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Abstract. We explore the value distribution problem of sequences of
additive functions defined on the symmetric group endowed with the Ewens
probability measure. Necessary and sufficient conditions for the weak law
of large numbers are obtained if the parameter is not less than one. The
result can be applied to linear statistics of a random permutation matrix.

1. Introduction and the result

Throughout the paper, N, Z,R, C will denote the sets of natural, integer,
real, complex numbers, Z; = NU {0}, and n,, j, € N while k, k;, s,s; € Z.
For a vector 5 = (s1,...,8,) € Z', we set £(5) = 1s; + -+ + nsy,.

We deal with asymptotic value distribution problems of mappings defined
on the symmetric group S,,. Let o € S,, be an arbitrary permutation and
0 = -3, be its representation as the product of independent cycles s;
and w := w(o) be their number. If k;(0), 1 < j < n, denotes the number
of cycles of length j in this decomposition, then k(o) := (ki(0),...,kn(c))
is called the cycle structure vector. The Ewens probability measure on the
subsets A C S,, is defined by

1 w(o
Un(A) := v, 9(A) = o) > 6w,

occA
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where 6 > 0 is a fixed parameter and (") := (0 +1)--- (0 4+n —1). One easily
finds the distribution of the cycle structure vector, namely,

(1.1) un(k(a)zs):;(%i)ﬁl(i)sj 1

—
Sj-

where 5 = (s1,...,5,) € Z" and {(5) = n. The probabilities on the right-hand
side of (1.1) define the so-called Ewens Sampling Formula on ¢~!(n) which is
very important in the statistical problems (see, for instance, [1]). If &;, j > 1,
denote independent Poisson r.vs given on some probability space {Q, F, P}
with E¢; = 0/j and € := (&1,...,&,), then

(1.2) vn(k(o) =3) = P(£=35]0(&) =n), sl (n).
It is known [1] that

(k1(0)7...kn(0),07...) = (517...,§n7£n+1,...)

in the sense of convergence of finite dimensional distributions. Here and in
what follows we assume that n — co. We have even more. The total variation
distance

(1.3)
% Z ’un(kl(a) =81,...,k(0) = sr) — P& =s81,...,& = sr)‘ =o(1)
S14.00,87-20

if and only if 7 = o(n). This and more precise results of the remainder in terms
of r/n can be found in [1].

By definition, an additive (completely additive) function h : S, — R is
defined via a real array {aj,j > 1}, by setting

(1.4) h(o) := Zajk:j(a).

If aj = an;, 1 < j < n, depends on n, we obtain a sequence of functions but
we will not add the index n, where no misunderstanding arises. Dealing with
the distribution v,, o ™! we may also assume that a; = 0 if j > n. The main
problem in the field is the following question:

Under what conditions posed on the array {a; ‘= an;}, 1 < j < n, there
exist a centralizing sequence a(n) € R and a distribution function F(x) such
that vy, (h(o) — a(n) < x) converges to F(xz) at the points of continuity of the
latter (weakly converges)?

Unfortunately, so far we could not afford to establish necessary and sufficient
conditions even for § = 1. The most general results have been obtained by the
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second author (see, e.g., [12], [13], and the references therein). In [11], he has
been more successful for § = 1 in the case of the weak law of large numbers
(then F(z) = Fp(x) is the degenerate at the zero point distribution function).
We now extend this result for 6 > 1.

In virtue of (1.3), one could expect that the conditions are close to that for
the sums of independent r.vs X; := a;&;, j < n. The instance of M(k(c)) = An,
with an arbitrary sequence A := \,, € R shows that this is not the case, however.
This sequence of functions obeys the degenerated limit law at the zero point
if centralized by An, while the corresponding sum of X; does not in general.
This shows that an additive function can have a deterministic summand to be
extracted in the first step of the problem solving. If we are successful in doing

this, the difference
W A) = h(o) = M(0) = 3 a;(Vk; (0),
j=1

where a;(\) := a; — Aj, demonstrates closer behavior in some stochastic sense
to the sums of independent r.vs a;(\)&;, j < n. That have been established
to be true if permutations are taken with equal probabilities or even according
to a generalized Ewens measure, provided that the influence of long cycles is
negligible (see [13], [5]). If the latter does not hold and 6 # 1, more bias
appears. As it is seen in the below formulated result, this gives an extra factor
(1 —j/n)?~1 in the conditions. Firstly, we present a quantitative result.

Define the Lévy distance of the random variable A(:) from the set of con-
stants

L(h;vy) == inf {e + v, (|h(0) —a| > €): a € R,e>0}.

Denote (m)
'™ nl
T/Jn(m) = Ie)
if meZy. Let uVo:=max{u,v}, u Av:=min{u,v}, u* := (1A |u|)sgnu if
u,v € R,

Un(h,\) := Z ?(aj(/\))wlﬂn(n —J)

j<n
and U, (h) = min{U,(h,\): X € R}. In the sequel, < is used as an analog of
O(-), moreover, dependence on 6 in the involved constants is allowed.

Theorem 1.1. If0 > 1, then
L(h;vy) < 2(1 A (20, (h)Y?)

and
U,.(h) < (1/n) Vv L(h;vy,)
for alln > 1.



230 T. Kargina and E. Manstavi¢ius

We now give the answer to the above question in the case of the degenerate
limit distribution modifying a bit the conditions of the theorem.

Corollary 1.1. Let 6 > 1 and h,(0) be a sequence of additive functions on
S defined via {a; = an;}, j < n, in (1.4). The distributions vy, (hy(0)—a(n) <
< x) converge to Fy(x) if and only if

P

j<n J

for some A =\, € R and

Oay,;(N) g\t
a(n) =n\+ %(17 7> +o(1).
lan <1

We now present some motivation. In the last decade, much attention was
paid to the random permutation matrix ensemble with the Ewens probability
measure endowed in it. Let M := M(o) := (1{i = 0(j)}), 1 < i,j < n
and o € S, be such a matrix taken with the weighted frequency v, ({M}) =
=v,({o}) = v /o),

(1.5) Zn(w;0) i=det (I —2M(0)) = [[(1 - 2)"@), zecC,

Jjsn

be its characteristic polynomial, and let e*™%i(?) where p;(0) € [0,1) and
j < n, be its eigenvalues. The papers [6], [16], and [17] or many preprints put
in the AMS arXiv (see, for instance, [2] and [7] and the references therein)
concern log | Z,, (x;0)|, Slog Z,,(x; o) or the linear statistics

Trf(o) := Zf(@j(a)) = ij(g) Z f(f)7

j<n j<n 0<s<j—1

where f:[0,1] — R is a sufficiently smooth function. The last relation, easily
seen from (1.5), is present in [2]. A great portion of the newly announced
results fall within the scope of the above formulated problem. Nevertheless,
the authors seldom observe this and prefer to rediscover them for the particular
statistics. In this regard, apart from papers [3], [11], [12], [13], [5], and others
implicitly containing limit theorems for such statistics, the present note can be
also of use.

In particular, the trace type statistics Trf(o) is an additive function. The
above mentioned its shift by An naturally appears as an approximation by
integral of the sum. To see this, it suffices to set

Z f(f) =:j/f(u)du—|—aj = jA +a;.
0

0<s<j—1 J
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If f is a fixed function, a(n) € R, and 3(n) — oo, chosen so that the conditions
of Corollary 1.1 are satisﬁed With Qpj = aj/ﬁ(n) we obtain the weak law of
large numbers for (Trf(o) (n))/B(n). As we have stressed sequences of
functions f = f,, can also be 1nvolved

The proof of Theorem 1.1 is based upon the number-theoretical ideas orig-
inated by I.Z.Ruzsa in [15] and already adopted in probabilistic combinatorics
by the second author in the case § = 1 (see [11]). The obstacles arising for
0 < 1 will be discussed at the end of the paper.

2. Lemmata

We start with an estimate of the variance
Var,h(c) = BE,h(0)? — (Enh(0))”
with respect to the Ewens probability measure v,,. Denote
Ty =2(x—1)- (2 —m+1) and Ty = 1.

Lemma 2.1. For arbitrary j,n € N, s; € Z4,1 < j, and q := 1s1+- - -+rs,,

we have
0 si
1<j 1<j
Proof. See [1], p. 96. |

Lemma 2.2. I[f0 > 1, then

2
as
(2.1) Var,h(o) <20 " —Lipu(n — j) = 2B} (h).
Jj<n
Proof. Let 27 denote the nonnegative part of x € Rand 2~ := 27 —x. The
sequences {aj} and {a; }, 1 < j < n, give the splitting h(c) = h(c) —h™ (o),

+

where h* (o) are the completely additive functions defined via a; respectively.

Thus, by virtue of (x + y)? < 222 + 2y?, it suffices to prove that Var,h(c) <
< B2(h) in the case a; > 0 for all j < n.

Lemma 2.1 yields

22 Bub(o) = (o) (@) =03 “nn -9,

]<n
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and
Enh(a’)2 = Z a,aJEn(kl(U)k](U)) =
i,j<n
a;Q; . .
- Z a? (Enkj(g) + Enkj(a)(Q)) + 62 Z ij] Von—i—j)=
j<n Lt;%n
- B2 G — i — ).
HORSDS i n(n—i=J)
i+j<n
Hence
a; a 3 . . )
Varnh(o) = Bi(h) + Z i - (djn(n —i=3) = Pn(n —i)Pn(n — ])) -
itg<n
Q; i .
- Z .,J wn(n_z)wn(n—j)
idyzn
for 6 > 0.

If 0 > 1, we have ¢,(n —i — j) < ¢¥p(n — )pp(n — j). Recalling that
a;j > 0, 7 < n, we can omit negative terms and obtain the desired claim
Var,h(c) < B2(h).

The lemma is proved. |

Remark 2.1. It is worth to recall two results showing the quality of the
constant in (2.1). Denote

7a(0) = sup { Var,h(c)/B2(h) : h(c) #0}.
We have that 7,(1) = 3/2 + O(n™!) and 7,(2) = 4/3 + O(n™1) (see [10] and
[14].
In the sequel J Cﬁ{j : 7 < n} will be an arbitrary nonempty set, maybe,
depending on n, and J = {j : j <n}\ J.
Lemma 2.3. Let 0 > 1, K >0, and J be such that
1
(2'3) Z - <K <.
jer !
Denote

pin (K) = inf vn(kj(o) =0Vj€J),

where the infimum is taken over J satisfying (2.3). For a sufficiently large
no(K), there exists a positive constant ¢(K), depending at most on 6 and K,
such that p,(K) > ¢(K) if n > no(K).
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Moreover, for any I C JN[1,n—no(K)] and

Se=si=U {0 €Sy ki(0) =1, k(o) =0Vie J\ {j}},
jEI jer
we have that
(24) Z wn n— ]
jer J
provided that n > 2ng(K).

Proof. The first claim is Corollary 1.3 of Theorem 1.2 (see in [9]).
To prove the second one, we apply (1.2) and obtain

va(83) = P& =1, & =0¥%i € 1\ {j}| €& = n).

Set p(m) = P(£(§) =m) for 0 < m < n. Then

p(n)n(S5) = 9P<sz —ovies| Y i —n—J>

i
i<n

Denote Jp, := JN[1;m] and Jo, := {j : j < m}\ Jp, for 0 < m < n. Observing
that £(§) = n — j implies & = 0 for each n — j < i < n, we obtain

pnsi) = Jew{ -0 X 1l

n—j<i<n
xp(giovz'ejn_j, > ifinj>
i<n—j
= jeXP{ 0 Z } n— jvp—j(ki(o) =0Vi € Jy_j).

n—j<i<n

Here we again applied (1.2) for the symmetric group S,,—;. By Cauchy’s equa-
lity,

) = P@=n)= 3 T[e(5)" -
mEt s

f(n)

_ exp{ > }
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Inserting this into the previous equality and using Lemma 2.3, we obtain
. 0 )
vn(S7) = C(K)Ewn(n —J)

provided that n — j > no(K).
The sets SJ for j € I are pairwise disjoint, therefore summing up over j € I
the latter inequalities, we complete the proof of the lemma. |

The next lemma concerns the concentration function
Qn(u) :=sup {vy(|h(o) —z| <u): z€R}, u>0.

Denote
u? Aa?(N)

Dn(u):min{zj]: )\GR}.

Jj<n

Lemma 2.4. For arbitrary 6 > 0, we have
Qn(u) < u(Dy(u))

Proof. This is Lemma 4 in [8]. |

—1/2

3. Proof of Theorem 1.1

The upper estimate. Recall that ¢(k(c)) = n for each o € S,. Hence
L(h;vy) = L(h — Anjvy,) for every A € R. Without loss of generality, we
further assume that A = 0 and set U, (h,0) = U,(h) =: 6. If § = 0, then
a; =0 for each j <n and L(h,v,) =0. If § > 1/2, the trivial upper bound in
Theorem 1.1 holds. It remains the case with 0 < 6 < 1/2.

Define
Ho) = Latllal <o) (o) = hio) ~ (o).
Observe that, by \ji;tue of (2.2),
n(t0)#0) < Y tlor] 2 Donlly(o) 2 1) <
< gl{lajlzl}Enkj(o)é

j<n

S 1{jay] > 1}§wn<n—j>.

j<n

IN
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Lemma 2.2 implies
vn (|0 (0) — Enh/(0)| > €) < 2e7*B2(K).
Now,
n (|h(0) = Exl' (0)] > €) < vn(|h(0) = Exh (0)] > €) + vn(h(0) #0) <

0
<2:7BX(W)+ ) 1{|a| > 1}3¢n(n —7) < 262U, (h).
Jj<n
For £ = (26)'/? we achieve the minimum of e+2¢~25. Thus, L(h;v,) < 2(26)'/3
in the case 0 < § < 1/2. Recalling the previous trivial bound we complete the
upper estimation in Theorem 1.1.

The lower estimate. If L(h;v,) > ¢ > 0 for some constant ¢, the task is
trivial. Now, let § := 2L(h;v,) < c¢ for a constant ¢ < 1/2 to be chosen later.
We have that

Un(|h(o) —a] > 6) <4
for some a € R and
Qu(0) = vallhlo) —a] < 8) = 1 -3 > 1/2.

Hence, by Lemma 2.4,

(3-1) > 0;?2‘1{|aj| <sp<cs, Y e[ =0} _

i<n i<n J

Here we would have used a;(\) instead of a; = a;(0) for some A € R. Justifying
this simplification, we recall that L(h;v,) = L(h — An;v,) = /2 for every
A; therefore, we could further deal with the shifted function h(o, A). Thus,
taking A = 0 had no effect on the generality. Afterwards, having in mind that
Yn(n—7j) < 1if 0 > 1, we will include this quantity as a factor of the summands
in (3.1).

Set a; = aj if |a;| < § and a; = 0 otherwise, and denote a; = a; — a; for
j < n. Further, define, as in (1.4), two completely additive functions (o) and
h(o) via a; and a; respectively.

We now use Lemma 2.3 with J = {j <n:la;| > ¢}, K = C, and

I={1<j<n-n(C) |a;| > V5},

where n > 2ng(C). If S,, is defined as in Lemma 2.3, then

vn(S) > a1 Y %wn(n—j)l{\aj\z\/g}zzcla.

Jj<n—no(C)
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The completion of this sum over n —ny(C) < j < n would contribute not more
than Cs/n with some Cy > 1 for n > 2n(C). Hence if o < M, where M > 1
is arbitrary, then taking into account the first estimate in (3.1) with /8 instead
of §, we had the desired claim in the form

Un(h) <0(C6+ M§+Con™') <n ! ve.

Since now we assume that o > MJ, where M > cfl is a constant to be
chosen later. This gives v,(S,) > ¢, M8. Further we examine the values of the
additive functions when o € S,,. If o € SJ, then h(o) = a;, where |a;| > /6.
So, |h(c)| > V/3 for each o € S,. Hence, if ¢ € S, and |h(0) — a| < &, then

\h(o) —a| > V5 — 6 and

vn (|h(0) —a| > V3 - 6)
(3.2)

vn(o € §n) —vp(|h(o) —a| = 6) >
(ClM— 1)5

(AVARIVS

Denote R
Sn:{UESn: kj(U):OVjEJ}.

By Lemma 2.3, we also have v,,(S,,) > co > 0 if n > no(C).
Hence and the fact that k(o) = h(c) if o € S, we obtain

va(|h(0) — al < 6) vn(o € Syt |h(o) —a| < 6) >

>
> co—vp(lh(o) —al| >06) > co— 06> c/2

(3.3)

if § < ¢ < ey/2, where, as we have agreed, the choice of ¢ is at our disposition.

It is known (see, e.g. [11]) that, for a real random variable X, we have that
VarX > 1/2p1pad? if P(X € A) > py, P(X € B) > pa, and

d=inf{|lxr —y|: € A,y € B},
where A, B C R. This, (3.2), and (3.3) yield
Var,h > (1/4)(ei M — 1)e26 (V8 — 26)2 > (1/16)(c; M — 1)¢26>

if 6 <c¢<1/16 and n > 2no(C).
On the other hand, by Lemma 2.2 and (3.1), we have

Var,h < 2B2(h) < 20052

which contradicts to the previous inequality if M and n are sufficiently large.
Consequently, the estimate U, (h) < n~!V § is proved for n > 2ny(C). For
1 <n < 2ng(C), it is trivial.

Theorem 1.1 is proved. |
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Proof of Corollary 1.1. It suffices to apply the well known equality
Yn(n—j)=(1—j/n)’"1(1+0((n—7)"")) if 0 < j < n—1 and the fact that,
in the weak law of large numbers, the centralizing sequence a(n) is uniquely
determined up to an error o(1). [ |

Remark 3.1. The first claim of Theorem 1.1 can be extended to general
additive functions if & > 0. For this, one needs an extension of Lemma 2.2;
thus, it suffices to adopt technical ideas going back also to a number-theoretic
paper by A. Biré and T. Szamuely [4]. There exists an indirect possibility to
obtain the upper estimates based upon the inequality

Uno([h(o —al > u) < Pl/\‘gP(|X1 o X, > u/3) +1{0 < 1},

where ¢ € R and u > 0 are arbitrary, proved jointly with G.J. Babu by the
second author [3]. In the case § < 1, it and an appropriate estimate for these
independent r.vs yields

*2(\ 0/(20+41)
a ( )> —|—n_9.

- J
L(h,vng) < (m}}nz :

j<n

The lower estimate, if # < 1, raises much more difficulties. To overcome
them, one needs effective lower estimates for the mean values of multiplicative
functions defined on the symmetric group. The approach applied by the authors
of the present note in [9] is of little help.
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