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Abstract. Suppose that a power series f(z) = Y o0 au(z — 20)"
with positive radius of convergence has a sequence of H.-O.-gaps. Then
there exists a neighborhood U(zo) of 2o, such that the rearrangement
f(z) =>200 g bu(z — ) also has H.-O.-gaps for all ¢ € U(zo).

1. Introduction

Let be given a power series > >~ a,(z — zp)” with radius of convergence
R, where 0 < R < oco. We say that this series has a sequence {p,qi} of
Hadamard—Ostrowski-gaps (H.-O.-gaps for short) if the following conditions
hold:

® pi,qr are natural numbers with p1 < ¢1 <ps < @2 < ...,

e there exists A > 1 such that Z—Z > \for all k € N,

o0 —
o for I := J [pk,qx] we have lim |a, |/ < £
k=1 YT
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In the case that

k .
9% 50 and lim la, 1" =0
pk vV—00
vel

we say that this series has Ostrowski-gaps (O.-gaps for short).

Approximately 90 years ago it was shown by Ostrowski ([3], [4], [5], [6])
that there exists a deep interdependence with the occurence of those gaps and
the phenomenon of overconvergence i. e. the convergence of a subsequence of
the partial sums s,,(2) = _.._ja,(z — 29)” in a bigger domain than the circle
of convergence.

Ostrowski’s main results on overconvergence are the following.

Theorem Oy Suppose that the power series f(z) =Y > g a,(z—z0)" with
radius of convergence R,0 < R < oo possesses H.-O.-gaps {pk,qr} and let the
function f be holomorphic at z1,|z1 — 29| = R.

Then there exists a neighborhood U(z1) of z1 such that the sequence {sp, (2)}
of partial sums converges compactly on U(z1).

If the power series has O.-gaps {pr, qr}, then the function f is holomorphic
in a simply connected domain G(f) D {z: |z—20| < R} and {s,,(2)} converges
compactly on G(f).

Theorem Oy Suppose that the power series f(z) = > oo a,(z—20)" has
radius of convergence R,0 < R < oo and that {sp, (2)} is an overconvergent
subsequence of its partials sums.

Then the series has a sequence of H.-O.-gaps of the type {pk,qx}.

For a good treatise on the theory of overconvergence we refer to Hille’s book
[2], section 16.7.

In recent years the investigation of overconvergence has got a revival since
its connection with universal properties of power series has been detected. For
details we refer to the excellent survey of Grofle-Erdmann [1], where also a
synopsis of the relevant literatur is given.

In this paper we are dealing with a long outstanding problem: If f(z) =
= > 2 oau(z — z)” has a sequence of H.-O.-gaps, does there exist a neigh-
borhood U(zy) of zy, such that the series f(z) = 307 b,(z — ()" has also
H.-O.-gaps for all ¢ € U(zp)?

It is obvious that the corresponding problem cannot hold for power series
with Hadamard-gaps or Fabry-gaps.
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2. Power series with H.-O.-gaps

We first deal with power series having H.-O.-gaps and prove the following
result.

Theorem 1.  Suppose that the power series f(z) = > oo a,(z—z0)" with
radius of convergence R, 0 < R < oo has a sequence of H.-O.-gaps.

Then there is a neighborhood U(zo) of zo such that f(z) = > 07 bu(z — ()"
has also H.-O.-gaps for all ¢ € U(z).

Proof. Without loss of generality we may assume that zg =0 and R =1
and that z = 1 is a singularity of the function f. We denote by {pk,qx}
the sequence of H.-O.-gaps and in addition we can suppose that a, = 0 for
P <V < gp.

We choose another sequence {p;, ¢i } of H.-O.-gaps and constants v > 1 and
A* > 1 in the following way

. . DPr Qo o Dk g
P <Dp<qp<q; =7, 5 =>7; — =\
Pk 41 Py,

The partial sums of the considered power series are denoted by
n
S
v=0

Let be given a point ¢ € D, then the expansion of f around (:

has radius of convergence at most |1 — (|.

1. For p;, < n < ¢ we have

(2) =Y b (z—¢)”

and we obtain for 0 <r <1 —|¢] and py < v < g

O _ f(z) —su(z f(2) = 84, (2)
by bu / Z — V+1 / Z _ V—‘rl !

IZCIT |ZC|7“
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We choose 0 < € < min{l — [¢| — r,7'/7 — 7} and for all sufficiently great k it
follows

‘b,, B b54)| = rv |zm?|§r| ~n (2)| = rv \z\rg%ﬁ-r |f(Z) ~ S (Z)| =
< ly (Il +r+e)™

Therefore, we have for p; < v < gy

<l

]by—b(f)}l/ug (\C|+r+e) < -(|C|+r+6)%§

S|
IN

<

=S| ﬁ\»a

(I¢|+7+e).
For ¢ = 0 we have (r 4+ ¢)Y < r and by continuity there exists {; # 0 such that

1+ (K| +7+¢)

for all ¢ with |¢| < |¢1]. We therefore get for 0 < |¢| < |¢1| and sufficiently
great k

1 1 1
b,,—b(o 1/v < < )
| o (T+[¢h* 1+[¢]— 1=

2. For prp, <v < qr and R > 1 we have
pO — 1 / () L1 / _sm(®)
v 2mi (z =)+t 27i (z = Q)vtL
|z=Cl=R |s=Cl=R

If we choose ¢ # 0 and € > 0 so small that R+ |{| + ¢ < R7, we get for all
sufficiently large k

1 1
b < — . < = <
0= 2= <|<R| n@)l < 7 E \g?fiR‘S”’“ @)=
< (R[] o)
= pv £
Therefore, we have for p; <v < g
O < 2 1 o
PO < S (R 1c+0) % < 5 (RI¢+) 7 <
R R
1
E (R+|C‘+E)/
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and again as above we find a (; # 0 such that for 0 < [{] < |¢2] and all
sufficiently great k

1 1 1

b O < < < :
7] (L1~ 141[¢] — 1=l

3. It follows that for I* = (Jr—, [p}, ¢f] and all ¢ with

0<[¢]< min{\C1|, |C2|} =: o

N 1 1
lim_|b,|"/" < < ;
v oo (L+[¢ch? 11—
so, that the series f(z) = >°07 b, (2 — ()" has H.-O.-gaps. [ |

Remark 2.1. By slightly changing the proof one can choose (y # 0 so
small, that for m > 2
- 1
Tim_|b, |/ < YT
e (L+1[¢h)
for all ¢ with 0 < [¢] < |(o|. Therefore, the coefficients in the intervals [p}, ¢} ]
become arbitrary small, when ( is near to zero.

3. Power series with O.-gaps

We now consider power series f(z) = >..°a,(z — 20)* with radius of

convergence R,0 < R < oo and O.-gaps. It is well known [4] that such a series
defines a function f, which is holomorphic in a simply connected domain G(f)
and every boundary point of G(f) is a singularity for f.

We prove the following result.

Theorem 2.  Suppose that the power series f(z) = > o~ a,(z—zy)" with
radius of convergence R, 0 < R < 0o, has a sequence of O.-gaps.

Then the power series f(z) = Yoo by(z — )" has also O.-gaps for all
CeG(f).

Proof. Similar to the situation in the proof of Theorem 1 we again may
assume that zop = 0 and R = 1, so that f(z) = >, a,2z”. The sequence of O.-
gaps is denoted by {px,qr} and we may suppose that a, = 0 for pr, < v < gy,
where g—’; — oo for k — oo.
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We choose py, ¢ with p < pj < q;; < g in such way that

&—>oo, q—i—>oo, q—k—>oo for k — oo.
Pk P qk

Let be given a point ¢ € G(f), consider the power series
Z) = Z bl/(z - C)
v=0

and suppose that its radius of convergence is 2r.

1. We consider
a 9k
= Zayz" = Z b (z —
v=0 v=0
For all sufficiently great k we get with a constant 9,0 <9 < 1

Jmax |£(2) = sq;(2)| = ol [f(2) = g (2)] < 0.
For pr, < v < g we have
b _b(g)_i / f _qu( )
v v Z _ u+1
Iz ¢l=r

and it follows for p; <v < g

|bu —b,(,o|1/y < 1 9
r

which implies that for I* = (J,2, [p}, ;]
lim [b, — [ = 0.
V—r00
vel”

2. For R > 1 and p; < v < ¢; we have for sufficiently great k

1 5q:(2) 1 Sp,. (2)
b — / G2 g L / EnE) g
YT 2mi (= QT 7 2ni G-qrt ™
=—CI=R =—{l=R

and therefore we get for sufficiently great k
1/v 1
)" < 7+ R+1)

)|/ w
BT < m o =

§%~(|§|+R+1)%



Power series — the structure of H.-O.-gaps 309

which implies

T o < L

vel*

and, since R > 1 was arbitrary, it follows

lim [b["" = 0.
verl*

3. It follows that for all ¢ € G(f) the power series f(z) = > 07 jb,(z — )”
has a sequence of O.-gaps {p}, ¢;} (which is independent of ¢). In addition the

sequence spx(z) = i;;':o bl(,o(z — ()¥ converges to f(z) compactly on G(f). W
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