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Abstract. In this paper, we embed the additive arithmetical semigroup

in a probability space Q := (8G,0(A),5) where 3G denote the Stone-

Cech compactification of G. We show that every additive function ¢ on

G, g(a) = > g(»*) (a € G), can be identified with a sum g = > X,
p*lla p

of independent random variables on 2. The main result will be that the

existence of the limit distribution of a real-valued additive function g is

equivalent to the a.e. convergence of g.
1. Introduction

Let (G, 0) be an additive arithmetical semigroup. By definition, G is a free
commutative semigroup with identity element 1, generated by a countable set
P of primes and admitting an integer valued degree mapping 0 : G — N U {0}
with the properties
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(i) 9(1) =0 and 9(p) >0 for all p € P,
(ii) O(ab) = d(a)+ A(b) for all a,b € G,
(iii) the total number G(n) of elements a € G of degree d(a) = n is finite for
each n > 0.

Obviously, G(0) = 1 and G is countable. Let

m(n) :=#{pe P:0(p)=n}

denote the total number of primes of degree n in G. We obtain the identity, at
least in the formal sense,

o

Z(y) =1+ G(n)y" = H (1— y”)_ﬂ(n) .
1 n=1

n=

In a monograph [9], Knopfmacher, motivated by earlier work of Fogels [3] on
polynomial rings and algebraic function fields, developed the concept of an
additive arithmetical semigroup satisfying the following axiom.

Axiom A#. There exist constants A >0, ¢ > 1 and v with 0 < v < 1 (all
depending on G), such that

G(n)=Aq" +0(¢""), asn— oo.

If G satisfies Axiom A%, then the generating function

(1.1) 2(y) = 3 Gy,
n=0

1

is holomorphic in the disc |y| < ¢~” up to a pole of order one at y = ¢~ ', and

we get

A

Yy) = + Y)s

(1) = T + ()
where

Hy (y) = Z rpy"

n=0

with

ry = G(n) — Ag".
Putting
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gives
H(y)
l—qy

with H(0) =1 and H(¢~!) = A. H and H; are holomorphic for |y| < ¢7".

Z(y) =

Z can be considered as the zeta-function associated with the semigroup
(G, 0), and it has an Euler-product representation (cf. [9], Chapter 2):

(oo}

Zy) = [[a=y)™™, Jyl<q ™

Obviously

OQ/\m
oy A

m
m=1 Jj=1 m=1 d\m m=1

I
hE
A
s
NE
y
3
I
]
\
]
§~
||

where

d|
denotes the von Mangoldt coefficients. Then, because of the Md&bius inversion
formula )
n
==Y A (f) .
) = 5 A (G

Defining the von Mangoldt function A : G — R by

d(p), if a is a prime power p" # 1,

A(a) =
0, otherwise,
we see
> A
acG
8(a)=n
and

a) =Y A(b) (a € Q).

beG
bla



164 K.-H. Indlekofer and E. Kaya

Further
Z'(y)
Z(y)

M (y):=> An)y" =y
n=1

Chapter 8 of [9] deals with a theorem called the abstract prime number
theorem:

If the additive arithmetical semigroup G satisfies Aziom A%, then

ﬂ(n)zi—i—O(q), n — 0o,

nOé

or equivalently,

n q"
An)=¢"+0 (nal), n — oo,

is true for any a > 1.
But this result is only valid if Z(—¢~1) # 0.

In [8], Indlekofer, Manstavicius and Warlimont gave (in a more general
setting) much sharper results valid also in the case Z(—q~!) = 0. For instance,
if Z(—q~') = 0 and Axiom A% holds, then there exists some 6, max{1,v} <
< 6 < 1 such that

A(n)
q’ﬂ

=1-(-1)"+0 (q<9—1>") .

In both cases, the Chebyshev inequality

mn

A(n) < ¢"  orequivalently 7(n) < %

holds.

Let us move to the investigation of the mean-value properties of complex

valued multiplicative functions f satisfying | f (a)] <1 for all @ € G. Indlekofer
and Manstavicius [7] proved analogues of the results of Delange, Wirsing and
Haldsz (in the case of multiplicative function on the natural numbers N) for

arithmetical semigroups satisfying Axiom A%.

Here, as in the classical case, an arithmetical function f on G is called
additive if f(ab) = f(a)+ (b) for all coprime a,b € G and f is called completely
additive if f(ab) = f(a) 4+ f(b) for all a,b € G. An arithmetical function f

is multiplicative if f(ab) = f(a)f(b) whenever a,b € G are coprime and f is
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completely multiplicative if f(ab) = f(a)f(b) for all a,b € G. The general aim
is to characterize the asymptotic behaviour of the summatory function

(& T F, i#Gm) £0,
M(n, f) =

d(a)=n

0, if G(n) = 0.

We say that the function f possesses an (arithmetical) mean-value M ( f),
if the limit :

M(f):= lim M(n,f)

n—oo
exists.

The simple and seemingly appropriate choice of Axiom A# as a basic
assumption has been regarded as an incomplete encoding of the fundamental
situation and rather loose (and appropriate) conditions have been introduced
(cf. Knopfmacher-Zhang [10], Indlekofer [6], Barat-Indlekofer [1]) so as to
include the results about the asymptotic behaviour of the summatory function
M(n, f) (n — oo) for multiplicative functions f of modulus < 1. (see [6]). The
main consequence of these weak conditions is that the circle {y € C : |y| = ¢~}
may be a natural boundary for Z(y).

At present the weakest hypothesis can be summarized as follows. If the
function Z in (1.1) can be represented in the form

Z(y) = exp (Z /\(mmym>

m=1

for |y| < ¢~!, then the basic conditions will be

(12) 0< Mm) = 0g™) (meN)
and
(1.3 21 < 20D [ =2 (<o)
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Then we assume that

(1.4) nG(n) < ¢"B(n)
and
(1.5) B(m) =o0(B(n)) if m=o(n) (n — o0).

Definition 1. We say that the function Z in (1.1) belongs to the exp-log
class F in case (1.2), (1.3), (1.4) and (1.5) hold.

Example 1. Let Z(y), defined in (1.1), have the form

1.6 Ziy) =Y Gy = —"— <qh,
(1.6) (v) ZB ("= G (Wl <a™
where 7 > 0 and H(y) = O(1) for |y| < ¢~! and
(1.7) H(ry<1 for 0<r<gq ™

Further, we assume
G(n) < ¢"n" "

Observe, that if Z(y) is defined by (1.6) with (1.7), respectively, and 0 <

< A(m) < ¢™ then, for r = ¢! — L,

n

B(n) = exp Z Mq_m =

m
m<n

A(m —m,.m -7 T
= exp Z%q r =Zr)yx1—qr) " =n",

which implies (1.4) and

B(m)
B(n)

< (%)T =o(l) if m=o(n)

as n — oo and (1.5) is satisfied.

Example 2. Assume that

0<c1g™ < A(m) < g™ < 0
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holds for all m € N. Then, obviously

o0

5 A cosme) 1))

m=1

IN

1Z(y)| = Z(yl)eXp<

m

< Z(|y) exp (Cl Z a"lyl” (cos(mt) — 1)) =

and

B(m) =exp |- Y @q*l < exp (61 log %) =o(1)

m<l<n

if m =o0(n) (n — oo). Elementary estimates immediately yield

q"G(n) =< M,

n

where the constants involved in =< only depend on ¢; and ¢o (see Manstavicius
[11], Lemma 3.1).

In this paper we deal with real-valued additive functions defined on
arithmetical semigroups G which are described in Example 1 and Example
2, respectively. We show how G can be embedded in a probability space

(BG,0(A),d) such that g can be identified with a sum of independent random
variables on SG. Here 3G denotes the Stone-Cech compactification of G.

To be more specific, for each n € N we define the distribution function

1

Dy (y) := Wn)#{a €G:0(a)=n, gla) <y},
where
g= Z Xp
peP
with
a(p*), if p*a,
Xp(a) =

0, otherwise.

(Here b|la means that bla and a = b.c implies that (b,¢) = 1.)
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Extending, for each p € P the function X, uniquely to a function X, on
BG we show that the {X,,} are independent and

=YX,
peEP

converges a.e. if and only if D,, converge weakly to some limit distribution
D. To ease notational difficulties we restrict ourselves to completely additive
functions g.

2. Lemmata

Let us assume f : Ny — C with f(0) = 1. Further, we assume that the
generating function

F(y) = fn)y"
n=0

can be written in the form

(21) Fly) =Y fn)y" = exp (Z Aﬁﬁj”w)
n=0

m=1

for |y| < ¢~ !, and in addition, we assume |Af(m)| = O(1) for all m € N. With
these notations we have

Proposition. (Cf. [6], Theorem 2) Let Z be an element of the exp-log
class F and let the coefficients in (2.1) satisfy

Ap(m) = Agi(m) +Aga(m),  meN,

with
[Ar1(m)] < A(m) for all meN

and

A

S~ Pralml

m

m=1

Put

F(y) = Fr(y) - Fr1(y),
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where
= Apa(m)
Fi(y) = exp (Z Aratm), > ,
m=1
2 Ara(m
Fii(y) == exp (Z Ara(m) )ym>
m=1 m
for ly| < q~'. Then the following two assertions hold.
(i) Let
= \(m) — ReA fma
(2.2) Z f 1(m)e q

=1

converge for some a € R. Put

by ima __ A
A, =exp | —ina + Z f’l(m)em (m) g™ le(q_l).
m<n

Then
f(n)=A,G(n)+0o(G(n)) as n — oo.

(i) Let (2.2) diverge for all a € R. Then
f(n) =0(G(n)) as n — oo.

An application to completely multiplicative function on G is contained in
Lemma 1.

Lemma 1. Let (G,0) be an additive arithmetical semigroup such that

(2.3) Z(y) = Z G(n)y"™ =exp (Z )\Enm)ym> = (H(y)T, T>0

n=0 m=1 1- qy)
where H(y) = O(1) for ly| < q=', H(r) <1 for 0 <r < q~'. Assume that
(2.4) Am) =0(¢™) and G(n)=<q"n™ .

Suppose |f(a)| <1 foralla e G and f is a completely multiplicative function
on G.
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If there exists a real number a such that

(2.5) 3w (1 _ Re(f‘(p)q—ma(p))>

peP

converges for 9 = a, then

a(a)=n
_ qina H (1 . q—a(p)) ( ZJZ( ) —ka(P)(l-i-ia)) G(n) + o(G(n))
d(p)<n k=1

If (2.5) diverges for all ¥ € R then

S Fla) = o(Gn)).

acG
(a)=n

Remark 1. Obviously
M(f) exists and is # 0

if and only if
Z ¢ 2P (1 = f(p)) converges.

A further consequence of proposition leads to Lemma 2.

Lemma 2. Let (G, 0) be an additive arithmetical semigroup satisfying the
condition of Lemma 1. Further, let {p’fl, .., pEr} be a finite set of prime powers

such that p; # p; if i # j. Suppose O(p;) > }ggi forallp; € P, i=1,...7 and

define a multiplicative function f by

o 0, ifp’ € {pf,..plr},
fp’) =

1, otherwise.

Then f possesses the mean-value M(f) = [] (1 - q’a(pfi)(l - qfa(”’?))).
=1
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Proof. We use Proposition. If f is described in the above form we write

P =TT 1+ fow™

p

:ﬁ . s yj@(m) H (1_ya(p))*1:
i=1 j=1

j = P#P;

J#k; i=1,..., r
= exp (7; o Yy .
Since
[ee]
_ 1 — k0@ (1 — 4y0(pa))
Jjo(pi) _ Yy y
1+ Z; Yy = 1_y0(pi) ’
J’J?f_k‘i
we get

F(y) = T (1= "0 (1= 20 - Z().
Because of

Pk (1 _ ya(m) | < g 0wk |1 4 0| < %

for all d(p;) >

}ggz the function F(y) is non-zero in |y| < ¢~!. So

T o0

F) =2 ] |1+ > »2) | =

i=1 Jj=1
J#k;

m=1
where
AF=Ait A
such that

o Apa(m)|
/\jﬁ =X and Z f’QTq < 00
m=1

Applying Proposition gives Lemma 2.
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In the case of completely multiplicative functions Lemma 2 reads as

Lemma 2. Let (G,0) be an additive arithmetical semigroup satisfying
the condition of Lemma 1. Further, let {p1,...,p-} be a finite set of different

primes. If we define a completely multiplicative function f by

~ 07 pr € {pla "'apT‘}}
fp) ==

1, otherwise,

then f possesses the mean-value M(f) = (1 — q*a(pi)).

=1
3. The Stone-Cech compactification of G

Suppose that A is an algebra of subsets of G, i.e.

(i) Ge A,

(i) A, Be A= AUB e A,

(ili) A, Be A= A\ Bec A

Embedding G, endowed with the discrete topology, in the compact space
(G, the Stone-Cech compactification of G. This implies

A={A:Ac A}
is an algebra in BG, where A := closgcA (for details see K.-H. Indlekofer [4],
[5]).
Let 0(A) be a content on A and define 6 on A by

S(A)=0(A), Ac A,

then § is a pseudo-measure in A and measure in o(A). We have then the

measure (probability) space (3G, o(A),9).
Let us consider the following examples. For primes p € P and k € Ny let

Ay ={aeG:p"|a}

be the set of all elements of G divisible by p¥. Let A be the algebra generated
by the sets {Apx}.



The three-series theorem in additive arithmetical semigroups 173

We assume that (1.4) holds, i.e.

(3.1) G(n) < ¢"

and we consider for A € A the means

> 1
acA
d(a)=n

o1

acd
8(a)=n

M(n,lA) =

where the characteristic function 14 of A is defined by
1, ifa€A,

la(a) := {

0, otherwise

for all A € A.
Note that the following relation of the characteristic functions

lane =14 - 15,
lavp=1la—1a-15
lavp=1a+1p—14-1B
implies that the characteristic function of a set A € A is a finite linear
combination of products of 14 PR 1a,, - Let aj,az,... be the sequence of
P Py

1
the elements from G, such that d(a;) < d(az) < ---. If we consider M (n, 14,,)
where Ay, := {a € G : a; | a}, then we obtain by (3.1) that

n—(a;) . e
M 1a,,) = : O (nﬁ(aj)> = B(i)( 2 =

= ¢~ %) for n > 20(a;).

This means that there exists a subsequence {n;} such that

(3.2) klim M (ny, 1Aaj) =:01(Aq;)

exists for all A,;. If we define §,(A) for every A € A by

01(A) := klirr()lc M(ng,14),



174 K.-H. Indlekofer and E. Kaya

then we have a content on A which is well-defined for all sets A € A. The
above construction leads to the probability space (8G,o(A), d1).
Now, in addition, we assume that Z(y) belongs to the exp-log class F. Let
p € P, ke Nyand let
A ={aecG:p"| a}

be the set of all elements of G divisible exactly by p¥, i.e. a can be written in

the form a = p*.b where pfb. Further, let A’ be the algebra generated by the

sets {A;,c}. Because of 1,+ =14, —14 ., it follows A’ C A. If we define a
pk: P P

multiplicative function f~pk for all p’ € P and j € N by

- . 0, 1fp:p/a]:ka
fp’“(p/]) =

1, otherwise,

3

log 2

then 1A;k =1- fpk. By Lemma 2 we obtain for all p € P with d(p) > lorg

that

M(fyr) =1+ g @R+ _ =0k

For this p we put
62(A;k) =1 —M(fyr) =

:qfka(p) o qf(k+1)3(p).

Let ay,az, ... be the sequence of the elements from G, such that d(a;) <
< 9(az) <. If we consider M(n,1a, ) where Ay :={a € G :a; || a}, then
J

M(n,lA;j):% Z 1=

LLGAéj
A(a)=n
1
= — 1 -
w2
(b,a;)=1, d(baj)=n
_ . 1.

G(n) G(n - 0(ay))

ea
a(b)y=n—0(a;), (baj)=1

Now define the completely multiplicative function f for all p € P by

~ 1, p/}/a’ju
f(p) =
0, play,
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then
~ G(n—09(ay)) 1 f
M(n, 1Ag].) = G(n) ) G(n —0(ay)) bEZG o
_I,_, a(b)=n—03(a;)

11

By Lemma 2" we obtain that II tends to 11 (1 — q_a(p)) as n — oo. Since [
pla;

equals M(n, la,, ), we observe (see (3.2)) that there exists a subsequence ny

such that

Jim M(ng, La, ) = 01(Aa,) [T (1= q70%) = 65(47)
pla;

exists for all j € N. If we define d5(A’) for every A’ € A by
52(14/) = khm M(nk, lA/),

then we have a content on A. Thus (BG,U(A'),(S}) is a probability space.
Since

where A;ﬂ N A;j =10 Ez 7% 4), we obtain o(A) = o(A), which implies

(BG,U(A),&) = (ﬂGa O-(A/)762)'

Now we can formulate the three series theorem for additive arithmetical
semigroups.

4. The Three Series Theorem

Theorem. Let G be an additive arithmetical semigroup such that Z(y)
belongs to exp-log class F. Assume g : G — R is completely additive. Then the
following assertions are equivalent:

(1) g = X, possesses a limit distribution,
P

(ii) § = > X, converges 0-almost everywhere,
P

(iii) the series
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Yo WA, Y EX) Y Var[X)
3121 lal<1 l3wI<1

converge,

(iv) the series

S o Y Gwa?, Y P

lg(p)|>1 lg(p)|<1 [g(p)I<1
converge.

Remark 2. The equivalence of (i) and (iv) has been proven by W.-B.
Zhang [12], in the case when the zeta function of G has the form

2y) = —2— + 3 r(ny"

S l-gqy

with > |r(n)|¢~™ < oo and the inequality A(n) = O(¢™) holds.

n=0
Proof of Theorem.
(i) = (iv)

Suppose that the function
§=2.%y
P

has a limit distribution function D(z). By the continuity theorem of Levy (see
Billingsley, [2]) there exists a function ¢(t) which is the characteristic function
of D(z) and is continuous at ¢ = 0 such that

(4.1) / emd(Dn(x)):% S e o)
—00 d(a)=n

n — oo for —oo < t < co. Since ¢(t) is continuous at ¢ = 0 and ¢(0) = 1, there
exist constants T'> 0 and C € (0,1) such that

lp(t)] > C for |t|<T.

Put -
fi(a) == eufg(a)7
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then the limit in (4.1) exists. This limit is equal to M (f;) and is non-zero for
|t| < T. By Remark 1 the series

(4.2) > 7P (1 - filp)

converges for |t| < T. Now we show that the three series in (iv) are convergent.
We write (4.2) in the following form

(4.3) Zq_a(p) (1—fi(p Zq_a(” —cos(tg(p) zZq o) sin(tg(p)).

p

The convergence of (4.3) implies
_ t9(p)
4.4 > g7 (1 — cos(tg( —2§ —o®) <K
(4.4) pq cos(tg(p q sin” 5 ) <
for |t| < T. We note that
2
—t <sint
v

holds for ¢ € [0, §]. Therefore, by (4.4),

Tlg(p)I<3

and

—9(p) ~ 1
Z g PP (p) < T2
l9(p)|<1

Thus, the convergence of the third series in (iv) is proved.

Integrating (4.4) from 0 to T gives

T
> [ (1= costtgtp))de < KT.
p 0

and we obtain

30w (T B Sin(Té)(p))) < KT.
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We observe that )
sint < —t
T

holds for ¢ € [§,00). Then

—~o(p) 2
> ¢?Wr(1-=) <KT,
3(P)I>1 T

and
Z q —9o(p) < 1

1g(p)[ =1
which proves the convergence of the first series in (iv).

The last (convergent) series in (4.3) can be written as
(4.5) Zq ) sin(tg(p Z g~ 9P sin(tg(p Z ¢ W) sin(tg(p)).
\g(p)\<1 \g(pHZl

The estimate |sin(tg(p))| < 1 and the convergence of the first series in (iv)
imply that the last series in (4.5) converges for |t| < T. Therefore

(4.6) > ¢ "W sin(tg(p))
\!7(1}))|<1

must be convergent for |t| < T. We note that

et 3 2~2
[sin(tg(p) — t5(p)] < 1LPE < LT,

for |[tg(p)| < 2. The series in (4.6) can be written as

(4.7)
Z q 9™ gin (tg(p Z q- p) (sin(tg(p)) — Z q a(p)tg
\y(P)\<1 Iy(p)\<1 \y(zl)\<1

Since the second series in (4.7) can be estimated by
<t? Y WG (p),
awI<1

the last sum in (4.7) must converge, too. This ends the proof of the implication
(1) = (iv).
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(iv) = (1)

We assume that the three series in (iv) converge and show that the series
in (4.2) is convergent, too, for all ¢ € R. This implies, by Lemma 1 and Remark
1, that

(4.8) M(fi)=T[(1-q?") (1 + Zq"“a(”)ﬂ(p’“)> ,
k=1

P

where M (f;) is non-zero and continuous at ¢ = 0, and which is equivalent to
the existence of the limit distribution.

We write the series (4.2) in the form

qua(p)l—ft Z g PP (- fip Z g PP (1 - fulp)) =

Ig(p)\<1 Ig(p)\zl

> PP (- fi(p) +itg(p)—

p
la(p)|<1

(4.9) ]
> a7 MPige) + Y ¢ (- fulp)).

p p
lg(p)[<1 [g(p)[>1

and observe that
t23%(p)
2
holds for each real number ¢. The absolute value of the first series on the right
side of (4.9) is smaller than

€9 —1 — itg(p)| <

> PP (p)

P
lg(p)I<1

which is convergent by assumption. The second series on the right side of
(4.9) converges by assumption. The absolute value of the last series in (4.9) is
obviously smaller than

2 Z g o®)

P
15(p)|>1
and therefore the series (4.2) is convergent.

The equivalence of (iv) and (i4i) is obvious. The assertions (ii) and (i)
are equivalent by the three series theorem. This ends the proof of the theorem.
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