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Abstract. For positive integers r computable formulas for the partial
fraction decomposition of the function 1/sin” will be presented. Some of
the calculations can be found in our attached Mathematica notebook.

1. Partial fraction decomposition

Let us denote the set of nonnegative integers, positive integers and complex
numbers, by Ny, N and C respectively.

For r € N the function 1/sin” is a meromorphic function on the entire
complex plane C, i.e. it is analytic in C except for isolated singularities that
are poles. For the fundamental facts about the complex function theory we
refer to [1], [3], [4], [7], [9] or [12]. Here we only mention the following facts.

Let us start with a rational function f := p/q, where p and ¢ are polynomials
without common factors. Then the poles of f are exactly the zeros of ¢, and
the order of each pole of f is equal to the multiplicity of the corresponding zero
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of ¢. If aj,as,...,a, are the different roots of ¢ (the poles of f), then there
exist uniquely determined polynomials P and Gy, (k = 1,2,...,n) such that

(1) f(z)—jg(/zg:P(z)—i—ZGk( ! > (z € C\{a1,az,...,an}).
k=1

zZ — ag

The degree of Gy, (k =1,2,...,n) is equal to the multiplicity of the root ay.

1
Z—ak

Moreover, Gy, (k=1,2,...,n)is the principal part of f at ay, consisting
of the part of its Laurent expansion which contains the negative powers of
(z —ag). (1) is the partial fraction decomposition of f. There are several

algorithms for its computation (see [6, §7.1.]).

A similar decomposition is true if we only suppose that the function f is
meromorphic in C and it has only finitely many poles a1, as9,...,a,. In this
case the function P is analytic in C.

Let us consider now a function f which is meromorphic in C with infinitely
many poles. In this case f has exactly countable many poles, since f has only
finitely many poles in every bounded subset of C (see [9, p. 240] or [6, p. 655]).
Consequently we can suppose that the poles are aj (k € N) and

|a’1‘ S |a/2‘ S |a/3‘ S e Wlth hm |a’]€| = +00.
k——+oco

Then the following question arises naturally: Can we get an analogue of (1), if
we replace the finite sum by an infinite sum? The problem is that, in this case
the series of the principal parts of f at ay’s, i.e. the series ), .\ Gr(1/(z—az))
does not converge in general.

The main idea of Mittag-Leffler was that convergence is obtained if we sub-
tract an appropriate analytic function g from each principal part Gy. The
Mittag-Leffler theorem asserts that one can arbitrarily prescribe the poles and
principal parts of a function meromorphic on the whole complex plane. Fur-
thermore, there is an explicit form describing all these functions (see [1], [3], [7]
or [12]). The theorem in this form is mainly of theoretical significance since it
is not easy to apply in special cases. It turned out, however, that it is possible
to obtain more useful formulas in concrete cases if a further assumption (see
(2)) is made on the function.

Theorem A. ([9, p. 243], [7, p. 309]) Let f be a meromorphic function
having poles at the points ai,as, ... different from oo, analytic at z = 0, and
such that

f is uniformly bounded on a sequence of circles C, := C(0;7y,)

(2)

with radii T, increasing to +00.
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Then for every point z € C\ {a1,as,...} we have

=100+ i 3 (=) e ()]

where G(1/(z — ay)) denotes the principal part of the function f at the point
ar and the indexr C,, under the summation sign indicates that only the poles
lying in the disc K(0;r,) are considered.

This statement was used to obtain the partial fraction decomposition of the
cot function in [9, p. 244] and in [7, p. 309] (see also [12, p. 135]).

2. Partial fraction decomposition of 1/sin”

In this section we shall derive formulas for the partial fraction decomposition
of the function )
fr(z) = (z € D),

sin” z

where 7 is a fixed positive integer and
D :=C\{knm | ke Z}.

The function f,. has a pole of order r at the point a := kn for every k € Z,
and it is analytic on D. Thus f, is a meromorphic function on C.

Let us consider first the auxiliary function

Fo(z) = (< ) (12| < ),

sin z

where r is a positive integer.* Since F.(0) = 1 and F, is differentiable at the
point z = 0 we have that F, is an even analytic function on the disc |z| < 7.
Therefore it has a Taylor series expansion about the point z = 0, and the
coefficients can be computed.

Theorem 1. The MacLaurin expansion of the function F, is of the follow-
ing form

N , N ,
2 ) SO, RO e
sin z J! = (25)! ’

Fo(2) = (

*Here and below at points zg € C for which the function is formally undefined but has a
finite limit, it is defined to be f(zp) := lim f, i.e. f is continuously extended.
20
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where '
F2+D(0) =0 (j € Np),
and
F9(0) = F,(0) =1,
(3) r i
FED(0) = o 3 (-1 z( )220 DECD(0)Byyp, i j €N,
j
=0

where the Byy’s (I € Ny) are the Bernoulli numbers.
We recall that the Bernoulli numbers B,, (n € Ny) satisfy the recurrence
relation

By =1,

(e (s (o (o 2

(see [13] or [10, I, p. 682]). The first few Bernoulli numbers B,, are

1 1 1 1 1
o=1 5 5 P2T g B 300 C6T gy D8 30
with Ba,41 =0 for n € N\ {1}.

The first few coefficients obtained from the recurrence formula (3) are as
follows )
5 2
FOW0) =1, F?(0)= f, EW(0) = u
3 15
From Theorem 1 we obtain that the principal part of f, at the pole ag =0
of order r has the following form

r=1 50 Uy
1>:ZFT O 1 _EZO 1 ooy,

(4) GO,T‘ ( - — = yrera——
z = gtozri = (25)! 2r—2%

where

([x] denotes the integer part of z € R).

We say that the doubly (or in two direction) infinite complex series » -, , uy
is convergent and its sum is S € C, if

ol Z w5 3w

k=—oc0
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It is equivalent to the fact that both the (in one direction) infinite series
> ken, Uk and -, g u_j are convergent and

—+oo —+oo
S=3ut > u
k=0 k=1

In this case the doubly infinite sequence of the symmetric partial sums Y, uy
of the series ), ., is convergent and tends to S if n — +o00. We remark that
from the convergence of the symmetric partial sums of ) 3, _, uy its convergence
does not follow, see for example the series ), ., 1/k with 1/0 := 1.

We shall frequently use the notation

—+o0
!
E Uk,

k=—o00
where the prime signifies that the term k& = 0 is omitted in the summation.
The partial fraction decomposition of the function f, = 1/sin” is given in
the following statement.

Theorem 2. Let r be a fized positive integer, and ' = [(r — 1)/2]. Then
for every point z € D we have

=0 (1) £ () - ()]

k=—o00

_EO© S EP0)

T Ty e
+oo r (27) r—1
! _1\rk FT (0) 1 (_1)
+k=z_:w( D ;0 (29)! [(ka)fzj+(kw)r2j}7

where Gy, is given in (4), as the principal part of f, at the pole 0. The
convergence is absolute on the domain D C C, and uniform in every compact
subset of D.

The formulas in Theorem 2 may be simplified as follows.

Theorem 3. Let r be a fized positive integer. Then using the notation of
Theorem 2 we have

1 +oo i 1
frlz) = sin” z Z (=L Gor (z - k;7T> B

k=—o0

+oo ) r’ F»,@J)(O) 1
- z (=1) kz (25)! ' (z — km)r—2i"

k=—oco j=0
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The convergence is absolute in every point z € D and uniform in every compact
subset of D.

The formulas are different for even and odd exponents:

1 400 +oo T— 1F(Ej ) 1
e 2 G () - X Y

sz k=—oc0 k=—o00 7=0

1 +oo i 1
= 2 (D Goan () =

sin
k=—o00
00 2
< £ (0) 1

Z (-D)* Z 2)! (z — km)2=D+1

k=—o0 7=0

Remark 1. Let us emphasize that Theorem 3 states that for the compu-
tation of the partial fraction decomposition of 1/sin" it is enough to determine
only the polynomial Gg,. One can obtain the partial fraction decomposition
of similar functions (for example of 1/ cos"), too.

Let us see a few special cases of the above theorem. The formulas below
are valid at all points z € C\ {k7 | k € Z} = D. The convergence is absolute
in every point z € D and uniform in every compact subset of D.

=
sinz W z—km
—+oo
1 1
sin?z k;m (z — km)
+oo
1 1 1 1
= —1)k -
sin® z k;oo( ) {(Z—kﬂ')?’ * 2z—k7r} ’

I
1N

1 =3 L2
sin? 2 ‘. (z—km)* 3 (z—km)?]’

+oo
1 1 5 1 3 1
= E —1)F e 2
sin®z | 4 (=1) {(Z—kw)5+6(z—k7r)3+8z—k7r}’

1 Jf L S R
sinz = [(z—km)S " (z—km)t " 15 (2 —km)? |

Using the attached Mathematica notebook [11] further special cases can be
calculated.
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3. Some other formulas

From Theorem 3 we can obtain closed forms for the sum of the doubly

infinite series
1 (=1)*
- d )
Z (z — km)2r an Z (z — km)2r—1
kez kez

(zeD, r=1,2,...),

which are absolutely convergent on the domain D C C and uniformly conver-
gent in every compact subset of D. Set

00 1
Agr(z) = k;m m»
+oo
£ . (=D*
A2r71( ) T k;m (Z _ kﬂ.)Qr—l’

(zeD, r=1,2,...).

The following statement is an immediate consequence of Theorem 3.
Corollary 1. For the functions As,. we have the following recursive relation

AQ(Z) = 12

sin

)
z

r—1 o (27)
1 F 0 P 2p—2j
Aop(2) = —5—|1— E 1 Z(sz)(')(l —cos? 2)7 - sin®" " 2. Ay, _o;(2)
j=

sin”" z
(zeD, r=2,3,...),

where the coefficients FQ(fj)(O) are given in Theorem 1.

The main advantage of the above representation of A, is that the functions
sin® (2)- Ag;(2) ( € C, j=1,2,...) are algebraic polynomials of the function
cos? z (z € C). Consequently, their exact lower and upper bounds can be seen
very easily.

For the first few values of r we get the following formulas, which are valid
for every z € D
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Aole) = i" 11
2 B (z—km)?2  sin?2’
A _ - 1 R ST R
a(2) = Z Gkt sints [+ 2cos® 2],
k=—o0
A _ - 1 o1 2 11 .2 2 4
6(2) = Z (Z—kﬂ')G_Sinfsz[ﬁ_'—ﬁcos Z+ 15 cos z]

k=—o0

Here the convergence is uniform in every compact subset of D.

From Theorem 3 we also immediately obtain closed forms for the functions
Ai_l, too.

Corollary 2. For the functions Aifl we have the following recursive re-
lation

Af(z) =
1) sin 2z’

+ 1 . 2(2j)1(0) 2 j 2r—1-2j +
Ara) = G |17 2 Ty (Lot a st T 2 Ay ()

j=1

(zeD, r=2,3,...),
where the coefficients Fg(,z.i)l(O) are given in Theorem 1.
It is clear that the functions sin® ~*(z) - A;tj_l(z) (z€C, j=1,2,...) are
odd algebraic polynomials of the function cosz (z € C).

For the first few values of r we get the following formulas, which are valid
for every z € D and the convergence is uniform in every compact subset of D.

+oo k
~1) 1
Ai _ ( —
1 (2) Z (2 —kr) sinz’
k=—oc0
+oo k
~1) 1
A:I: _ ( _ 1 1 2
3 (Z) k:Z_OO (Z . kﬂ')'?) Sing > [2 + 3 COS Z},
+o0 k
A (2) = Z (1) _ 1 (2 + B cos® 2+ 2 cos® 2],
B (z —km)®>  gin®z 24 # 24
+oo k
AF(z) = Z (=1 = 17 [%+%coszz+%c034z+ﬁloco§j ].
it (z—km)"  sinz

Using the attached Mathematica notebook [11] further special cases can be
calculated.
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Remark 2. In the theory of wavelet analysis the exact lower and upper
bounds for the functions sin®" x - Ay,.(z) (z € R) have important applications
(see [2, p. 90], [8, p. 24]). Using the fact that these functions are algebraic
polynomials of cos? one can easily obtain the corresponding bounds.

4. Proofs
4.1. Proof of Theorem 1. Let

h(z) = Siflz, e, F.(2)=h"(2) (2] <),
and
H(z) = Z((j)) = % —ctgzr (2] < 7).

The functions h and H are analytic on the disc |z| < 7. It is known that ([10,
Volume II, p. 512])

z s (22j — 2)32 .
h(z) = =1 )y rE 2y 2y
(2) sin z +;( ) (29)! : (2] <),
and (see [6, p. 111], [10, Volume II, p. 512] or [11])
+oo 2]
1 129Bg; o
— — +1 2j 251
H(z) =~ —ctgz = Z(q)ﬂ - J (2| < 7).
j=1
Therefore
H®(0) =0 (j=0,1,2,...),
) . 221 B,
H(Qj—l)(o) = (_1)]+1T2] (.] = 172a3a"')'
J
Since F,. = h" we get
hl
FI(2) = ™ () (2) = r () 2 ) ).
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Using the Leibniz formula we obtain

2j—1 .
. , 27— 1 ,
FP(0) = (rFH)® D (0) =7 Y ( J z )FU)(O)H(?J“)(O) =
=0

2251
_ =1\ e gy reG-0-1 0y —
rZ( ol )F (0)H (0)

1=0
iy i 2030
(25— 1\ 2=V
_ -1 J+1-1 F(Ql) Bor: 5 =
p it
- % (—1)7+1= l<21)22(3 l)F(2l)( )Ba(j—1)
1=0
which proves the statement. |

4.2. Proof of Theorem 2. For a positive integer r the poles of the
function f, = 1/sin” are the zeros of the function sin, i.e. the points ay := k7
(keZ).

Let us consider the pole ag = 0 first. From Theorem 1 it follows that its
order is r and the principal part of the function f, at the point ag is Go(1/2)

(see (4)).
Let us take the pole a;, = kn for a fixed £ € Z \ {0} and determine the
principal part of f, at this pole. Observe that

sinlrz B (sin((zl—)];mr)y B (_l)rkm

(ze C\{kn | keZ}).

Consider the function

Fr(z —km) = (M)
(|z — kx| < m).

It is analytic on the whole disc |z — kw| < m. Therefore it has a power series
expansion about the point a = k7

+oo df +o0 1+(4)
k . , g .
r(z — km) Z EERL W)‘Z k (z — km)? :ZF (O) (z — km)’

=

(lz — km| < ),
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i.e.

e e Y LB

(s — I
sin(z — k7 =

From this it follows that on the disc |z — kx| < 7 we have

r—1 (5)
1 1 EDw0) 1
— _1 Tki _ 1 rk ‘
sin” 2 1) sin”(z — k) = JZZ:O g (2= km)r—i r(2),

where U, is an analytic function on C. This means that (see (4)) the principal
part of the function f, at the pole ay = km is

o) 174 Gor (= )

Let us define the function

() = —— — Go, (1) (e D).

sz

We verify that the conditions of Theorem A hold for the function f§,.

First we note that from the Theorem 1 it follows that the function f, is
analytic on the disc |z| < 7. Indeed, it has the Taylor series expansion about
the point ag = 0, which means that ag = 0 is not a pole of f,, moreover

For the proof of condition (2) of Theorem A a more delicate argument is
needed. It can be found in [9, p. 245] or in [7, p. 310].

The poles of f, are exactly the points a = k7 (k € Z \ {0}). The function
Go.-(1/z) (z € D) is analytic around the point ay, = k7 (k € Z\ {0}), therefore
its principal part at aj is identically zero. This means that the principal parts
of the functions f, and f, at the poles a (k € Z \ {0}) are equal. By (5) they
can be written in the following form

Gk,( ! ) - (-1)7‘kG0,T( ! ) (€D, keZ\ {0}).

z—km z—km

Therefore

) ) - ()
TkJTZOF(%) )[ klﬂr § (( )),+1}
(ze€ D, keZ\{0}).
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We shall show that the doubly infinite series generated by the above doubly
infinite sequence is absolutely convergent at every point z € D and uniformly
convergent in every compact subset of D.

The sequence in question contains terms which have the form

1 (1)1
G—Fm) 2 (em)2

Now separate the cases when the exponent r is even or odd.

First let us suppose that » = 21 (I = 1,2,...) is an even number, i.e.

r' = [“51] =1 — 1. The exponents

p:=r—25=2(1-j) (j=0,1,...,0—1; p=2,2l—2,...,2)
are also even. Since for every z € D we have

1 1 1
(Z—kﬂ')p.(kyn—)p: (ﬁ—l)pél (ki—)—l—oo)

and >, _; 1/(km)P < 400 (p > 2), thus the series ), _, 1/(z —km)P is absolute
convergent for every z € D. Consequently the doubly infinite series

+oo

o Zerfo(Zg) o ()]

k=—o0

is absolutely convergent on D and uniformly convergent in every compact sub-
set of D.

Now let 7 =20+ 1 (I = 0,1,...) be an odd number, i.e. 7' = [*5] = L.
The exponents

q:r—2]:2(l—j)+1 (]:O,l,,l, q=2l—|—1,,3,1)

are also odd. The series ), | 1/(z — km)? (¢ > 3) is absolute convergent for
every z € D. If ¢ = 1, then using the inequality

1 1

L 1
z—kmr kmw

<
= (km)? |ﬁ — 1|

z
kr(z — kn)

we obtain that the doubly infinite series
—+oo

O P
z—km  kmw

k=—o0
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is absolutely convergent for every z € D, i.e. the series (6) is absolutely con-
vergent on D for every odd exponent r, too.

We have shown that the function f, satisfies the conditions of Theorem A,
thus Theorem 2 follows from Theorem A. |

4.3. Proof of Theorem 3. Let us first consider the case of even indices,
i.e. consider the functions fo,. Using the fact that F2(3J+1)(0) =0 (j € Ng) we
have

Z F(0) 1 _§F§§j><0> L

1 2r—j M1 2(r—j3)’
S L (25)! 22(r=d)
2r—1

E5(0) 1 (~)¥ 179
Z J! Lz—kw)?w* (k)27 }‘

2 r—1 27
—Z E( > S o i NS W
= (2 — km)2(r=3) = (25)! (km)2(r=3)

Since the series in Theorem 2 is absolutely convergent it can be rearranged as

+oor1

1
Z Z Z _ kﬂ-)2(r7j) +

k=—oc0 j=0
r oo p—1 (23
Féf) o) 1
+{ zg o e
o0 J

Denote by A the part between the brackets {...}. For the proof of the statement
it is enough to show that A = 0. Using that

bln "z

= 2(r—j)
1 2
Z Ec=) = (-1 1%32(Tj)
k=1 7))
(see and [10, Vol. I., p. 685]) we get
+oo -1 (2] +oor—1 (23)
PR = =2y Y s -
(r— l 2(r—
k=—o00 j=0 '] kTr 7 k=1 j=0 kﬂ (r=9)
FW(O) 1 = . F<2j>(o) 92(r—j)
=92 — -1 r—j—1=2r i i B =
]ZO 2 G ~ 50 i e
1 r—1 F(Qr)(o)

v 1= [ 27\ o2(r—j) 1(29)
_ P (-1) +1 J(Qj)22( j)FQT] (O)BQ(T-—]’) (27«)
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Thus A = 0, which proves that

Sy 1F§3] ©) !
Z GOZT( ) Z Z . Z—kTr)Q(T_j)'

k=—o00 —o0 j=0

sm

Let us now consider the odd cases, i.e. consider the functions fa,41 and the

doubly infinite series in Theorem 2. We already know that Féff{l)(o) =0, and

it is easy to observe that the terms

1
Ap = —(-1)C kG [ ——
k ( ) 0,2r+1 - )

1
By :=—(=1) NG 5,1 <_(—k)7r) )

have opposite signs for every k € Z \ {0}. Indeed,

1
By = (=1)""Go 241 (knr) ,

moreover by (4)

o (L) 3 A 1y
02\ " kr (25)! km

j=0
-5 (i) oo ).

so we obtain that

1 1
_ (_1\kt+1 ) (_1\kt2 1
A = (-1)""Go,2r41 ( k:7r> (=) Go2r+1 (k’) ,

which shows that Ay + By, = 0 for every k € Z \ {0}.

The series in Theorem 2 is absolutely convergent. After sorting its terms
we have

= 3 (1 L )=
Gn2 i, et o2r1 | T4 ) =
x 2
= +Z (_1) Z F2(ri)1(0) . 1
k=—o00 =0 (25)! (2 — km)2(r=a)+1’

which proves the statement in the odd cases, too. |
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