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Abstract. The generalized divisor function, defined on an arithmetical
semigroup, is considered. The asymptotic formula for its mean value is
obtained.

1. Introduction

Let G be a commutative multiplicative semigroup with identity element
ag and generated by a countable subset P of prime elements. We assume that
k,l, m,n are non-negative integers, a,b,d € G, p € P and a completely additive
degree function 9 : G — N U {0} is defined so that d(p) > 1 for each prime p.
Moreover, we suppose that the semigroup G satisfies ( see [8], [7]) the following

Axiom A*. There exist constants A >0, ¢ >1 and 0 < v < 1 such that
G(n) :=#{a € G : 9(a) =n} = A¢" + O(¢"").

In this case the generating function

Z(z) =Y G(n) (Z)n 2| < 1,

n>0
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is known to be continuable into the disc |z| < ¢'™" and Z(z) # 0 for |2| < 1
with the possible exception at the point z = —1. The analogue of the prime
number theorem (see [6]) yields

(L.1) m(n):=#{peP : 0(p) =n} = (1 - (=D"I(G)) + O(¢"")

with some max(1/2,v) < u < 1. Here I(G) =1, if Z(—=1) =0, and I(G) =0
otherwise.

3\Q

For a multiplicative function f : G — [0, 00) let

Z f ), a€G, v>0.

d|a,d(d

Here and thereafter the starred sum or product symbols mean that these opera-
tions are used over corresponding elements of the semigroup G. For any a € G,
set
T(a,d(a)t)
X(a,t) = ————, te]0,1],
(@1) = =553 0.1

where the multiplicative function T'(a) is defined by T'(a) := T(a,d(a)). To
evaluate the mean value of the ratio X (a,t) we will consider the sequence

q—1

yrs " X(a,t), te0,1], neN.

d(a)<n

F,.(t) =

The asymptotic behaviour of F,(t), as n — oo, was considered by the first
author on the polynomial semigroup [1]. For the multiplicative functions, de-
fined on the set of natural numbers, similar problem was investigated in the
series of papers, see for example [4, 3, 2] . The aim of our paper is to improve
and generalize the main result in [1] and correct the mistake which was made
in this paper by estimating mean value of the shifted multiplicative function.

We consider a non-negative multiplicative function f(a), defined on the
semigroup with axiom A*, provided the associated ”divisor” function 7T'(a)
satisfies some analytic condition.

Definition 1.1. Let g : G — [0, 00) be a multiplicative function such that
g(p™) < C for m € N, any prime p and some C > 0 . We say that g belongs
to the class M(s¢, C,¢), 3 > 0, if the function defined by

L =3 () S - <L

m>1 o(p)=m

has an analytic continuation into the disc |z| < 1 4 ¢ for some ¢ > 0.
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In Lemma 2.1 we obtain the asymptotic formula for the mean value of the
shifted multiplicative functions from the class M(s, C,¢). This enables us to
prove the main result contained in following

Theorem 1.1. Suppose that [ : G — [0,00) is a multiplicative function
such, that 1/T € M(a, 1, ¢1) with some constants 0 < o < 1 and ¢; > 0. Then
foralln e Nand 0 <u<t<1

Fult) — Fuu) = [ i Ottt ),

where 3 :=1— a and
palt.£7.6) = 177 (07 )T 4+ (07 41— 1)),

This theorem implies the uniform estimate

t

(1.2) Folt) = —— /wa(ldf 5 HO (),

foralln e Nand 0 <t¢ < 1.

When f = 1, the value T'(a) means the number of divisors of the element
a. In this case a = = 1/2.

2. Preliminaries

We will need an estimate for the mean value of shifted positive multiplicative
functions defined on G

*

1
o n
Aq d(a)=n

The following lemma yields the result of this type. In some cases it intersects
with the corresponding results in the papers [9], [10].

Lemma 2.1. Let g : G — [0,00) be a multiplicative function such that
g € M(5¢,C, ¢) with some positive constants s, C and c. Then, uniformly for
allde G and n >0,

M,(g.d) = (A(n + 1))} (L(;()j)(@ o (ggrd)l» ’
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where L(s) and the multiplicative functions § and § are defined by

N 1 \" 5 90")
L) = H:O_@m>km¢ww

p
I 9(p") g(™m)
(2.1) ™) = E:qw@> E: qko)
k>0
c oy C1 g(pk+m)
g™ = <1+q28(p)/3> q2ko(p)/3"
>0

Here ¢1 > 0 is a constant, depending on » and C.

Proof. Our proof is similar to that in [2] and based on the properties of
the generating function

=AY M,(g,d)=" = E:*gwd)<;)aw%

n>0 a

By the Euler identity, for |z| < 1, we have
=11 ¢G.p.a
P

Here

ko(p)
Beupd) = g+ ()

k>0
and ~,(d) is defined by p»(?||d. Since
1—(=1)*1 1+ 21
S L= D@ 4, 1421(6)
k 1—=2
k>1
for |z| < 1, we have the representation

(2:2) F@@zG@¢@Wﬂm®<me®>’

1—=2
where

* 2 8(?)
G(z,d,») = (z,p,d)exp —s» | = ,
( ) 11 ©Gp d)exp <q)

P

T _(_1\k
W(z,G) := exp Z( (k) 1-(=1) I(G))zk

k
w1 N 4 k
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Let us consider the function G(z,d, ») when |z| < r := min(1 + ¢/2, {/q). Set
ko := 1+ [1.51log, (1 +2C)] and

(I3

8(z,p) = eXp{_%( )3(”)}7 if d(p) < ko,

q
(¥(2,p,a0)) " if O(p) > ko.
In the disc |z| < r we have that
(2:3) [Y(z,p,a0) — 1] < 1/2,

when 9(p) > ko. Moreover, there exists a constant ¢; = ¢1(C, ») such that

1
(2.4) 6(2,p)] <1+ peEImYER

for all p € PB. Further, let B’ be the subset of prime elements
P =P\ {peP: pld, (p) < ko}.
Then the function G(z,d, ») can be written in such form
* 2\ 2P .
H 7/}(2710’ a/O) EXp§ —x (q) . H 5(Zap)w(z7p,d>7

PER’ pld
= Gi(z,d, ») - Gy(z,d, »).

G(z,d, »)

Inequality (2.4) implies that, for |z| < r, the multiplicative functions Go(z, d, »)
and g(d) are related by the inequality

|Ga(z,d, »)| < §(d).

Taking exponent and logarithm, which is allowed by (2.3), in the routine way
we obtain
G1(z,d, ) = e G3(2, d, ).

Here G3(z,d, ») is analytic and bounded for |z| < r. Moreover, the assump-
tions of lemma allow us to assert that the function L,(z, ) has an analytic
continuation and is bounded in this domain. Thus we have that G(z,d, ») is
analytic in the disc |z| < r, satisfies there the inequality

(2.5) |G(Z’d’ %)| < g(d),
and
(26) 6(1.d.) = i) [T vl panexn {55 ).

P
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From (1.1) it follows that W (z, G) is analytic in the disc |z| < ¢*~#. Moreover,
it can be shown (see eg. [9]) that

Therefore in virtue of (2.2), (2.5) and (2.6) we obtain

F(z,d) = H(z,d,»)(1—2)"%,
where H(z,d, ») is analytic and satisfies the inequality

[H (2,d, )| < §(d),

when |z| < r; := min(r, ¢! =#)/2). Moreover,
(2.7) H(1,d,») = A" L(5)g(d).
Thus with the sole exception at point z = 1 for |z| < r; we have
(2.8) F(z,d) = H(1,d,5)(1 —2) %+ 0O (§(d)|1 — 2|"77).

According to Theorem 1 and Corollary 3 in [5] this estimate implies
-1
Mg =(1d (") 10 (@),
Since My(g,d) = A71F(0,d) < g(d) and

) - (o)

the desired estimate follows from (2.8) and (2.7). |

In addition, we provide some asymptotic formulas which will be useful in
the sequel.

Lemma 2.2 ([8] p. 86). Suppose that o € R. Then

n

Z 1naqn+o( o— 1qn).

m=1
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Lemma 2.3. For0<u<t<1, n>1, v>0 and§ >0, we have

A T AT~ 67 + 0 .0),
where .
utindon = | G
Moreover, '
(2.9) I(u,t;y 4+ 1,605 + I(u, t;v,6 + 1,07 1) < '+ p,, (u, t; 7, 0)
and
(2.10) I(u,t;y,6,n~ ") = I(u,t;7,6,0) + O (pn(u, t;7,6)) .

Proof. The first formula in this lemma follows from Euler-Maclaurin sum-
mation formula. The relations (2.9) and (2.10) follow from the definition of the
integral I(u,t;v,d,n) by straightforward estimations (see, eg. in [2]). |

3. Proof of Theorem 1.1

Assumptions of the theorem imply, that the multiplicative functions
1/T(a) € M(a, 1,¢1) and f(a)/T(a) € M(f, 1, c2) with some positive constants
c1 and co. We have

where T(a
Snp(t) == Aq’”l Z Z
0<m<n 8(a)=
R,(0) =0 and
<<q_” Z @y Z € (0,1].
d)<nt k<d(d)(1—1)/t B(a)=

To evaluate the most inner sum we apply Lemma 2.1 with g(a) = go(a) :=
:=1/T(a). We have

C 1A (Lo@io(d) | (do(d)
(3:2) 2 Tad) (1+k)ﬁ< ") +O(10+k>>'

d(a)=k
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Here Lo(a) and multiplicative functions go, go are defined in (2.1) by setting
g = go. An easy calculation shows that

o™ = 9™ (1+0 ().
™) = o™ (1+0(a5)).
Thus

k

)< g " Zf Jo(d) 1

CRIAYE
d)<tn k<(d)(1—t)/t (1+k)
By the Lemma 2.2

Balt) < (1+n1—tﬂz Zf

m<nt d(a)

Since f(a)go(a) € M(B, Cy, c3) with some positive C and cg, for the inner sum
we can apply Lemma 2.1 by setting g = f - go and d = ag. Then employing
Lemma 2.2 again we obtain that

Ru(t) < (1 +n(1—1t))"P(1+nt)™

for all 0 < t < 1. Setting Sy, (u,t) := Sp(t) — Sp(u), from this and (3.1) we
deduce

(3.3) Fy(t) = Fo(u) = Sn(u,t) + O(pn(u, t; o, B)).

It remains to evaluate the sum S, (u,t). Changing order of summation we

have
n—a(d)

-1
Sn(“’t):ﬁ S Y Z

nu<()(d)<nt m=0 9(a)=m

Since go(a) < go(a), applying (3.2) and Lemma 2.2 we get
Sp(u,t) = S1(n;u,t) + O (Ry(n;u,t)),

where

and
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It is easy to see, that f(a)go(a) € M(8, Ca,cs) with some positive Cy and cy.
Therefore the inner sums in the expressions of Sy (n; u,t) and Ry (n;u,t) we can
evaluate by means of Lemma 2.1. So we have

Lo(a) L1 (B)

Snlt D) = )T (s)

S(e, ) + O (S(a+1,8) + S(e, B+ 1)),

where

1
SUREP DI ey ey

nu<j<nt

for short. Now Lemma 2.3 implies

_ Lo(a) L1 (B)
L(a)L(B)
Here Lo(a) and Lq(8) are defined in (2.1) by setting ¢ = go and g = f - go

respectively. The routine calculation yields that Lo(a) - L1(8) = 1 ( see, eg.
[1, 2]). Finally the proof of the theorem follows from (3.4) and (3.3). [ |

(3.4) Sn(u,t) I(u,t; 0, 3,0) + O (pp(u, t;a, B)) .

The estimate (1.2) is an easy consequence of Theorem 1.1 with u = 0, since
F,(0) < n™? by (3.2) and Lemma 2.2.
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