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Abstract. In [1] we investigated the distribution of the values of g-additive
functions defined on multiplicative semigroups which are generated by an
infinite sequence of primes satisfying Wirsing’s condition. In this work we
extend our investigations started in [1] to polynomial sequences of such
semigroups and its subsets which contain integers with a given number of
prime divisors.
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N, R, C are the sets of natural, real, complex numbers, respectively. Ny =
= NU{0}. Let e(z) := €*™®; w(n) = number of distinct prime divisor of n;
Q(n) = number of prime power divisors of n. Let {x} = fractional part of n,
[|z|] = min({z},1 — {z}). For the sake of brevity let z; = logx, o2 = loga,
and in general, let x4 = logzy (kK =1,2,...). Let v be the Euler’s constant,
I" be the gamma function and

1 [
q’(l') ;:\/72?/@71‘ /2du

1.2.

Let ¢ € N, ¢ > 2 be fixed, E = {0,1,...,qg — 1}. The g-ary expansion of
n € Ny is defined by

(1.1) n= Zaj(n)qj, a;(n) € E.
5=0
A function f: Ny — R is said to be g-additive, if f(0) =0 and

(1.2) fn) = Zf(aj(ﬂ)qj% aj(n) € E.

Jj=0

Let A4 be the set of ¢g-additive functions. Let N(= N,) = {1°g$}7

logq
(1.3) me= =3 F0d), of == £(bet) - md,
q beFE q beE
N N
(1.4) M(z) =Y my, D)= o}.
k=0 k=0
1.3.
Let
_ f(n) — M(z)
(1.5) ve(n) = “bw

In our recent paper [1] we proved the following
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Theorem A. Let P be an infinite sequence of primes, satisfying

(1.6) mp(z) =#{p<z|peP}=(r+0(1)) (z — o),

log =

where T > 0 is a constant. Let N be the multiplicative semigroup generated by
the elements of P,

(Np(z) =)N(z) :=#{n <z, ne N}.

Let f € A,, f(bg?) = O1) as b € E, j = 0,1,2.... Assume thal
D(z)/log* x — 0o as x tends to infinity for some X\ > 0. Let

(1.7) F.(y) = ﬁ#{v‘r(n) <y,n<z neN}
Then
(1.8) Jim Fy(y) = ©(y).

The proof is based on a theorem of Davenport for trigonometric sums (see
[2], Lemma 1) and on the method developed in [3].

We observed that by using a theorem of L.K. Hua ([3], see Lemma 6.3),
by using the method used by N.L. Bassily and I. Katai [5] one can prove

Theorem 1. Let f € A,, f(bg?) = O(1) (b € E, j = 0,1,2,...),
D(z)/log’ & — oo as x tends to infinity with a suitable § > 0. Assume that

P satisfies the condition (1.6). Let P € Z[z] be a polynomial of degree t, with
positive leading coefficient. Let

(1.9) G (y) == ﬁ#{n <z, neN, v (P(n)) <y}
Then
(1.10) Jim Go(y) = 2(y)

holds for every y.
1.4.

Let P € Z[x] be a polynomial of degree ¢ taking positive integer values on
N. Let ¢, Ebe asin 1.2. If n € N, n = eg(n) +e1(n)g+---+€._1(n)g" !, then
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write m = €g(n) - €.—1(n) (€ E™), ¢,—1 # 0. Let P, be as in Theorem A.
Let ny < ng < ... be the whole sequence of the integers in A/, and let

(1.11) n=0,P(ny) P(na)...

where the right hand side of (1.11) is the g-ary expansion of 7.

Theorem 2. We have that {¢™n} (m =1,2,...) is a sequence uniformly
distributed mod 1.

This assertion can be derived from Theorem 3, formulated in 1.5.
1.5.

Let P, N, P as earlier. Let 3 = boby ...by_1 be a typical element of E*.
We write @gk) (n) = ¢j(n)...¢j4x-1(n). Let Fj, : EY — R be a function such
that F(0,...,0) = 0. Let

Q= ZFk(@f(%))a k1= ZF’@(@?(”»
j=0 =0

M:=q" Z Fy(by...b),

bl...bkEEk
o7 = ¢~ (F+h) Z (Fr(bo...bg_1) — M)(Fy(bp...bpip1) — M)

bo...bk+h,_1€Ek+h

for h=0,1,...,k—1. Let

k—1
o= 08 + g O',QL.
h=1

Theorem 3. Assume that o # 0. Then

a, —MNr
lim n<x,n€/\/’n7< }:(I)
reo # { - oV Nr 4 )
holds for every y € R.

We can prove also

Theorem 4. Let P,N, P, f be as in Theorem 1. Let

L
()

Gz i(y) = #{n<z, neN, whn)=k, v,(P(n)) <y}
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Then, if ko(xz) — oo, then

sup sup |G — @(y)| = 0.
Y ko(x)<k<o.(1)32

Remark. Unfortunately, we cannot prove that

lim G,1(y) = ®(y).

r— 00

2. Auxiliary results

2.1.
The Erdds-Turan inequality ([6]):

The discrepancy Dy of the real numbers x1,...,xp  (mod 1) is defined
by
1 M
(2.1) sup‘M ; 1—(8—a)
{#n}€la.0)

where the supremum is taken for all intervals [, ) C [0,1).

M
Let by, := > e(may). We have
=1

U, M
(2.2) Du<c| Y %JF—

K
0<h<K
for any positive integer K. c is an absolute constant.

2.2,
Lemma 6.3 of L.K. Hua ([4]):
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Let | be a positive integer (< x7%), and

0= ZZ f(ldm))
h t t—1
f(z):az +a1z2' T+t ay,

where (h,Q) = 1, all a being real, and x§ < Q < x' - z77. The index d in
runs through a set of positive integers satisfying the conditions

D<d<D, 1<D<§, D' < 2D.

Further, for a fized d, the index m runs through a set of positive integers
satisfying the inequality

, x
< —
P/d<m_Dl’

where P’ is a positive number. Hence, for x]° < D < x-x1 %%, subject to the

conditions
o > 2og 4 22 g 4 23341

we have
Q < 7‘T1_06.

2.3.
Theorem of E. Wirsing ([7]):

Let F be a multiplicative function, satisfying the conditions: F(n) >
>0 (neN); F(p*) < c1¢, ca < 2 for every prime p and o = 2,3....

Assume that
> F(p) = (7 +o(1))

p<zx

logx (I*)OO)7

where T > 0 is a constant. Then, for T — oo,

> F(n) ( _7;+oz<1>) =11 (1+f§m+F;g2>+.._),

n<x p<x

Analyzing the proof, one can see easily that the following version of the theorem
of E. Wirsing is true.
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Lemma 1. Let Fy be a family of multiplicative functions satisfying the
following conditions: Fx(n) > 0 (n € N); Fx(p%) < c1¢5, ca < 2 for every
prime p and o« = 2,3.... Assume that

x
‘ ZF)‘(p) a 7—>‘10g;x

p<z

< e(z) logz’

where 0 < ¢35 < Ty, ¢3 is a suitable constant, e(x) — 0 as x tends to infinity.
Then there exists a function €;(x) — 0 (z — o0) such that

e Fx(p)  B\(®) ‘
) <
Y Am) NI Ht (1 + + 220 1) <

n<x p p

- Gl(z)lozxpl:[x (1 - F/\p(m t F/\p(f ) +- ) .

Let P, N be as defined in Theorem A. Defining the multiplicative function F
on prime powers p® by

1, ifpeP,
F(p“)—{
0, ifpgP,

from Wirsing’s theorem we obtain that

e 7 X 1
%) = (T o) gz 17,

pEP

2.4.

Lemma 2. Let0 < A < ﬁ, Xo(z) =Y cme(maz) be a  (mod 1) periodic
function such that 0 < xo(x) <1,

1oif A<{az} < -A,
0 if ¢+A<{z}<1-A,

L ¢jy =0 when j #0,

cozq
1 1 1

<min (-, — — .

[em _mm(q, w|m|’ A7r2m2)
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et x0) = o (5 £) = S s, Then ) — e (<52, s ) -
= |l Seein [5].
2.5.

Let P, N be as earlier,
me(z) =#{n<z|neN, wn)=k}, Np(z)=#{n<z| neN, Qmn)=~k}.

Let

T(x):= Z p—lu

pY <=
pEP

Lemma 3. There is a function e(x) — 0 (x — 00) and positive constants
c1,co such that

holds for every k, and

(2.4) Ni(z) <

holds for 1 < k < (1 —8)poT(x), where py is the smallest prime in P, § is an
arbitrary constant, 0 < 6 < 1, and c3 = ¢3(9) is a suitable constant.

Proof of Lemma 3. We have

n<a pVm<z m<z  pr<L
nePy meEP _1 meEPy_1 -m
1 22T (x)k1
<2z E — < (z)
m (k—1)!
m<x
meP,_,

Thus
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4z T(x)k-!

mi(z) < m(VT) + gz (b= 1"

Tterating this, we obtain that the right hand side of (2.3) is true. Furthermore,

m(@)logz > Y logp"> > > logp” = logp¥ p >

pYmse m<ve | < plm
meP _1 mePy_1 peEP
pEP, pfm
m<Va
x
> (1 —€(x)) Z — — (logx) Z Zl
m<Vz m m<vz  plm
mePy_q mePp_1
and so
. k—1
T (.%‘ 2(k—1))

me(z) > (1 — €(x))x

= —Vxlogx.

To prove (2.4), write n € N} in the form n = Km, where K is the squareful
part and m is the squarefree part of n.

The size of those n < z for which K > z1/2 is

Thus,

From inequality (2.3) we have

T () k2O 3/4
Mo <o w X rg-am - e
Furthermore,
z)k— Q(K)— T(z)k1 O\ ) 4
Z Kk; Q )—1)!§(k—1)! (T(az)) K

K<z
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Since fo) < (1 —90)po,

Kgﬁ(jf@)mmil(gzg) 1+(fo)>p121_<i@));

- T(Qf)k71
logz (k—1)!

Since cz3/* is clearly smaller than ¢ our inequality holds.

3. Proof of Theorem 1

Let y € R be fixed. Let n1 < ... < ng (< x) be the set all of the
integers in A/ up to z, for which v,:(P(n)) < y. Then s = G.(y) - N(z). Let
He=H="{{m,p},pe P, me N, m>a, p>elos®)™ my <z} Here we
assume that €, — 0 (z — o0) (slowly).

Let R, = . 1/p. Let Z be the number of those {m,p} € H, for which

p<w
vt (P(mp)) < y. Repeating the argument, used in [1], we obtain that

1
N(z)

Z
R,

—s|—=0 (z— o00).

Let H(z) = #H,. Let (1<) 1y < ... <l <tN, by,...,b, € E and

By using the method developed in [3, 5, 1] we can prove that

N Lo )
(e | ) - ae)

l,...,1 )
bi b};> :#{{m7p} EH:M elJ(P(mp)) :bj7 J = 1u7h}

(3.1) max < c(h, \)H(z)N—*

NO<ly <...<lp<tN-N<
by,....b EE

holds for every fixed h, every o > 0, and every A > 0.
By using the theorem of L.K. Hua ([4]) we can obtain that
Ay _B
Z e| =—P(mp) | < H(z)log™ " z
Hyy

{m.p}eM.
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holds for every fixed B, where

Am mp

— mi . s
HiM_qlh+1+”.+qllT7 q/}/mj (]_1a7h)7

N* <} <...<lp <tN — N% Continuing as in [1], by using the Frechet-
Shohat theorem, we obtain Theorem 1.

4. Proofs of Theorems 2 and 3
These can be done by the method used in [9].
5. Proof of Theorem 4

Let
mp(z) =#{n <z |neN, wh)=Ek}

and
Hm,k =

={{m,p},meN, peP, wim)=k—1, p> o8 2)™ > a:egc, mp < x},

where €/, — 0 (z — 00). Since

5 = Z/ Y i< 10233

> oac

nLgmex pS% 'mgwéén
(5.1) mEN, w(m)=k—1 PEP meN, o(m)y=k—1
!
T kal(xem)
logz (k—1)!"

we obtain from the left hand side of (2.3) that the right hand side of (5.1) is
at most 0 (1)kmy(x) uniformly for 2 < k < 2. Furthermore, from (2.3) we
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deduce that

Soi= Y > 1< > me (i) <

pSC(log z)€x mS% pSC(logm)‘z
PEP meN, w(m)=k—1 pEP
A Tkiz(flﬁ) Z 1 <
logz (k —2)!

p<ellogz)em
peEP

< epkmy ().
Thus, by the right hand side of (2.3),

#Ha:,k = k‘ﬂ'k(l‘) + 31+ 2o + O((k — 1)7Tk,1(33‘)) =
= kmg(z) + 0, (1) kg (z).

Let Hi(x) = #Hyp i Let (1<) 13 < ... <l <tN,by,...,b, € E and

ly,....10 )
Hk (I ’ bi,...,b}:):#{{m7p}€Hw’k7 ElJ(P(mp)):b]ajzlvah}

In the same way as we have seen by (3.1)

< c{h, \)Hy () N>

Iy,
max q" Hj, x‘ Lot ) Hy(2)
Na<lyj<...<lp <tN—N« bl,...,bh
by, by €EE

holds for every fixed h, every a > 0, and every A > 0 uniformly for 2 < k < i—;
Arguing as in [5], the proof is finished.
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