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Abstract. Let P be an infinite subset of primes,

#Hp<z|pePt=(r+0(1)

log x (= o),

N be the multiplicative semigroup generated by P. Distribution of the
values of g-additive functions defined on N is investigated.

1. Introduction

1.1. Let N R, C be the set of natural, real, complex numbers respectively,
No = NU{0}. Let e(z) = *™®, w(n) = number of distinct prime divisors of

The project is supported by the European Union and co-financed by the
European Social Fund (grant agreement TAMOP 4.2.1/B/09/1/KMR/2010/
0003) and the second author is partly supported by the Hungarian and
Vietnamese TET (grant agreement no. TET 10-1-2011-0645).

Mathematics Subject Classification: 11L07, 11A63
https://doi.org/10.71352/ac.38.129


https://doi.org/10.71352/ac.38.129

130 L. German and 1. Kdtai

n, (n) = number of prime power divisors of n. If = is a positive real number
then let x; = logx, x = logxi—1, k = 2,3,.... Let {z} = fractional part of

z, ||z|| = min({z},1 — {z}). Let ®(x) = \/%7 i e~ 2y,

1.2. Let ¢ > 2 be a fixed integer, F = {0,1,...,q— 1} be the set of digits.
Then every n € Ny has a unique (g-ary) expansion, defined by

(1.1) n= Zaj(n)qj, a;(n) € E.

The right hand side of (1.1) is clearly a finite sum, since a;j(n) = 0 if ¢/ > n.
A function f: Ny — R is said to be g-additive, if f(0) =0 and

(1.2) f(n) =" flaj(n)g’)
j=0

holds for every n € Ny. The whole set of ¢g-additive functions will be denoted
by H.

1.3. Let
log
1. N = Nz - )
(13) {logq}
1 1
(1.4) mg ==Y f(bd"), of==> f*bd")—mi,
q beE q beE
N N
(1.5) M(z) =Y my, D*(z)=> o}.
k=0 k=0

1.4. Let B = B, be a set of positive integers up to x. The multiple
occurrence of some numbers is allowed. Furthermore, let B(x) be the number
of elements in B. For an arbitrary sequence of integers (0 <) l; < ... <[, and
bi,...,bp € E, let

(1.6) B(a: éi”i};) =#{n<z|nebB, a,;(n)=0bjj=1,...,h}.
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1.5. Let
(17) vy = L= 210,
(1.8) Fuly): = %#{n € B, v(n) < y}.

Definition 1. We say that B = B, is a sequence of g-ary smooth sets of
type a if B(z) > %, and

logx?

li,...,1
(1.9) sup @"B(z| V") —B@)| < e(h, \)B(z)N~*
NO<ly <...<lp <N—N& bi,...,bn
b1, b €F

holds for every fixed A > 0, x > 2.

Theorem 1. Let f € Ay, f(bg?) = O(1) asb € E, j =0,1,... Assume

D(x)
that Tog®

g-ary smooth sequence of type o < §/2. Then

— 00 as z tends to infinity is satisfied for some § > 0. Let B, be a

lim F(y) = ®(y)

holds for every y. Here

Proof. Let n <z

No<j<N—-N«
Since f(bg?) is bounded,
|fa(n) = f(n)] < cN®

holds. Let

M, (z) = Z mj, D2(x)= Z 5.

Na<j<N-N@ Ne<j<N-Ne
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We have |M(x) — M, (z)] < eN®, |D2(x) — D?(x)| < cN®. Let

_ Ja(n) — My(x)
Vo(n) = Do) .
We already defined v(n) in (1.7). From the assumption we obtain that

max |Vo(n) —v(n)] — 0

as ¢ — oo. From the assumption (1.9) we deduce easily that

% Z Va(n)k—iZVa(n)kHO as x — 00,

B(x n<T ot
nEBy n=
and so
(1.10) ! Z v(n)k — = Z v(n)F -0 as = — o0
B((L’) n<z r n<xz
nEBy =

for each k € Ny. One can prove easily that for & € Ny

1 oo
lim — Z v(n)k = / 2k dd.
T—00 I e .
(1.10) implies that
1 o
lim —— v(n)k = /xkd‘I)
neB -0

holds for every k. Therefore, our theorem directly follows from the Frechet-
Shohat theorem. A more detailed argument can be found in [1].

2. Some auxiliary results

2.1.
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Lemma 1 (Theorem of Davenport [2]). Let z be a positive integer, 1 <
<Up<U <z,1<Q<ux, (a,Q) = 1. Let O1(n,x), Oa(r,x) be arbitrary
functions, each of which is absolutely bounded. Then

> e Y eQ(T,n>e(C{g):

Up<n<U; 1<r<z/n
1 U, 1 Q
=0 |zlog’zy| —+—+=+2|.
<x0g T UO—i— . +Q+x>
2.2,
o0
Lemma 2. Let 0 < A < 2%1, Xo(x) = > cme(mz) be a mod 1 periodic

function such that 0 < xo(z) <1,
L ifA<{z} <-4,
Xo(z) =
0, if g +A<{z}<1-A,

00:%} chzo whenj:i17i27""

1 1 1
lem| <min | =, —, —— | .
q wm| Am2m?

Let xp(2) = xo(z — &) = chz)e(mx). Then v\ = cme(—%b), thus |C£Z)| =

q
= leml-

This lemma is proved in [3].

2.3.

The Erdés-Turan inequality for the discrepancy of sequences
mod 1

The discrepancy Dj; of the real numbers x1, ...,z mod 1 is defined by
1
(2.1) sup |- #{n < M | {za} € [0, 8)} — (6~ @)

where the supremum is taken for all intervals [«, 5) C [0, 1].
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M
Lemma 3 ([4]). Let i, := > e(may). We have
e=1
0<h<K

for any positive integer K. c is an absolute constant.

2.4.
The theorem of E. Wirsing

Lemma 4 ([5]). Let F be a multiplicative function satisfying the following
conditions: F(n) > 0 (n € N); F(p®) < ¢1c§, ca < 2 for every prime p and
a=2,3,.... Assume that

(z — o)

(2.3) > F(p) = (1 +o0(1))

p<x

log x

where T > 0 is a constant. Then, for T — oo,

(24) Y F(n) ( 7;JFO(l)) 1ozxg(1+1§m+F;§2)+--->.

n<x

Here T is the Euler’s gamma function, and v is the Fuler’s constant.

Analyzing the proof, one can see that the following variant of Wirsing’s
theorem remains true.

Lemma 5. Let F)\ be a family of multiplicative functions, satisfying the
following conditions: Fx(n) > 0 (n € N); Fx(p%) < c1¢5, c2 < 2 for every
prime p and o = 2,3, .. ..

Let e(z) — 0 (v — o0). Assume that

T
2.5 E F -7 <
( ) p<x )\ Al g a E(x)
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where 0 < ¢3 < Ty < ¢4, with c3,cq suitable positive constants. Then there
exists a function €;(x) — 0 (z — o0) such that

ZF)\ eI g H(1+FA(Z))_~_FA(2PZ)+...) <

= T(r) logz p P
(2.6) <

Sﬁ@zxgb+ﬂ@+%ﬁ+m>

lo P

2.5.

Let P be an infinite sequence of primes, N be the multiplicative semigroup
generated by P. Let

p(2) = #{p<w |peP) Np(w)=#{n<z|neN}

Assume that

(2.7) mp () =

7-loggc to <logx> (z = o0)

where 0 < 7 < 1. Then, from the theorem of Wirsing we obtain that

(2.8) Np(z) = (‘;(:; —|—o(1)) 11 L oo

logz 11— 1/p
5577

Let
(2.9) Z -

p<z

pEP
Then
(2.10) R, = (74 o(1)) loglog (z — ).

Lemma 6. Let P satisfy the condition (2.7). Then, there is a suitable
sequence 0, — 0 (x — o0) such that

1
(2.11) 7]\7(%)]{% |w(n),RZM>%Rx wn) —0 (z— oc0).

n<z,neN
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Proof. Let F,, be a family of multiplicative functions, defined on prime
powers p® as follows:

e, if peP,

F.(p”) = {
0, if pgP.

First we assume that x is a small positive, later that it is a small negative
number. Since

ZF = ("1 +0(1))

p<z

log x (= 00)

holds uniformly as x varies in a bounded interval, furthermore

PEP.p<VE
by Lemma 5 we obtain that
Z e”“’(")w(n) <2 e” etw(n) <
= "SF el

"
Le T

eﬁ
—R, || 1 =
(2.12) [(e®7) logx -- ( +p1>
v
_e T —— R, exp(e" R, + b,)
- F( )logx p T x )y

where b, is bounded uniformly as 0 < x < 1/10, say. Since

(2.13) Z w(n) < —rK0y Ry Ze (w(n)—Ry (n),

w(n)>(1+6z) Ry n<z
n<z, neN neN

and

e 17T x
— e
I(7) logz

from (2.12), (2.13) we have that

(2.14) N(z)=(1+0(1)) xp(R: + O(1)) (z — o),

1
(2.14) —_ w(n) < cexp((—kdy — k + e —1)Ry,).
N(z)R, w(n>><zl+:6w>ax

n<xz, n€EN
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¢ may depend on 7. Choose k = x; ", §, = 2. We obtain, that (2.14) tends
to zero.

Instead of proving that

1
YO e

we shall show that

1
W#{n§z|w(n)<(l—5x)Rx, neN}—0 (z— o0).

To prove this we choose F_,; instead of F;, and argue as earlier. We have
(2.16)

e—rw(n) = e o a: ¢’ .
Z Fonln Z (F(Te ") i (1)> log x H <1+p— 1>

n<ax n<wx
neN neN PEP

Since e~ #(@(M)=(1=0:)R2) > 1 if w(n) < (1 — 6,)R,, therefore

Z 1< 6(176I)Rzn Z F_K(n)

n<x n<x
neN neN
w(n)<(1—6z)Ra

Arguing as earlier, by using (2.16) we can get the relation (2.15).
2.6.

Lemma 7. Let P, N be as in Section 2.5. For every K let p1 < ... < pr
be a finite sequence of primes from P. Let Px = {p1,...,pr}, and let

T
1
wp 1 AK = —, AK > K.
<! z': jz;:pj
PEPK
Then
2.17 lim su w — Ax| < V/Ax.
( ) x_mp N ; | PK K| = K
neN

Proof. Since

N():#{ngxne/\/, pln}
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and from the theorem of E. Wirsing (Lemma 4) one can get easily that

N () = IN@) + V) (2 - o0)

we obtain that

Y wpi(n) = AxN(x) + o(N(2)) (2 — o),

n<z

neN
1
Z wh (n) = [ A% + Ax — Z = | N(@) +o(N(z)) (z— o0).
nEN PEPK
Thus

1
D (wpi(n) — Ag)> = | Ak + Ak — > — —24% + A% | N(x)+

n<z
wEN pEPK

+o(N(z)) (= o0),

whence

1/2
1 1
W Z |w,PK(n)7AK| S\/W Z |W7DK(’I7,)7AK|2

n<x n<x

neN neN

IN

and so our assertion holds.
2.7.

Let V be as in 2.5. From the theorem of Wirsing (see Lemma 4) we obtain

that
N (x) < cN ()
Y Y

(2.18) win)= Y 1

pln
peEP
p<exp((logz)cx)

holds for 1 <y < \/z. Let
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where €, — 0 as x — 0o. Hence we obtain that

Z wi(n) < cex Ry N ().

n<x

neN

For some n € N consider all possible representations n = pm, where p € P.

Let
wa(n) = Y 1.
m<nen
Then
- x - cTX 1 <
Z wa(n) Z e (E) ~ logx Z m =
nE N N
- cTX H 1 - cTXT o Z 1
. -
“logx e 1—1/p = logx b ol 4
pEP peEP
Hence we have that
1
(2.19) — wa(n) =0 (z— o0).
ne

3. Formulation and proof of Theorem 2

3.1.

Theorem 2. Let N be as in 2.5. Assume that f € A, f(bg’) =
=0(1) (beE, j=0,1,...). Assume furthermore that there is a constant

A > 0 for which D(z)/log* & — co (x — c0). Let

F.(y) = ﬁ#{u(n) <y,neN,n<uz}

Then
lim F.(y) = ®(y).

xTr—00

3.2.
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Proof of Theorem 2

Let y € R be fixed. Let ny < ... < ns (< z) be the set all of the integers
in A up to z, for which v(n) < y. Thus F,(y) = s/N(x). Let

He =H=#{{m,p}, peP, meN, m>az=, p>eclos2)” mp< ).

Let Z be the number of those {m, p} € H for which v(mp) < y. It is clear that

Z<wm)+ - Fwng <(1+0)Res+ > wn).

n<x

neN
w(n)>(14+6z )Ry

From Lemma 6 we obtain that

Ri <(14+6:)s+o(N(z)) (xz— o0).
Similarly
Z > (1—0,)Rys — > w(n) — %1 — By,

w(n)<(1—6,)Ry

where in X1 we sum over those {m, p} for which m < 2%, m € N, p € P and

in ¥y over those for which p < e°2%) p c P and m € N. As we have seen
in 2.7.
Y1+ X2 =0o(R;N(z)) (v — o0)

and Lemma 6 implies that

Z w(n) =o(R;N(x)) (z— o0).

w(n)<(1—62) Ry

Thus we have

Ri > 5(1—6,) + 0.(N(2) (2 — o0).
Let H(z) = #H,. Let (1<) ly <...<l, <N, by,...,b, € E and

ly,... 1 .
H(.’L" bi’7b};> :#{{m,p}EHz, €l](mp):bj7 leuvh}

We can prove that for every fixed h, and every a > 0

h biyooyln )
(3.1) max q H(x b b H(x)

No<ly<...<lp <N-N&
by,....bp €E

< c(h, ) H(z)N—*
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holds for every fixed .
The proof is very similar to that of the theorem in [1]. Let

-11b b
U:w=[1-A10"0 {—A, +A]U[O,A],
b=1[q q

Eji=# {{m,p} € M, {qTfl} € U},

further
F(ajh ce ,$h> = (bbl (.1'1) T ¢bh($h)’

Let

M the whole set of vectors

M =[my,...,my]
with integer entries. Let
A
VM =22 (Ay, Hy) =1.
Hyy

It is clear that

Mem
where |Tas| = |em, |- |Cmn, | T[O,...,O]:ﬁ.
We have
I, ..y 1
— = <
‘H(x bl,...,bh) qhH(m) =
(3.2)

Anr
SZ |T]V[‘ Z 6([{]\4771}?) +El1+"'+Elh~

M7#0 {m.p}eH.

If M is such a vector for which ¢|m; for some j, then Tpy = 0. Let M =
= [my,...,mp], g/mp. Then

HM(mh -+ qlh*lh—lmh_l 4+ mlqlh*h) _ AMqlhﬂ.
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Let ¢ = p{' -+ -p% be the prime decomposition of g. Since ¢fmy,, there exists
a p; for which p{*fmy,. Thus there exists an 7 > 0 depending only on ¢ such
that Hy; > ¢™» > ¢"™". On the other hand Hy; < ¢! < cxg N".

By using the Davenport theorem (Lemma 4) we obtain that
A
E e (Mmp> < H(z)log™ Bz
Hyy
{m,p}eH,

holds for every fixed B. The constant implied by < on the right hand side
does not depend on M. One can observe also that (see [1])

\"
Z|TM| < <2+210gA> .

Finally we can estimate E; by using the Erdés-Turdn inequality (Lemma 3) for
the discrepancy. Let

1
'll)k = Z (& <kmpqlJ+1> .
{m,p}eH,

Then

\_/

|E;| < (2gA)H +CZ el ,

where ¢ is an absolute constant, T is arbitrary. Let K be an arbitrary large

constant,

1
T=log"z], A= T

By the theorem of Davenport we obtain that max || < H(x)log™™ x say.

Hence we obtain (3.2). Our sequence H, is ¢g-ary smooth of type « for every
a > 0, therefore Theorem 1 can be applied for every a. The proof of Theorem
2 is complete.

4. A remark to a theorem of H. Daboussi

4.1.
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The famous theorem of H. Daboussi [7, 8] asserts that if « is an irrational
number, My be the set of complex valued multiplicative functions f satisfying
the condition |f(n)] <1 (n € N), then

1
sup — f(n)e(na)] — 0 as x — oo.
femxz (n)elna)

n<z

There are a lot of generalizations of this theorem, see e.g. [9, 11].

Theorem 3. Let P,N be as in 2.5. Let o be an irrational number for
which
logB x

min _ ||ka|| >
1<k<logB x

holds for every B and x > xo(B). Then

(4.1) sup ——

4.2.
Proof of Theorem 3

We shall prove only that

1
4.2 lim —— e(ank) |=0
(4.2) Pl ;Sz( )
neN

for every k € N, k # 0. The deduction of (4.1) from (4.2) can be done in the
same way as which was used in [10].

Let 7 = ;=%—. Then there is an integer Q such that @ < 7, and ||Qal| < %.

log
Due to the the condition of the theorem ) > loggB x, consequently for a suitable
integer A,

o0— =< — < —Fp,
Q QT ~ zlogPx

A’ 1 1
(A,Q) =1 and so

> e(ank) = Z; e <g‘7n> +0 (’“N(‘T)) .

logB x
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To prove (4.2) we shall estimate

Akn

Ss=Y ¢ () |

2\
neN

By using Lemma 6, it is enough to prove that

n<x

neN

and by repeating the argument used in 2.7 that

1 Akmp
(4.3) e ( ) -0 (r— ).
#Ha {m,pz}:G'HI Q

(4.3) follows from the theorem of Davenport.

We note that Lemma 7 is a tool to deduce the theorem from (4.3).
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