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Abstract. Mean values of random multiplicative functions over polyno-
mial values, and the mean values of random multiplicative functions defined
on the set of Gaussian integers will be investigated.

1. Introduction

1.1.

This paper is continuation of [1]. The method we use is similar but
somewhat more complicated.

1.2.

Let P be the set of prime numbers, the letters p with and without indices
always denote prime numbers. Let M* be the set of completely multiplicative
functions. A function f : N — C belongs to M* if f(1) = 1 and f(nm) =
= f(n) - f(m). Let 7(n) be the number of divisors of n, and 7x(n) be the
number of those positive integers di, ..., d; for which n =d; ... dy.
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Let o(n) be the number of solutions of the congruence z2+1 =0 (mod n).
It is clear that o(n) is a multiplicative function.

Q(pa) =0 if pzfl (mod 4) (Oé: 1,2,“'),
o(p*)=2if p=1 (mod4) and p(2%) =a>2.

Let 7(n) be the number of solutions f the equation n = u? + v2, u,v € Z.
1.3.

Let G be the set of Gaussian integers, i.e. G = {u + ivju,v € Z}. Let G*
be the multiplicative semigroup defined over G, that is G* = G \ {0}. Let I
be the set of units in G*, i.e. I = {1,—1,i,—i}. We say that oy and «ay are
associates if a; = eap with some € € I. Let furthermore G% be the set of those
o € G* for which Re o« > 0 and Im « > 0. It is clear that

(1) if o, p € G%, then aff € G7,
(2) if v € G*, then there is a unique € € I, such that ey € G7.

Let P be the set of primes in G*. A general prime element is denoted by
. It is known that:

(1) ifpeP, p=3 (mod 4), then p € P,

(2) 1+i€P,

(3) ifp= (mod 4), p=u?+v?, then u+iv e P,

(4) the associates of the numbers listed in (1), (2), (3) belong to P,
(5) all elements of P are listed in (1), (2), (3), (4).

Let 75+ be the set of those primes which belong to G . One can see that
every o € G can be uniquely written as the product of primes my,...,m
where m € G7.

Let M* be the set of completely multiplicative functions over G*.

We shall say that f : G — C belongs to M*, if f(e) =1 (¢ € I), and
f(apB) = f(a) - f(B) holds for every «, 3 € G*.

Let Ti(a) (a € G*) be defined as follows.

For v € G* let Ti(c) be the number of solutions of the equation a =

= X1...Xkr Where x1,...,xx € G%. Furthermore let Tj(c) = 1 (if ¢ € I)
and for an arbitrary 8 € G* let Ti(8) = Tk(e8), where € is that element in T
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for which ¢8 € G7% . It is clear that T}, is a multiplicative function. If 7 is a
non-rational prime, i.e.

7 =p, p=2 or p=1 (mod 4),then

Ti(7') = m(p!), andif 7=p(=3 (mod 4)),
then Ty, () = 7 (p').
1.4.

Let Q > 2 be an integer, Ag = {x|x® = 1} = group of complex unit
roots of order Q. Let (Q2, A, P) be a probability space. Let £, (p € P1) be a
sequence of independent random variables distributed as follows: P(&, = k) =
=1 (ke Ap)
=3 0)-

We define the random multiplicative function f € M* by f(r|w) = f(x) =
=¢, (7 e Py) and investigate the sum

Y fl)h(w),

a*
ae T
|al<r

where h(o) (o € G*) is an arbitrary complex function satisfying |h(a)] < 1
(see Theorem 2 in §4). In §5 (see Theorem 3) we count the number of those
a € G, for which || < 7, and f(a + 3;) = &; (J = 1,...,k), K; €
€ Ag, Bi,..., B are distinct elements of G*.

2. Lemmas

2.1.

Lemma 1. [Borel-Cantelli] Let Ay, Aa, ... be an infinite sequence of sets
in (Q, A, P) and let 3 P(A;) < co. Then almost all w € Q) are belonging to
j

finitely many A; only.
This is a wellknown assertion, see e.g. in [2].

2.2,
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Lemma 2. Let a > 1 be a square-free integer, © > 2. Let N(z|a) be the

number of solutions of n> —am? = —1 in integers n,m € N such that n < x.

Then N(z|a) < clogx, ¢ is an absolute constant.

This lemma is wellknown. Despite of it, we shall give a short proof for it.
Let us consider the Pell-equation U? —aV? = 1, and let Uy, Vj be the smallest
positive solution pair of it. It is known that all the other positive solutions
U;, V; can be computed from U; + /aV; = (Ug + /aVy)! (1 =1,2,...). Since
Uy > 2,Vy > 2, therefore U; > 2! (1 =1,2,...).

Let (n1,m1) be the smallest positive solution of n? — am? = —1, and
(n2, m2) be another positive solution such that ne < z. We have

(’/ll — ﬁml)(nl + \/Eml) = -1, (712 — \/(;mg)(nz + \/&mg) = —
Multiplying these equations we obtain that U? — aV? = 1, where
U=mning +amims, V =nymg—usmy (> 0).

Thus (U, V) = (U, ;) for some [, U < 322, thus 2! < 322, [ <
clogx. The lemma is proved.

log 5 log 322 <

3. The mean value of random multiplicative function over n? + 1

Let f(n) = f(n|w) be defined as in §1.4. Let

N(wlh) =Y f(n® + 1)h(n® +1).

n<N

Theorem 1. The following relations hold with probability 1:

(3.1) im M:
N—oo Ni(log N)2

3.2 lim ——— =

(3:2) NHOON4 logN T;Vf

(3.3) lim 7—pr +1) =

NHOON4 (log N)? pN
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Proof. (3.2), (3.3) are special cases of (3.1), by choosing h(n? + 1) =
=1 (n € N), and by choosing

1 ifneP,
h(n?+1) =
0 otherwise.
We shall prove (3.1). This is an easy consequence of
Lemma 3. Let N > 2. Then ESy(w|h) =0, E|Sy(w|h)]> < cNlogN.
First we deduce (3.1) from Lemma 3. Let

B 1 _ Sn(wlh)
loglog N’ N Ni(logN)?
We have
2
AN N2 (log N
(3.4)

- cN(log N)loglog N c(loglog V)
N#(log N)* Nz(log N)3'

Let now N run over Ny, = m? (m = 1,2,...), Ay = {w||Tn| > An,.}.
From (3.4), and Lemma 1 we obtain that

(3.5) lim T, = 0.
Let Ny, < N < Ny,41. Since |Tn| < |In,,| + |Tn — Tn,,|, and

e T | < 15NN = S, )] _ e
Ny, (log Ny, )2 m?

m

| <

-0 (m—0),

we obtain (3.1).

Finally we prove Lemma 3. It is clear that Ef(n?+1) = 0 for every n > 1,
since n? + 1 cannot be a square. Therefore ESy(w,h) = 0.

‘We have

ElSywh)? < Y E(f(nf+1)f(n3+1)).

ni,na<N
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A summand on the right hand side can be different from zero, and in that case
it equals to 1, if there is a square-free a such that n? +1 = am?, n3 +1 = am3.

Let ny be run over the integers 1,2,..., N. For every n; the number of
possible ny < N with the same a is at most clog N (see Lemma 2), therefore
Lemma 3 is true.

Remark. We can prove similar theorems for quadratic irreducible poly-
nomial P(z) € Z[z] instead of x? + 1. Perhaps analogous result holds for
polynomials P(z) the degree of which is larger than 2. We hope to return to
this question in another paper.

4. Mean values of random multiplicative functions over the Gaussian
integers

We shall keep the notations defined in §1.4.
Let D, = {ala € G, |af <1}

T(r) = T(rlw) = 3 fla)h(a).

aeD,

For some € G let 49 be the "largest” Q’th power divisor of 3, such that
v € G7.. The largest means that if fy?m, v1 € G, then v |7.

Let a(3) be defined by ’y%' It is clear that a(8) € G%..
It is clear that for 3, 31,8, € G7:
1 if a(B) =1,
Ef(B) =

0 otherwise.

1 lf a(ﬂl) = a(ﬁg),
Ef(61)f(52) = {

0 otherwise.

Hence we obtain that

B|T(r)P* = > h(en)... h(ew)h(Br) ... h(B)-
a(ai...ar)=a(B1...fr)
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Here ay,...,a, B1,...,0, run over D,. Let us write A; = a(o;), a; =
= AP AjEGY, v €GYE

We have |7;|9 < I‘ZZ‘I < ﬁ, consequently for fixed A; the number of =,

2
T

or whic 7. € D, holds in less than ¢ | 7,w ere c is absolute positive
for which A;7% € D, holds in less th ) wh bsolute posit
J

constant. Consequently,

1
[Ar ... A4 [Br... Byl

(4.1) E|T(r)]** < cT@ x*

where * on the right hand side of (4.1) means that we have to sum over those
Q-free Gaussian integers Aq,..., Ay, Bi,..., By for which |4,] <r, |B;| <,
and

(l(Al . Ak) = a(31 . Bk)

Let us write A; ... A = D-e9, where D is Q-free, [e?D| < r*. For fixed D and
e the number Aq, ..., Ay satisfying A; ... A = De® is no more than the number
of possible solutions of D =¢;...c;, (¢; € GY), eQ =1 (v; € GY).
Thus for fixed D and e we have Ty (D)- Ty (e?) solutions. Since |D| < 7¥, [eQ] <
<rk. D, eQ ¢ G7, we obtain that

EIT(r)|?* <er@y, - x2,

where ,
5, - Z T;(D) 5, — Z T1(e9)
|D|<rk ‘D‘G [eQ|<rk |6Q|6
DeGj_ GEG:—

To estimate Y1, X9, we observe that |D|?> = n holds for T(Af) integers D €
€ G, where r(n) is defined in §1.1. Thus

sx Y B g s )

’
n

Qlw

n<r2k n<r2k

By using routine estimates in number theory we obtain that

Z T,?(n)r(n) < cz(log w)d(k),

n<zx

Z 7 (n?)r(n) < ca(log z)4*)

n<z
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with some suitable positive constants d(k), and ¢, therefore
o < c1(k)(loglogr)logr,

furthermore
Y1 < ca(k)(loglogr)logr, if Q =2,

and

Qo

21 < es(k)(logr) ) (r2F) 1=

We proved

Lemma 4. Let k > 1 be an arbitrary integer. Then there are positive
numbers c(k),d(k) for which

(4.2) E|T(rlw)[** < e(k)r** (logr)*®,

if r > 2.
Hence we obtain
Theorem 2. Let € > 0 be an arbitrary small constant. Then

T
lim (rw)

00 r1+6

=0

with probability 1.
Indeed, let k be so large that ke > 1. From (4.2) with A, L (r>4)

= log log r —
we have
T(r,w) 1 T(r,w) 2k
P( rlte 2 >\T> < /\%k/ rlte ap <
< (loglog )% T

Let us apply this for » = n (n = 4,5,...) and use the Borel-Cantelli lemma.
We obtain that
T(n,w)
nl—i—s

—0 (n — o0, neN).

Finally we observe that if n < r < n+1, then the number of Gaussian integers
a in the ring n < |a| < r is bounded by en an n — oo, therefore (4.3) is true.
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5. On random subset of the Gaussian integers defined by the values
of random multiplicative functions

Let us keep the notation used earlier. Let & be independent random

variables, P(&; = k) = % (k € Ag). Let B1,..., Bk be fixed distinct Gaussian

integers. Let f(alw) € M* defined on the set of P, by f(7) = &x. Let
S={a|la+p;€G], j=1,...,k},
K1,..., K be fixed elements of Ag,
A={ala+p; €0y, fla+8)=kj, j=1,....k}

Let h(a) be a complex valued function defined on S, such that |h(«)| < 1. Let

R(r):= Y _ h(a),  R(r|A):= > h(d).
ja<r jaf<r

Let

R |

Alr) = ‘R(TA) - o

‘We shall prove
Theorem 3. Let € be an arbitrary constant. Then with probability 1,

lim Ar)

—— =0.
r—0 p5/3+e

Let ug(z) = % be defined for every k € Ag. Easy to see that u.(k) = QF,
and u,(X\) =0 if A # K, X € Ag.
Let a € S,

Ala) = un, (fla+B1)) -, (f( + Br)).

Then
Qkﬁl"'ﬁk ifae A,
Ala) =
0 otherwise.

We can write A(a) as a polynomial of f(a+ B1),..., f(a+ Bk); the degree in
each variable is limited in @ — 1, and the coefficients of which do depend only
on @ and k.



304 K.-H. Indlekofer, I. Katai and O.I. Klesov

Let
Q-1 Q-1
sa)= 3" d(l, . ) flat B flat B =
11=0 lp=0

=d(0,...,0) + > dly, ... L) fla+ Bu) o fla+ B
(l1,--,16)#(0,...,0)

Then

> he)s(a) =QFk -+ kp R(r|A) =

aeS
|| <r
2/51"'/5]€R(7’) =+ Z d(llr--alk)Xll,...,lk(T)a
(llwnvlk)#(o"“vo)
where

aesS
lal<r

We shall estimate E|X;, ., (r)|* for (I1,...,1;) # (0,...,0).

Let us write (a+/31)" -+ (a+ B)"™ in the form (a+8;,)™ - (a+Bj,)™,
where jq,...,j; is a non-empty subset of {1,...,k}, and 1 <m; <@Q — 1. Let
L(e) = (a4 f5,)™ - (a + B;,)™"

We shall write every v as a(7y) - m(vy)%, where m(y)? is the largest Q-th

power divisor of @ and a(y) is Q-free. It is assumed that v € G}, m(y) €
€ Gi, ac Gy Itis clear that, if 1,7, € G}, then

B L if a(y1) = a(r2),
Ef(m)f(y2) = {

0 otherwise.

We shall write that 1 ~ v2 if a(y1) = a(y2).
Assume first that ¢ > 2. We can write

Xiy oy = Z h(d) f(L()) =

a€sS
lal<r

27 <r

=>e(s)

Jj=0
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where

()= Y. h(d)f(L(a)).

a€S
5 <lal<r

To estimate ©(r) we denote by N3 the set of those integers a € S for which
there exists a squareful Gaussian integer p € G, for which |u| > /r/(logr)?,
and p|(a + By) for at least one u € {j1,...,J:}, and let ] be the set of those
a which do not belong to N>.

vl + B, implies that v6 = o + By, § — [Bu| < [7Y] < v+ |By], thus the

2
number of possible § € G* is less than ¢ (L) , and so
#{N2} <c >

[7I
2
) <
[v|>v/r/(log r)?
< o2 Z 7“(”)<

n

2~

n>r/(logr)2
nsquare— full

< er®?(logr)®.

Let

We proved that
O(r) =04(r) + O(r3/2(logr)3).

Applying the Cauchy-Schwarz inequality, we obtain that

(5.1) X < (logr)* Y |01 (2%) )4 + 0@ (log r)'2).

Let Ef(L(ay))f(L(a2))f(L(a3z))f(L(as)) # 0 (and then = 1). It holds if
and only if a(L(ay)L(a2)) = a(L(as)L(ay)).

Let H(E) be the number of those oy, a0 € N1, § < |ag| < r for which
e(L(ar)L(az)) = E.

It is clear that

E|©:(r)[* <> H*(E) <maxH(E)Y  H(E).
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Since Y H(E) is clearly < #{a1,as € N7} < cr?, we have
E|(©:(r)|* < er*max H(E).

Let us estimate H(FE). For a general Q-free integer A let G(A) be the number
of those a € N for which L(a) = AY? with some suitable integer A.

Let
o+ ﬂill = RllCllMll’ o+ ﬂiLQ = R12C12Ml2a

a+ B, = R, C, M,

where R, Cy; is the square-free part of a + 5“;" the prime divisors 7 in [ Ry,
satisfy || < K, and the prime divisors p of [] Cj; are such that |p| > K, where

K = max |8, — By
max |Gy — |
It is clear that (Cy,,Cy,) = 1if I; # [;. Then
Lia)=C" Oy, (v, G- C) = 1.

Since (7, are coprime square-free numbers, m, < @, therefore C’Z“ .- -Cl:'” is
a divisor of A. Observe that R;, are bounded, M;, < r'/2/(logr)'/2, therefore

r
5 - |ﬁlbj

1/2 -2
< la+ By, < |Cyl|1Ry, r'/? (log )
whence we obtain that |R;,| > \/r(logr) for every large r. It implies that

a+ 0, =0 (mod R);,, a+f,=0 (modR),

has at most one solution a. Hence we obtain that G(A4) < T3(A4) < 73(|A[?).
Furthermore we have that

HE)= > Y GEU)GEV{)),

E1Ex=E U

h
where U runs over the Q-free integers, and if U = [] 7,7, then V(U) =
j=1

=[177"". Since G(E1U) < 73(|E1U?), and

> G(EV(U)) < er?,
U
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we obtain that H(E) < c¢r?*e, where € > 0 is an arbitrary constant, ¢ = c(¢).
We proved that
E|0(r)[* < rfte.

From (5.1) we obtain that
E|Xy,. .|t < rfte.

Let us consider the case t = 1. We have to estimate a sum of type

Z(r) =Y hla)f(a+ )",
a€eS
MES
where 1 < m < . Defining g(y) := f(a)™, ¢ is a random multiplicative
function g(m) = §,. &, takes the values of unit roots of order @Q—m) = Qm,
each with probability Q%@ Since m < @, therefore we can apply Lemma 4 and
prove that B|Z(r)|* < rite.

Let

R(r)
k

A :‘ Q

—R(r|A)'.

We proved that
E(IA(r)[*) < erfte.

This implies that

4
AL
/,10'

mmmhwﬂs/

§0T6_40+8.

Let N,, =m?, 0 = % + ¢. Then

> P(IA(Nw)| > Ng)<ed m11+6 < 0.

From the Borel-Cantelli lemma we obtain that

lim 7A(Nm) =0
m— oo N%/3+5 -

Let Ny, <7 < Np1. Then

A() = A(Nw)| < #{al Ny < [a] < Nyr} < em®.
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Since -
AW _ AW | em?
7n5/3+6 — N5/3+6 N;’;L/SJre ’

m

and the last summand tends to zero as m — oo, we obtain that

lim A(r)

r—o00 7'5/3""5

=0

holds for almost all w. Thus Theorem 3 is true.

Remark. The assertions in Theorem 2, 3 remain valid, if we extend the
summation for all & € G*, |a| < r. This is clear since f(ca) = f(a) (g € 1)
holds for the function f € M*.
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