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Abstract. We give conditions for the existence of a twice differentiable
solution of hyperbolic type partial differential equation of homogeneous
string vibration with random strongly Orlicz initial conditions.

1. Introduction

The influence of random factors should often be taken into account in
solving problems of mathematical physics. These factors can be of a diverse
nature: random boundary conditions and random initial conditions, random
forces acting on the system, random coefficients of differential operators, etc.
This brings up the necessity of analyzing specific features of the problem in
question. The keypoints usually are: existence and uniqueness of the solution,
the possibility of a constructive approximation of the solution and type of
convergence of approximating functions to the solution, behavior of different
functionals of the solution, etc. Different methods are applied depending on
the type of the problem, specifics of random factors involved and the questions
to be studied.
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We consider boundary problems of homogeneous string vibration with
random strongly Orlicz initial conditions. The main objective of the paper
is to propose a new approach for studying partial differential equations with
random initial conditions and to apply this approach for the justification of
the Fourier method for solving hyperbolic type problems. Similar problems for
the hyperbolic type equations are considered in [1, 4, 6, 7, 8, 10, 11], parabolic
type equations are considered in [9]. Further references can be found in [2, 5].

2. Stochastic processes of the Orlicz space

Definition 2.1. ([2]) A continuous even convex function u (z) (z € R) is
called a C-function if u () is monotonically increasing for x > 0 and « (0) = 0.

Definition 2.2. ([2]) We say that a C-function u satisfies the g-condition
if there exist constants zg > 0, k > 0 and A > 0 such that the inequality

u(z)u(y) < Au(kzy)

holds for all x > zy and y > 2.

Definition 2.3. ([2]) Suppose that (T, p) is a nonempty metric space and
€ > 0. Denote by N, (t,¢) the smallest number of points in e-net for the set T
with respect to the udometric p. The function (N, (T,¢), € > 0) is called the
massiveness of the set with respect to the udometric p.

Let {Q,S, P} be a probability space.

Definition 2.4. ([1]) The Orlicz space L, (2) of random variables
generated by a C-function u (x) is defined to be the space of random variables

¢ (w) =&, w € Q such that there exists a constant r¢ with Fu (f—s) < o0.

The Orlicz space L, (2) is a Banach space with the norm

I€llL, = inf{r >0:Eu (i) < 1}.

Definition 2.5. ([1]) A stochastic process X = {X (¢),t € T} is said to
be from the Orlicz space L, () if for all ¢ € T the random variable X (¢)
belongs to L, (£2).

Definition 2.6. ([1]) Let u(x) be a C-function such that u(x) is stronger
than V(z) = 22 that is V(z) > c2? as * > xg,c¢ > 0. The set of random
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variables £ (E¢ = 0) from the space L, (2) is called strongly Orlicz family of
random variables if there exists a constant Ca such that for §; € A, i € I and
for all \; € R! the following inequality holds (I is any finite set)

1/2
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iel
Definition 2.7. ([1]) A stochastic process
X={X({t),teT}, (XeL,()

is called a strongly Orlicz process if the family of random variables X =
={X (t),t € T} is a strongly Orlicz family.

Theorem 2.1. ([1]) Let A be a strongly Orlicz family of random variables.

Then the linear closure A of the family A in the space La(S2) is a strongly Orlicz
family.

Theorem 2.2. ([1]) Let X; = {X;(t), teT, icl} be a family of
strongly Orlicz stochastic processes. Let (T, 0, n) is a measurable space. If

o (t), i€l k=1,...,00
is a family of measurable functions in (T,0, 1) and the integral

o = / ok, (1) X (1) du (1)

T

is well defined in the mean square sense, then the family of random variables

Agz {fki7i€f7k: 1,00}

is a strongly Orlicz family.

Theorem 2.3. ([11]) Let R* be the k-dimensional space,

At ) = a1t = il

T ={0<t;<T;, i=1,2,....k}, X, = {X,(),t€T}, n = 1,2,... be a
sequence of stochastic processes belonging to the Orlicz space L, (), and let the
function w satisfy the g-condition. Assume that the process X, (t) is separable
and

sup  sup || X, (t) — Xn(s)[| < o(h),
d(t,8)<h n=T,5
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where 0 = {o(h),h > 0} is a monotonically increasing continuous function
such that o(h) — 0 as h — 0. We also assume that

/uH) (
0

where o= (u) is the inverse function of o(u). If the processes X, (t) converge
in probability to the process X(t) for all t € T, then X,(t) converge in
probability in the space C(T).

k

H(%(_Tf)(m+1)>du<oo,

i=1

Theorem 2.4. ([3]) Let £(X) be an almost sure continuous random field
such that E§(X) =0 for X € T, where

T={(zy)|ai<xi <by, i=1,...,n}.

Let
B(X,Y) = E{(X)(Y)

be the correlation of the field £(X), and suppose that the partial derivatives
exist.
0?’B(X,Y)

BalXY) = =% av

1=1,...n,
B;i(X,Y) are the correlation functions of square mean derivatives %ﬂf). If

there is a version of the field 8%(;() ,1=1,...,n, that is a continuous random

field, then this version is an ordinary partial derivative of the random field

£(X).

The following result contains conditions for the existence of partial deriva-
tives for stochastic processes of Orlicz space.

Theorem 2.5. Let T = {a; < z; < b, i =1,....m}. §X), X € T,
be a separable random field such that £(X) is a strongly Orlicz stochastic pro-
cesses. Let Boooo(X,Y) = EE(X)E(Y) and assume that the partial derivatives

Bioio(X,Y) = %, i=1,...,m, and

P B(X,Y)
Buin(X, V)= 22 k=1,
kit ) 0x;0y;0x, 0y ' "

exist. Suppose that there exist monotone increasing continuous functions
o.(h) > 0, h > 0, such that o,(h) — 0 as h — 0 for z = (0,0,0,0),
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z = (i,0,4,0), i = 1,...,m and z = (i,k,i, k), i = 1,....,m, k = 1,...,m.
Assume that

Nl

(21) sup (Bz(XvX)+Bz(K Y) _QBZ(X’Y))

|z;—yil<h
i=1,...,m

< o.(h).

(2.2) /u_l ((ZTD+1) (%ﬂl)+l)>du<oo
) 20, 20

for all z and for sufficiently small ¢ then with probability one the partial
derivatives
98(X)  9*(X)
aiCZ' ’ al’iaﬂfj’

,5=1,...,m.

Proof. The proof of this theorem is analogous to that of Theorem 3.9 of
[7].

3. Conditions on existence with probability one of twice continuously
differentiated solution of the boundary-value problem of homo-
geneous string vibration

Consider the boundary-value problem of first kind for a homogeneous
hyperbolic equation [12]. The problem is whether one can find a function
u= (u(zr,y),  €[0,n], tel0,t]) satisfying the following conditions:

u 2'LL
(3.) 52 (#a) g ) = atau— o) 3 =0,

xel0,n], te[0,T], T > 0;

(3.2) u(0,t) = u(mr,t) =0, t €[0,7T7];

(5.3) a0 =€), 200 _ @) wefon),




216 A. Slyvka-Tylyshchak

The functions

p=(p(x), z€[0,7]), q=(qa(z), z€0,7]), p=(p(z), z€0,])
satisfy the following conditions:

(i) p(x) >0, p(x) >0, g(x) >0, € [0,7];
(ii) p(x) and p(x) are twice continuously differentiable on z € [0, 7];
(iii) g(z) is continuously differentiable on [0, 7].

Derivatives at the endpoints of the segment are interpreted as one-sided
derivatives.

Assume also that ({(x), x € [0,7]) (n(z), x € [0,7]) are strongly Orlicz
stochastic processes defined on the same complete probability space (2, &, P)
such that

(34) §(0) = &(m) = n(0) =n(r) =0

almost surely. Additional restrictions on the processes £(e) and n(e) will be
imposed later. Denote by

Be(x,y) = E{(x)é(y), z,y € [0,7],

By(x,y) = En(z)n(y), =,y €[0,7]

the correlation functions of { and 1. We assume that the functions B¢ and B,
are continuous, that is £(e) and 7(e) are mean square continuous. (3.4) implies
that

Be(0,y) = Be(,0) = Be(m,y) = Be(w,m) = 0,

Bn(ouy) = Bﬂ(x70> = Bn(ﬂ7y) = Bn(xﬂT) =0.

The particular equation (3.1) describes the oscillation of a nonhomogeneous
string with fixed ends (3.2) and random initial conditions (3.3). In this case
the stochastic process &(e) describes the initial position of the string, and
the process n(e) represents the initial velocity. If the initial position and
initial velocity are nonrandom, then the boundary-value problem (3.1)-(3.3)
is classical and studied in detail. We are interested in the probabilistic aspects
of the problem, and therefore we assume that the processes £(e) and 7(e) have
Zero means.

Independently of whether the initial conditions are deterministic or ran-
dom the Fourier method is about looking for a solution

(3.5) u(z,t) = ; Xi(x) [Ak cos v/ ARt + \f}% sin /it
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xe€l0,n], tel0,T], T >0,

where

A= [ Xz, k21,
0
By = / n(z)Xk(z)p(z)dz, k=>1,
0
and where A, k > 1 are eigenvalues, and X, = (X)(z), z € [0,7]), k > 1, the

corresponding orthonormal, with weight p(e), eigenfunctions of the following
Sturm-Liouville problem:

(36) 2 (102 g@gate) + 2ot x(@) =0
x € 10,7,
(3.7) X(0) = X (7) = 0.

The assumptions imposed on the function p(x), p(x) and g¢(x) make all
eigenvalues A\, k > 1 positive, and we can assume that A\; < Ay < A3 <
< ... < A, < .... Observe also that the eigenfunctions X, k& > 1 are twice
continuously differentiable on [0, 7].

Suppose that D = [0, 7] x [0,7T], and let C'(D) be the space of functions
continuous on D. This space is a separable Banach space.

Lemma 3.1. [12] Assume that \g, k > 1 are eigenvalues and Xy, k > 1
are the corresponding eigenfunctions of the Sturm-Liouville problem (3.6)-(5.7)
with the functions p, q, and p satisfying (i)-(iii). Then

\/A»=k+0(i>

as k — oo, and

Xk(x)z\/zsink Z(gggi)édu +%,

for all x € [0, 7], where

sup sup |Br(z)] < oc.
k>1z€[0,7]
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Lemma 3.2. [12] Suppose that the functions p, q, and p satisfy conditions
(i)-(#ii). Then the eigenvalues A\, k > 1 and the corresponding eigenfunctions
Xk, k> 1 of the Sturm-Liouville problem (3.6)-(3.7) are the eigenvalues and
the corresponding eigenfunctions of the integral equation

(3.8) X(z) = )\/G(x, s)p(s)X (s)ds,
0

where G(x,s), x,s € [0,7] is the influence function of the boundary-value
problem (3.6)-(3.7) defined as follows:

u(zx) and v(x) are twice continuously differentiable on [0, ].

Theorem 3.1. Let (£(z), x € [0,7]), and (n(z), x € [0,7]) be strongly
Orlicz stochastic processes. In order that a twice continuously differentiable
solution of the problem (3.1)-(3.3) exist with probability one in the domain D,
and be represented in the form of a uniformly convergent in probability series
(3.5), it is sufficient that

(i) the continuous derivatives

d*&(x)  dn(x)
dz? dz

exist with probability one;
(ii) for all0 < x <m, 0<t<T the series (3.5) and the series

(3.9) i VX () { Apsin /At + cos \Ft}
k=1

(3.10) Z A X5 () [Ak cos / Art + sm \rt}
k=1

converge uniformly in probability.

Proof. From Theorem 4.1 of [7] follows, that for the existence of twice
continuously differentiable solution of the problem (3.1)-(3.3) in the set D,
with probability one it is sufficient the condition (i) to be satisfied and for all
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€ [0,7], t € [0,T] series converge uniformly in probability come out from
(3.5) differentiable by x and ¢ and double differentiable by x and ¢, that is
series (3.9), (3.10), and series

oo

(3.11) Z {Ak cos v/ ARt + —= sm \Ft}

k=1

(3.12) Z [Ak cos /At +

k=

sm VA t}
Substituting X,,(z) and A, in (3.8) we have
(3.13) Xn(z) = )\n/G(x,s)p(s)Xn(s)ds.
0
By differentiation of (3.13) we obtain
X/ (z) = )\n/G*(;v,s)p(s)Xn(s)ds,

(3.14)

s

Xy (x) = An /G**(ﬂmS)p(é’)Xn(S)dSwL (V' (@)u(x) — v(z)u'(2)) p(z) Xn(z) | |

0

where

u(x)v(s), x<s;
G (z,s) =

u(s)v"(x), x>s,

By substituting (3.13) in (3.11), we have for all m > 1, n > m

Z d-X;;c l:Ak cos \/7t+ sm \/>t

k=m
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_ / G* (2, 5)p(s) [éAka(s [Akcos\ﬁ t sin/A tH

%mfw mf@

/|G (z,8)p(s)|ds x sup

(z,t)eD

Z )\ka |:Ak COS \/>t+

k=m

sm VA t]

From here it follows, that if the series (3.10) converges uniformly in
probability, then the series (3.11) will also converge uniformly in probability.
Prove that the uniform convergence uniformly in probability series (3.12)
follows from the uniform convergence in probability series (3.10). Substituting
(3.14) in (3.10) we obtain for m > 1, n > m

Z%ﬁ@mfw mf4

k=m

ds+

sm VAR t)

/G** x,8)p [Z e Xk (s <AkCOS \/7t—l—
0

+ [V (@)u(x) — v(z)u' (2)] p(z)x
X i e X () [Ak cos \/»t—i— Sln ft]
k=m

Then

sup
(z,t)eD

id k(@) [Akcos\ﬁt—k smft}

k=1 dz?

/|G** z,8)p(s)|ds + sup |v'(x)u(z) —v(x)u'(x)| | x
(z,t)eD

iw {Akcos\ﬁtJr

X sup
dx?
k=1

(z,t)eD

sin v/ Ag t]
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Lemma 3.3. Let the initial conditions ({(x), = € [0,7]), and (n(zx), = €
€ [0,7]) be strongly Orlicz stochastic processes and assume that the hypotheses
of Theorem 3.1 hold. Then also the random series (3.5) and (3.9)-(3.10) are
strongly Orlicz stochastic processes.

Proof. It follows from Theorem 2.2 that the family of random variables
Ay and By, k > 1, is a strongly Orlicz family. According to Theorem 2.1 the
random series (3.5) and (3.9)-(3.10) are strongly Orlicz stochastic processes.

For n > 1 put

SO (1) = {Ak cos \/ At +

k=1

sm VAR t]

S () Z\ka {Aksmft— cosft]

:Z/\ka(:c {Akcos\ﬁH— sm\ﬁt}
k=1

(x,t) € D.

Theorem 3.2. Let {(x) and n(x) be strongly Orlicz processes. In order
that a twice continuously differentiable solution of problem (3.1)-(3.3) exist with
probability one in the domain D, and be represented in the form of series (3.5),
uniformly convergent in probability, it is sufficient that

(i) the derivatives

dz? de '’ Oszsm

exist and are continuous with probability one;
(ii) for all (x,t) € D the series

[M]¢

ZXk [EAkAlcos\/»tcos\/»t—&—

=1

=
I
—

+5§kBl sm\ﬁtsmft—l- \F osxﬁtsmft
ZZ ka {EAkAlSIH\/»tmn\/»t-F
k=11=1
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EB,. B EALB; .
+ cos \/ A\ptcos\/ A\t — 2 cos \/ At sin \/Alt} ,
VAV oy
Z Z AN X (2) X () [EAkAl cos \/ A\t cos \/ \it+
k=1 1=1

E DBy, EFALB

B . . 1 .
VARt sin \/ A\t + 2 V Aptsiny/ N\t
m\/rl S Ll SIn 1 \/)\7 COS kU SIn 1 ]

converge;
(iii) forn >1 and k=0,1,2

_|_

1
2\ 2
swp (B |50 - 500 ) < ol
|z—y|<h
[t—s|<h

where o (h) is a monotononically increasing continuous function such that
or(h) — 0 as h — 0 moreover

(Zu(_l) ((20(7;)(10+1> (20(T1)(u)+1>)du<oo

where o, ' (¢) is the inverse function of oy (e).

Proof. Conditions (ii) imply that the series (3.5) and (3.9)-(3.10) converge
in the mean square sense. According to Theorem 2.3 and Lemma 3.3 the series
(3.5), (3.9)-(3.10) converge in probability in the space C'(D).

Now Theorem 3.2 follows from Theorem 3.1.

When using introduction from Lemma 3.1 we denote

- B
AU Z A sin(kvy(x)) cos kt + Tk sin(kvy(x)) sin kt,
k=1

ARES Z kA sin(kvy(z)) sin kt — By, sin(kvy(x)) cos kt,
k=1

z® = Z k% Ay, sin(kvy(x)) cos kt + kBy, sin(k~y(x)) sin kt,
k=1

(z, t) € D,
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o) = /(g;) veloa]

Then Theorem 3.2 can be formulated as follows.

where

Theorem 3.3 Let {(x) and n(x) be strongly Orlicz processes. In order
that a twice continuously differentiable solution of problem (3.1)-(3.3) exist
with probability one in the domain D, and be represented in the form of series
(8.5), uniformly convergent in probability, it is sufficient that

(i) the derivatives

de ) dx ) OS‘,I:S/]T7

exist and are continuous with probability one;
(ii) for all (x,t) € D the series

M8

Z {EA;.CAZ sin(kvy(x)) cos kt sin(ly(x)) cos It + EBBy sin(kvy(x))x

=

=~
Il

—
_

2EALB

x sin kt sin(ly(z)) sin lt + ;i l sin(kvy(x)) cos ktsin(ly(z)) sinlt| ,

>

k=1

Mg

[KIEALA; sin(ky(z)) sin kt sin(ly(x)) sinlt + EBy By sin(kvy(x)) x

—

1
x cos ktsin(ly(x)) coslt — 2k E Ay By sin(kvy(x)) sin kt sin(ly(x)) cos ],
Z Z [k*IPE A, Ay sin(ky(z)) cos kt sin(ly(z)) cos lt+
k=11=1
+klE By, By sin(ky(x) x sin(kvy(x)) sin kt sin(ly(z)) sin lt+
+2k* I E Ay, By sin(kvy(z)) cos kt sin(ly(z)) sin I¢]

converge;

(iii) form >1 and k=0,1,2

Nl

sup (B [590.1) = 5000
lz—y|<h
|t—s|<h

2) < ow(h),
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where oy (h) is a monotonically increasing continuous function such that
ox(h) — 0 as h — 0, moreover

EuH) _7 _r W< o0
/ ((20,2‘%) “) (205;%) “) ) "

0+

where o}, (€) is the inverse function of oy(e).

Proof. Let us show, that if the condition (7i¢) of this theorem is fulfilled,
then series (3.9) will converge uniformly in probability. For the series (3.5) and
(3.8) the arguments will be analogous. According to Lemma 3.1

\/A»=k+0(i>,

where

0

Therefore

Z/\ka(az {Ak cos \FtJr sm \Ft}
k=1
Z \/7s1nk () A cos /At + Z m\/Zsink(y(x))Bk cos v/ Apt+
k=1 k=1
N Z Ak Mg @)+ 3 @Bk,@**(w) => k2\/2sink(fy(a:))Ak cos v/ Apt+
k=1 k=1

+I§k\/Zsink Bkcos\/7t+20<k2)\/781nk )) A cos v/ Apt+
+ZO< )\/78111]6 Bkcos\fwrz A (a ZLBﬂ**( );

Be(@)] < C1, 1B (2)] < Co.
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Since &(x) has continuous second derivative and n(x) has continuous
derivative, thus from [12] (p.462, p.463) it follows the series converge with

probability one Y |Ck| < 0o, Y ‘Ck\/P\k“ < 0o. Thus, the series
k=1 k=1
A A
Z A Z A
iO 1 y/gsmk ) A cos v/ Apt,
k2 T ¥

@] <li) \/gsmk )) By, cos v/ Axt.
T

k=1
converge with probability one.

From here it follows, that for uniform convergence in probability series
(3.9) it is sufficient the series to converge

Z k% Ay, sin(ky(x)) cos kt + kBy, sin(kvy(x)) sin kt,
k=1

where

@ [ (22) e eion

Now the theorem follows from Theorem 3.2.

3.1. The conditions of existence with probability one of twice
continuously differentiable solution of the boundary-value prob-
lem of homogeneous string vibration in a partial case

Example 3.4. Assume that £(z), n(x) are strongly Orlicz processes L, (2.
Let u(z) be a function such that w(z) = |z|? for some p > 1 and all |z| > 1.
Then conditions (iii) of Theorem 3.2 holds for the function o4 (h) = Cy|h|® with
0 <6 < 1. Indeed, for e >0

I:/u—l ((?1)+1> (C(Fl)+1>>du<oo7
) 20y, 20y,
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1
1> 1 1 - £
c; TCP " 1
Ig/”’f- k dugp/2du
2us  2us J wrs

0
The latter integral converges under § > %

Theorem 3.5. Let {(x), and n(z), x € [0, 7] be strongly Orlicz processes
L,Q where u(x) is a function such that uw(x) = |z|P for some p > 1 and all
|z| > 1. Set

Be(x,y) = EE(2)E(y),
By (x,y) = En(z)n(y).

In order that a twice continuously differentiable solution of the problem (3.1)-
(3.3) exist with probability one in the domain D and be represented in the form
of series (3.5), uniformly convergent in probability it is sufficient that

(i) the partial derivatives

9*B(z,y)
0x20y? ’

9*B(z,y)

B (z,y) = D20y

By (x,y) =

exist for x,y € [0, 7] and are continuous, and

sup (B*(z,x) + BE* (y,y) — 2B (2,y)) < Cux |1’

|z—y|<h

sup (B} (z,2) + Bj(y,y) — 2B} (z,y)) < Cu. |h]°,

|z—y[<h

for sufficiently small h, where § > %;

(ii) the series

> = EB,B EA.B
YDk 12[|EAkAz|+' LBl EAB

kil l
k=11=1
converge;
(iii)
1
e 1 EB?)?
SR (BAY)? % (k)° < o0
k=1

for arbitrary 6 > %.
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Proof. Condition (i) of Theorem 3.5 implies condition (i) of Theorem 3.2.
According to Example 3.4 the conditions of Theorem 2.5 hold for processes

&(x) and n(x) if
2
O'k(h):Ck|h|6, o> —.
p
It is clear that the series in condition (ii) of Theorem 3.2 converge if so do the

series in condition (ii) of this theorem.

Example 3.4 and Lemma 2.3 imply that conditions (iii) of Theorem 3.2
follow from condition (iii) of Theorem 3.5. It is clear that

(&
_ <E

(Ak sin(kvy(x)) cos kt + % sin(k~y(x)) cos kt> -

B
_ (Ak sin(kvy(x1)) cos kt +4 ?k sin(k~y(x1)) cos kt1>
—1

n n

2\ 2
200 - 2.5 ) =

3

k=1

[N

2

< (ZZ [|[EARA;||sin(ky(z)) cos kt — sin(ky(x1)) cos kt1| x
i

=1
x [sin(ly(x)) cos it — sin(ly(x1)) coslty| +

EB B,
kl

|sin(ky(x)) sin kt — sin(kvy(x1)) sin ktq| %

X [sin(ly(z)) sin it — sin(ly(xq)) sinlty | +

EALB;
l

+ '2 |sin(kvy(x)) cos kt — sin(ky(z1)) cos ktq] x

X |sin(ly(x)) sinlt — sin(ly(x1)) sinlt1|])% <
< <Z |EAg| |sin(kvy(x)) cos kt — sin(ky(x1)) cos kt1|> +

E
9 KB

+ (Z Z \sm(lw( )) cos kt — sin(kvy(x1)) cos kt1] x

k=11=1

X |sin(ly(x)) sinlt — sin(ly(x1)) sinltq]) +
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2\ 2
|51n kvy(x))sin kt — sin(ky(x1)) sin kt4 | ) <

|sin(kvy(x)) cos kt — sin(ky(z1)) cos kt1| +

BhalEs

N‘H

SE[EA

| (mB)?

[sin(kvy(x)) sin kt — sin(ky(z1)) sin ktq |] .

Furthermore,
|sin(kvy(x)) cos kt — sin(ky(z1)) cos kt1]| <

< |sin(ky(x)) — sin(kvy(x1))| + |cos kt — cos kt1| <

o1 <o (fun 0] L KD
oem = | (29) wen o m (22) 20

The inequality
|sinal <lal®, 0<d<1

together with (3.15) imply that

|sin(kvy(x)) cos kt — sin(ky(z1)) cos kt1]| <

).

kScQhd  kOhO 1
2( LG ): (co +1))k°R°.

k(t —t1)
2

"

<o [|FOl2) =r@)|’
S

IN

20 26 26—1
Similarly,
. . . 1
[sin(kvy(x)) sin kt — sin(kvy(x1)) sin ktq1| < 251 (co+ 1)k°h°.
One can easily obtain that
1
2|2 s
B (2000 - 20w)"| <l
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where
e 1 EB? 5
C = 25 S(eo+1)Y | (BAD)® % (k)° .
k=1
Similarly,
2|3
'E (Z'r(Ll)(a:’t) - Z,,(Ll)(y, S)) <
Z [ (EA2) 2 |sin(kvy(x)) cos kt — sin(ky(x1)) cos kt1| +
k=1
E32 %
+ % [sin(ky(x)) sin kt — sin(ky(z1)) sinktq] | < Co |h|5,
where
S 2y7 (EBR)*® s
Cy = 261c0+1z k (EA?) k (k)
k=1
2|2
B (2200 - 20 0.)
[k? (EAy2)? |sin(ky(x)) cos kt — sin(ky(z1)) cos kt1|
k=1
EB2 %
(T) Isin(ky(z)) sin kt — sin(ky(z1)) sinkty|| < Cs|h|°,
where
1 > 1 1
Cs = (e + 1) (K (BAD)® + (BBY) k) ().
k=1

Convergence of series C'3 implies the convergence of series C; and Cs.
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