of (2.11) and Lemma 1. |
Using a simple Maple program for
ne{l1,2,3,4,5,6,8,12,50,9,7,11,14, 18,21, 19, 13,15,17, 24, 26},

we can give ap, by, ¢, for primes p < 23,¢ < 31 and » < 23 in terms of L,, and
az, as, as, b, bz, c2, c3, c5.
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n Ln Qp, bq7 Cr
1 1 3 — c3
1| (7:33) 07 = Thaes
13 2 — _bzea
2 | (2:%,3) br = iz
1 1 5 — _C5
3 (333 €7 = Taashs
Lyasb3c2
2 5 3 — 44593
4| (33 5) bs = Zaacs
5 3 7 _ asbzer _ c5a2
5 | (3 3) M1 = Libsef = LsLaLsasbabsclcs
2 3
1 7 22 b762 _ b3(12
6 (§a 110 ?) bll T Leazcs ~ LaLea3cscs
22 32 5 b agbies  _ Liajbic
8 (% %5 35) 13 = Tsarcacs —  Lscacl
3.3 3
2 13 7 _ asbiger Lyajbses
12 (g’ 17 273) bir = Lizasc3 ~ LsLgLizcicialbs
50 ( 52 317 2.13 Cra — L50q§a7b5bncg _ L3L4L8L121:50a§b2§0§
22775101’ 33 13 aZbzbizco L?LyLga3asb3%cy
9 3 5 11 - Loasbreis _ LaLsLoLisLsoaszbachcs
(3% ) 117 "agbs  — ~ L3L3Loasafbicy
7 (l 2 i) ay3 = a7b2c§ _ L1L3L0(lg(15b30§
13737 11 Lzbzcin LsL7LsLoLisLspasches
6 2
11 3 13 _ _aiibzcis LgLizLsoazcycy
1 (Tv 225 *5) Q17 = T b3cscs  L3LaLsLeLiiadasbibics
3 > 5
7 35 23 _ a7bzbscy _ Lybzcy
14 (ﬁ’ 19 37) big Lisazascs LiLisa3c3cs
2r 2 55
18 (i 19 @) bos = asbiococs LiLaL;Leazasbscy i
227237 11 LisaZcnn LsLsLoL12L14L18Lsobacach
2 2 2 5 2,36
21 (l Q @) 623 — L21a3b1305 — L1L2L6L2%afa36305
3271375 arbi1 Lgc3cs
19 19 5 3.7 1o = LigaZbabscos _ L3LsL3LeLigLaiaSasasbabacs
(52025 %) 197 T hsezer T LyLgc}es
13 7 35 _ aisbrezes Lycs
13 (T’ 32 T) “ar Liza19b3 Li1LZL7LoL12L13L19L21 LsoaZaib3b?
2
5 22 17 _ asbyeir cscs
15 (7’ 50 T) €19 Lisarbs L2L7LoL12L1sL15L19L21 Lsoaza3bics
a17b3cio
23 = 7 p oo =
17 (H 32 ﬁ) Li7biiczer ‘
23711’ 3.7 o Lg@cé
T L?LsLsL7LoLi1L1sLisLi7LigLo1aZaZasbabics
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94 22 52 13 boo — _2bscis  _ LiLiLsLiaLsoagbsbiey'cy
( 57209 ﬁ> 29 Lagascacy L?LyLgLasajct
% 13 33 2.7 oy — aizbicacy _ LyL3Lga3asbscs
(27’ 317 ﬁ) 31 Lasajczcs L3L7LgLgLi2LagLsoazbacSes
Table 1

Now, by using the above relations for n = 10, 16, 20, 22, 28 30, 34, 44
and n = 64, we get that the following 9 expressions are elements of £ and they
are of the form
b52bﬁ3 Y2 V8 )5

Qg (3
CL2 llg a5 02 C C5 5

where aso, as, as, B2, B3, 72,73, V5 are suitable integers. We have

LyLyLeLip  asbac3cs

o= = eL,
! L3 b305
LsLisL afbicl
Fy = sli2li6 0205 €L,
L1L2L4L5 asCy
F3 — L%LgLiLngo _ b26203 EE,

L3L7LRLGL3,L3,  a3'a3bies
L3L4LsL3LgL3,L1sLisLoo L2,  aba?bict?

Fa:= = €L,
LA e
Fy = LiLoalos azaZasbabscs cr
" LaL3LiLsLeLy 3 ’
Fy = L3LgLagLs3o _ aSagasbabics cr
LIL3LeL13L19Loy 53 :
j- L3L3LsLeL11Laa _ agcé%g cr.

L§L4L7L§LgL%2L13L15L19L21Lgo a2 arb205

LsLsLgL bick
F85: 33844:268 EE,
L1L2L6L21 a5b20203

L%L4L%L64 b20263
F9 = 4 373 3 = S L.
L3L7L8L9L12L13L14L18L19L21L5O 5b305

This system has solutions in as, as, as, bs, b3, ca2, c3, ¢5, which are given
in terms of Fy,--- , Fy. Thus, as, as, as, b, bs, c2, c3, ¢5 are elements of L.

By means of Maple program, we have

FPFOFS FBFYFS
az =
18 1760 35 44 1732 1716 ° 28 1798 1758 172 1752 1726 7
Fl F2 FS F4 F5 F7 Fl F2 FS F4 F5 F7

ag =
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42 119 175 108 77353 17205 17258 17184 1793
FG F8 FQ _Fl F2 FS F4 F5 F?

as = bg =
F{15F2132F3‘72F£6Fgl F735 ’ F684F860F916 ’
170 17561 10327 17410 17292 10148 121 7791 1024
b3_F1 F2 F3 F4 FS F7 cy = FG F8 FQ
- 131 1796 1726 ’ - 162 17529 17308 71,7386 17273 171390
FBTESFE F162 529 2308 386 273 ]
192 17145 1,738 280 1,213 1,756
3 F6 FS FQ s FG F8 F9

= 77257 ;7841 1,490 614 1,434 7221 = 77376 ;71233 7719 17900 17636 1324 °
Fl F2 FS F4 F5 F7 Fl F2 F3 F4 F5 F7

Finally, we infer from Table 1 that a7, ay1, bs, b7, bi1, ¢7, c11 are elements
of £. This shows that (2.11) is true, consequently Lemma 2 is proved. |

3. Proof of the Theorem

Assume that the conditions of the theorem are satisfied, i.e. Gy C G are
Abelian groups, I'' € G,

fon)+ filn+ 1)+ fa(n+2)+ fa(n+3)+ fuln+4) + fs(n+5)+ T € Gy

is true for all n € Z. Since f;(—m) = f;(m) (m € N), we infer from the last
relation that

fs(n+1)+ fa(n+2) + fs(n+3) + fa(n +4) + fi(n +5) + fo(n+6) + T € Go
and
eo(n) +1(n+1) + 2(n+2) —p2(n+4) —p1(n +5) — po(n+ 6) € Go,
where
eo(n) = fo(n), ¢1(n) = fi(n) = f5(n), @2(n) = fa(n) = fa(n).
Hence, Lemma 2 implies that
wo(n) = fo(n) € Go, ¢1(n) = fi(n)—fs(n) € Go, 2(n) = f2(n)—fi(n) € Go.
Therefore
(31)  filn+ 1)+ fa(n+2) + fa(n+3) + fa(n +4) + fi(n +5) + 1" € Go
is satisfied for all n € Z. It is easy to deduce from (3.1) that
filn) + fo(n+1) + [fs(n+2) — fi(n+2)]—
—[fs(n+4) = filn+4)] = fa(n+5) — fi(n +6) € Go.
This together with Lemma 2 also imply
fi(n) € Go, fa(n) € Go and f3(n) — fi(n) € Go.

Thus f;(n) € Go for alln € N, j € {0,1,---,5}, consequently I" € Gy.
Our Theorem is proved. |
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