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Abstract. Here we determine completely multiplicative complex valued
functions with nearly Gaussian integer values.

1. Introduction

I. Kétai and B. Kovdcs [1] determined completely multiplicative real valued
functions, f : N — R with nearly integer values, such that ||f(n)] — 0 as
n — oo, where

Iz|| = min |z — n|.
neN

In this paper, we determine such completely multiplicative complex valued
functions on the set of positive integers with values nearly in Z[i].
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2. Preliminaries and results

A complex valued function f(n) is said to be completely multiplicative if
f(mn) = f(m)f(n) holds for each pair of positive integers. Let f : N — C be a
completely multiplicative function and let, for any complex number z, ||z|| be
defined as

z|| = min |z —7v
2l = min |2 1.

We determine the class of such completely multiplicative functions for which
(1) If()l[ =0 (n— o).

Definition 1. We shall say that € is a generalized Pisot number with
respect to Gaussian integers if there exists a polynomial ¢(z) € Z[i][z] with

-
leading coefficient 1, and ¢(z) = [[ (2 — 0;), 61 = 6, |0] > 1 and all the
j=1
conjugates, 6o, ..., 0, are in the domain |z| < 1.
We call a generalized Pisot number with respect to Gaussian integers as
Gaussian Pisot number. Naturally, 6 € Z[i] is a Gaussian Pisot number, since

d(z) =z —0 € Z[i][z].

A Gaussian Pisot number 0 satisfies the relation
(2) 0" =0  (n—oo).

Lemma 1. Let 3 be an algebraic number, f(n) be completely multiplicative
function with values in Q(B). Let B, . .., B, be the conjugates of B (with respect
to Z[i]). Let ¢;(n) denote the conjugate of f(n) defined by the substitution
B — B;. Then ¢; are completely multiplicative functions as well.

Proof. Let f(n) = r,(8). Then ¢;(n) = r,(B;). Since rmyn(8) = f(mn) =
f( ) f( ) - T’m(ﬁ)rn(ﬂ)a therefore ¢](mn) = Tmn(ﬁj) = rm(ﬁj)rn(ﬁj) =
= ¢j(m)g;(n).

Lemma 2. Let 3 be an algebraic number and f(n) a completely multi-
plicative function and the values f(n) are in Z[i](5). Assume that |¢;(p)] < 1
and

(3) ¢j(p) =0 as p—oo  (j=2,...,7),

where p runs over the set of primes. Then (1) holds.
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Proof. From (3) it is obvious that ¢;(n) — 0 (n — o00). Furthermore
(¢;(n) being algebraic),

fn) 4+ ¢2(n) + ...+ ¢.(n) = E,, = Gaussian integer,
which gives

(4) If) =0 (n— o).

The following Lemma is a generalization of Lemma 3 in [1].

Lemma 3. Let « be an algebraic number with |a] > 1, A # 0 be a complex
number and

(5) A’ =0 (n — o).

Then « is a Gaussian Pisot number and A € Q(«).

Proof. The proof follows immediately from a more general result by I.
Kornyei (see Theorem 1 in [2]).

Lemma 4. Let f(n) be a completely multiplicative function for which (1)
holds. If | f(no)| > 1 for at least one ng, then either f(n) =0 or |f(n)| > 1 for
each value of n.

Proof. Assume on the contrary that 0 < |[f(mg)] < 1. Let b =
= |f(no)], @ = |f(mo)], and zy = [-3loga] + 1. For infinitely many k,I
pairs of positive integers we have,

—2x0 log b —x0

loga loga = loga’

—xQ 7210
loga’ loga

since the length of the interval ( ) is at least three. For such pairs

k,1 we have 272%0 < gFb! < 2770, Consequently
2720 < | f(mo*no')| = |a"bl| < 2770

which contradicts (1).

Lemma 5. Let f(n) be a completely multiplicative function satisfying (1).
Assume that there exists an m for which | f(m)| > 1. Let Py be the set of those
primes p for which f(p) # 0. Then the values f(p) are Gaussian Pisot numbers
for each p € Py, and for every p1,p2 € P, we have Q(oyp,) = Q(ay,), op, =
= f(p1), op, = f(p2)-
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Proof. Let f(m) = a. Since |a| > 1 and || f(m*)| = ||| — 0 (k — o0),
by Lemma 3, we say that f(m) is a Gaussian Pisot number.

Now, let n be an arbitrary natural number for which f(n) # 0. Since
|| f(nm®)|| = ||f(n)ak|| — 0 (k — 00), from Lemma 3, we deduce that f(n) €
€ Q(a). Hence, 8 = f(n) € Q(a). Since § # 0, from Lemma 4 we get
that |3] > 1, and by repeating the above argument for 3, we deduce that (
is a Gaussian Pisot number and a € Q(f5). So, Q(a) = Q(f) and hence the
assertion is proved.

Lemma 6. Let f(n) be a completely multiplicative function satisfying the
relation

(6) IF()]| < e(n),

where €(n) is a monotonically decreasing function. Then there are the following
possibilities:

a) f takes values in Z[i] for every n.

b) For a suitable n, 0 < |f(n)| < 1. Then |f(n)] — 0 as n — oo.

¢) For a suitable m, |f(m)| > 1. Let Py denote the whole set of those primes
p for which f(p) # 0. Then there exists a Gaussian Pisot number © such
that Q(f(p)) = Q(O) for each p € P;.

Proof. The relation (6) involves (5). If 0 < |f(n)| < 1 then from Lemma

4 we have |f(m)| < 1 for every m. If |[f(m)| = 1, then || f(nm®)|| = ||f(n)||
as k — oo, that contradicts (1). Consequently, |f(m)| < 1 for each m > 1.
Assume that there exists a subsequence n; < ng < ... such that f(n;) — 1.

Then f(nn;) — f(n) (j — oo) which contradicts (1). Consequently f(m) — 0
as m — oo.

The assertion (c¢) of the lemma is an immediate consequence of Lemma 5.
Theorem 1. Let f(n) be a completely multiplicative complex valued

Junction that takes on at least one value ng for which |f(ng)| > 1. Let P
denote the set of primes p for which f(p) # 0.

If (1) holds, then the values f(p) = «, are Gaussian Pisot numbers, for
each p1,p2 € P1 we have Q(ay,) = Q(ayp,). Let © denote one of the values
ap, (p € P1), Oq,...,0, its conjugates (i = 2,...,7), ¢2(n),...,¢r(n) be
defined as in Lemma 1. Then

(7) ¢j(n) =0 as n—oo, j=2,...,1

Conversely, let us assume that the values f(p) are zeros or Gaussian Pisot
numbers from a given algebraic number field Q(O). If

(8) (rb](p)g)o as p— 00, j:27"'ara
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then (1) holds.

Proof. Let us assume that (1) holds. From Lemma (5) we get that the
non-zero values of f(n) are Gaussian Pisot numbers from a given algebraic
number field Q(O). Then |¢;(n)| <1 (j =2,...,r). Let us consider the vector

l/}(n) = (¢2(n)7 ey ¢T(n))7
and denote by X the set of the limit points of ¢)(n) (n — o). Let
(x2y...,2,) € X.

Since

f(n) + ¢a(n) + - - - + ¢,(n) = Gaussian integer,
and || f(n)|| — 0, as n — oo, we get that xo + - - - + 2, = Gaussian integer and
;] < 1.

Let m; be such a sequence for which

(my) — (x2,...,2,).
Then ¢(m;*) — (22F,...,2.%), 2% + -+ + 2,% = Gaussian integer for every
k = 1,2,.... This can happen only in the case when all z;’s are Gaussian
integers. Since |z;| < 1 for every j = 2,...,r, therefore z; € {0,1,—1,4, —i}.
Hence, for all j, either z; = 0 or |z;| = 1. Now, let n be fixed such that

f(n) #0. Then ¢;(n) # 0 and |¢;(n)| < 1. Consequently,

1/1(7”””;) - (¢2(n)x2a te (br(n)xr) € X.
Let y; = xj¢j(n) (j = 2,...,7r). If zj, # 0 for some jy, then 0 < |y,,| =
= |¢;,(n)] < 1 and (y2,...,y,) is an element of X for which there is a

component y;, such that |y;| < 1 and y,;, # 0, which is not possible.
Consequently, we have (7).

The converse assertion is an immediate consequence of Lemma 2.

Theorem 2. Let f(n) be a completely multiplicative complex valued
function satisfying the condition (6). Let us assume that f(n) /4 0, and that
f(n) takes on at least one value other than Gaussian integer. Then the first
assertion in Theorem 1 holds.

Proof. The proof follows immediately from Lemma 5 and Theorem 1.

Remark 1. A similar result can be obtained for completely multiplicative
functions f : N — C with values that are nearly integers in imaginary quadratic
fields, in which case

z|| = min |z — 7|,
2l = min |2 =]

where Ok be the ring of integers of K = Q(v/d), d square free, d < 0.
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