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Abstract. The triangular and cubic Cesaro summability of higher di-
mensional Fourier series is investigated. It is proved that the maximal
operator of the Cesaro means of a d-dimensional Fourier series is bounded
from the Hardy space Hy,(T¢) to L,(T¢) for all d/(d+ aAl) < p < oo
and, consequently, is of weak type (1,1). As a consequence we obtain that
the Cesaro means of a function f € L,(T%) converge a.e. and in L,-norm
(1 <p< ) to f. Moreover, we prove for the endpoint p =d/(d+ a A 1)
that the maximal operator is bounded from H,(T%) to the weak L, (T%)
space.

1. Introduction

The well known Carleson’s theorem says that
(1) spf(x):= Z J/“\(j)ezj‘r — f(z) for a.e. 2 €T as k — o0
JEZL|j1<k

if f e L,(T) (1 < p < o0) (see Carleson [5] and Grafakos [8]). This is false for
p = 1. However, the Fejér and Cesaro summability means o, f of f converge to
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f almost everywhere if f € Lq(T) (see Zygmund [24], Butzer and Nessel [4]).
Recall that the Fejér means are defined by

® e ¥ (1= e Zskf

JEL,|jI<n

In this paper we generalize these results for higher dimensions. We consider
the triangular and cubic summability by replacing | - | by || - |1 or || - [ In
(1) and (2). It is known that he analogue of Carleson’s theorem holds (see
Fefferman [7] and Grafakos [8]). We generalize the Fejér and Cesaro means
and prove that the means o, f — f in Ly-norm if f € L,(T¢) (1 < p < 00)
and uniformly if f € C(T¢). Next we obtain that the maximal operator o, is
bounded from the Hardy space H,(T%) to L,(T?) for all d/(d+aA1) < p < oo.
This implies by interpolation that o, is of weak type (1,1). As a consequence
we get the a.e. convergence of o, f to f, whenever f € Li(T%). Moreover, we
prove for the critical index p = d/(d + o A 1) that o, is bounded from H,(T%)
to the weak Lp(Td) space. This paper was the base of my talk given at the
9th Joint Conference on Mathematics and Computer Science, February 2012,
in Siofok, Hungary.

2. The Dirichlet kernel functions

Let us fix d > 1, d € N. For a set Y # () let Y be its Cartesian product
Y x ... x Y taken with itself d-times. For z = (z1,...,24) € R? and v =
= (u1,...,uq) € R? set

w-w fzukxk, lally = (Z\m) 0< <o), el i= sup [z,

We briefly write L,(T?) instead of the L,(T¢, \) space equipped with the
norm (or quasi-norm)

1/p
(ff|pd/\> , 0<p<oo;
'H‘d

sup | f1, p = 00,
’]I‘d

1fllp ==

where T := [—m, x| is the torus and A is the Lebesgue measure. The weak L,
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space, Ly ~(T?) (0 < p < o) consists of all measurable functions f for which

£ ]lp.oe == sup pA(|f] > p)'/P < oo.
p>0

Note that L, «(T?) is a quasi-normed space (see Bergh and Lofstrom [3]). Tt
is easy to see that for each 0 < p < o0,

Ly(T) C Lypoo(T?)  and [~ [lp,oc < - [lp-
The space of continuous functions with the supremum norm is denoted by
C(T).
For a distribution f the nth Fourier coefficient is defined by f(n) = fle—n),

where e, (1) := e (n € Z%) (see e.g. Edwards [6, p. 67]). If f is an integrable
function then

7 1 —n-x _
fln) = qu[f(x)e dz, (1 =+-1).

In this paper we generalize the partial sums (1) and summability means (2)
for multi-dimensional functions by replacing the |-| by || - ||;. Here we consider
the cases ¢ = 1 (see also Berens, Li and Xu [1, 2, 21], Weisz [17, 18]) and ¢ = o
(Marcinkiewicz [9], Zhizhiashvili [23] and Weisz [16, 19]).

For f € Li(T¢) the nth £,-partial sum s&f (n € N) is given by

af@= Y et = g [ e wbiw)du
’H‘d

keZd,|k|lq<n

where

Diwi= Y ek

keZ,||k|lg<n

is the £4-Dirichlet kernel. The partial sums are called triangular if ¢ = 1 and
cubic if ¢ = oo (see Figure 1).
It is known that if ¢ = 1,00 and f € L,(T¢) for some 1 < p < oo then

Is5flp < Cpllfll, (n€N)

and
. ar_ .
lim slf=f in Ly-norm.
n—oo

The analogue of Carleson’s theorem holds in higher dimensions for the trian-
gular and cubic partial sums (see Fefferman [7] and Grafakos [8]), i.e.

lim slf=f a.e.,
n—oo

whenever ¢ = 1,00 and f € L,(T?) for some 1 < p < c0.
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Figure 1. Regions of the {,-partial sums for d = 2.

For ke Nya# —1,-2,... let

o  (E+a\ (a+1D)(a+2)...(a+k)
k"( k ) k! '

It is known (see Zygmund [24, p. 77]) that

k
(3) =) ATl AR - AR =AY
1=0
and
(4) P=0(*) (keN).

We define the ¢,-Fejér and Cesaro means of an integrable function f €
S L1 (Td) by

as@= Y (1= 1) Fmers - o [ e - i,

keZa ||kl <n fa

and

1 N -z
op®f(z) = e Z Agflfnkan(k)elk =

n=1 pezd ||k]|  <n

_ ﬁ / F@ — ) K2 (u) du,
']I‘(i
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where

Ki(w) =Y (1_Iknllq)em

kezd,||kllg<n

and

1
q,c o E a 1ku
KTL (U) = o An—l—\lkl\qe
mh kezd |lkllg<n

are the {4-Fejér- and Cesaro kernels. The cubic summability (when ¢ = oo) is
also called Marcinkiewicz summability. By (3)

n—1 n—1

Kt = e 30 > A et - e Y AvL Dl
A1 IEllg<n j=llkllq =0
Hence
1 n—1
or (@) = o D AN st ().
n=l k=g

Since AL _; =nand A2 _; =1, if « = 1, we get back the Fejér means. Observe
that

(5) |K2&°| < Cn (n € N9).

Now we characterize the Dirichlet kernel functions DZ. It is easy to see that
in the one-dimensional case both kernel functions are the same and

sin((n 4+ 1/2)u)

Di(u) = sin(u/2)

(see e.g. Grafakos [8]).

The situation is much more complicated in higher dimensions. First let us
consider the case ¢ = 1. The nth divided difference of a function f at the

(pairwise distinct) knots x1, ..., 2, € R is introduced inductively as
L1y Tp—1 f_ Z2;,...,Tn f
6)  [z1]f = f(x1), [Z1,...,2,]f = [ ] [ ) )
Tl — Tn
It was proved by Berens and Xu [2, 21] that
D} (z) = [coszy,...,cos24|Gn, (x €T,

where

G (cost) := (=1)[@=D/212 cos(t/2) (sin t) 4 2soc (n + 1/2)t
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and
soct = 1 cost, if d is even;
" | sint, ifd is odd.

We point out the result for d = 2:

cos(x1/2) cos((n + 1/2)x1) — cos(za/2) cos((n + 1/2)xs) '
COS 1 — COS Ty

Dl(z)=2
The cubic Dirichlet kernels (¢ = 0o) can be given by

d d .
D=(2) :[[1 Hsm (n+1/2) xl).

=1 sin(z/2)

Since the kernel functions are very different for ¢ = 1, 0o, the proofs of the next
results differ substantially from each other.

3. Norm convergence of the Cesaro summability

To obtain norm convergence of the Cesaro means we have to estimate first
the Cesaro kernel functions. The one-dimensional case is again much more
simpler because

|K2%(u)] < Cmin(n,n™ “u~*"1) meN, u#0, 0<a<1)

(see Zygmund [24]). Some of the next results are already known, for ¢ = oo,
d € N see [19], for ¢ = 1,d = 2 see [20] and for ¢ = 1,a = 1,d > 3 see [18].
So we will focus on the case ¢ = 1,0 < a < 00,d > 3. We will only sketch
the proofs and give the differences to the case ¢ = 1,a =1,d > 3. ¢ =2 is
also investigated in the literature, see e.g. Stein and Weiss [14], Grafakos [8]
or Weisz [16].

If we apply the inductive definition of the divided difference in (6) to D},
then in the denominator we have to choose the factors from the following table:

COST1 — COS Xy

COST| — COSXg_1 COS Ty — COS Xy
COST] — COST_ft]1 COSTy —COSTG_k42 ... COSTE — COSTy

COST1 — COS T COS T9 — COS I3 . COSTg_1 — COSIy.
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Observe that the kth row contains k terms and the differences of the indices
in the kth row is equal to d — k, more precisely, if cosz;, — coszj, is in the
kth row, then jr — i = d — k. We choose exactly one factor from each row.
First we choose cos x1 — cos x4 and then from the second row cosxy — coszgy_1
or coszg — cosxq. If we have chosen the (kK — 1)th factor from the (k — 1)th
row, Say COSZ; — COS Zj+d—k+1, then we have to choose the next one from the
kth row which is below the (k — 1)th factor (it is equal to cosz; — cos Tj+q—k)
or the right neighbor (it is equal to cos xj+1 — coS8 T j+q—k+1). More exactly, we
introduce a set T of sequences of integer pairs ((in,jn);n =1,...,d —1). Let
i1 = 1, j1 = d, (iy) is non-decreasing and (j,) is non-increasing. If (i, j,) is
given then let i,,41 = i, and jp41 = jn—10riy41 =i, +1and j,11 = j,. If the
sequence (i, j,) has these properties then we say that it is in Z. Observe that
the difference cosz;, — cosxj, is in the kth row of the table (k=1,...,d —1).
So the factors we have just chosen can be written as Hf;ll (cosz;, — cosxy,).
In other words,

Dy (w) =

= Z (—1)tart H(cosxil —coszj,) Heoszi, ,,coszj, |Gp =
(i1,51)€T

(7) -

= Yia—1= H COS Tj, — COS le)*l(Gn(cos:cidfl) —Gplcoszj, ) =

=1

= (Zhjl ((,C)
Then
_1)ia1—1 421
K () = 7< A)O‘ H(cosxil — COSZCjZ)_l X
Gugpez  ~ b=t
n—1
X Z Ao‘j_k(Gk(cosxidfl) — Gg(coszj, ,)) =
k=0
J— KLO‘
- n»(iujl)(x)'
(i1,51)€T

We may suppose that @ > x1 > a2 > ... > x4 > 0.
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Lemma 1. Suppose that ¢ =1,0 < a <1,d > 3. Forall0<ﬁ<a'|r1

|I{7 n(zljl)( )|
d-
< H zo =) O T oyt
d-1
(8) S_ R T
d—1
+7H(xu Ijz) - ﬁ(ﬂfx )B(d 2 1{$jd—1>7r/2}+
=1

{wjg_>m/2}

Proof. Using the formula

C Cnot
kZ:: woe((k+1/2)u)) < Gin(u/2)"  sin(u/2)

for 0 < a <1 (see Zygmund [24, I. p. 94]) and (4), we conclude
1,
iy ()] <

C T (sini,, )" (sin(ai,, /2)) 7 + (sinay, )" (sin(z,, /2) ™

e 1 sin((zs, — 25,)/2) sin((ws, +27,)/2) *
L O (inas, )" 2(in(ai,, /2) 7 + (inay, )" 2(sin(ay, ., /2) !
n =1 Sin((xil - le)/Q) Sin((xil + sz)/Q)

If 2, , <m/2 then (v, + x;)/2 < 37 /4 and so

o =
1, — d—a— dec—
| "»‘(Xizdl) = o || Ti — ‘T]l 1'1L+$]l) 1(:17} =2 | gd-o 2)+

td—1 Jd—1

C _
1/,.d-3 d—3
; H mll x]l 1'11 +x]z) (:C +

1d—1 Jd—l)'
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Since x;, + xj, > 3, — x;, and z;, + x5, > T, , > x;,_, we can see that

[ G (@)] <
C d—1
d—a—2+(B—1)(d—1 d—a—2+(f—1)(d—1
e (zi, — ) 1- B( zy © (B=1)( )"_xjd,l (B=1)( ))+
=1
Cdfl 4
—1-8/_d—3+(B—1)(d—1 d—3+ d—1
+EH($“ —z;) 1 B(mld ; (B=1)( )+ af (B=1)( )) <
=1
CH Bld—1)— CT B(d—1)—
D-a-1 4 1)—2
< niozH(:L‘il _le) " Lja_s EH(‘TH _sz) g Lii_1

=1 =1

for all 0 < g < &b
If 2, , > m/2 then (z;, +x;,)/2 > 7/4 and

1, c
1K G (%) STH% )7 %

% (2m =y — )7 (7 =i, )0 () ) +
o=l
+ @i ==z @r— 2 —25) (7 — 20, )* 2 + (= 25,)*7).
=1
Observe that 27 —x;, —x; > x;, —x; and 2 —x;, —x;, > T—2x5, > T—T;,_ , >
> 7 —x;, ,. Thus
d—1

a c o
‘Klv(ll,]z)( )| < nia H(le _sz) 1=F %

1=1
% <(7r — gy, )T HEDED 4 deil)dfaf%t(ﬂfl)(dfl)) T

d—1
C _
+— (:E“—le) 1P x
n
=1
% ((ﬂ gy, )E3HBEDED (o xjdil)d73+(ﬁ71)(d71)> <
o L
< E (Iiz - I]z) - 6(77 - xid71)ﬁ(d71)7(171 +
=1
d—1
C _1)—
+E (mll 7x]l) - ﬁ(’ﬂ—ix 71)B(d b 27
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Lemma 2. Suppose that ¢ =1,0 < a <1,d > 3. Forall0<ﬁ<a'|r1

1,
|Kn,(iz,jz)(m)‘ <
d—2
—a _1- d—2)—a—1
§C’n1 H(SC“ 7‘le) ' ﬂxé?d(f1 ) 1{$jd71§7"/2}+
=1

Bld-2)-2
+CH$U zj,) B {xjd,léﬂ/Q}—i_

]dl

(9)

d—2
+ont = [ (@i, — ;)P (w =, )P eyt
=1
d—2
+C H(xiz - xj1,>_1_6(7r - xid—1)ﬁ(d - 21{17d L >7/2}
=1

Proof. Lagrange theorem and (7) imply that there exists z;, , > & > x;, |,
such that

Di,(il,jl)(a‘.) = (_1)”71_1 H(COS Ly, — COS le)_lHllc(g)<xid—1 - m.jd—l)7

where

Hy(t) = (=)= D/212 cos(t/2) (sin t) T 2soc (k + 1/2)t.
Then

1,
KL (@) <

. (sin€)4=2 4 n(sin £)42

<C 11;[1 nesin((z;, — x;,)/2) sin((x;, + x;,)/2)(sin(£/2))> (T4,

d—1

- zjd—1)+
(sin §)d*2 + n(sin{)d*2 o o
Ml | (e v Fr e Y P L

+CdH1 n®(sin )4~ (o ).
’I’L@bln((aj“ x]l)/z)bln((xil+le)/2) id—1 Ja—1

In the last step we have used that | > ,_, : A%"1 ysoc((k+1/2)t)] < n®. In
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case ¢, , < /2,

1,
Ko @) <
d—1
< Cn'=® H(xll - Ijl)il(xil + ‘rjl)il(xida - xjd71)£dia72+
=1
d—1
+C H(xu - le)il(xiz + le)il(‘rid—l - $jclf1)€d73 <
=1
d—2
< COnl—@ H(x” _ le)717ﬁ£d7a73+(ﬁ71)(d72)+

+CH (s, — x;,) "1 Ped—+B-DE-2) <

a—2 d—2
Ca d—2)—a—1 _1-8_B(d—2)—2
e () e e el | [ R
=1 =1
for all 0 < 8 < 9%, The case x;,_, > /2 can be handled similarly. [ |

Lemma 3. Suppose that g =1,0< a<1,d > 3. Fm“ozll()<ﬁ<o”rl

1,
K (zlm( 7)| <

<C H(ﬂle - sz)_1_[%;@;?:1)7&71(%1}1—1 - xjd—l)al{l’jd_l <m/23F
+C [T —w3) 77 T @iy = )y, <e/n)t
+C U(xil — ;)P fd(dl R T ) ey, <nj2yt
+Clj[(% — ;) PTG eyt
+C H(x” — ;) P — D L e Tjor) Va;,  >m/23t

+C H(‘ru - le)71 ﬂ(ﬂ— — T 1)ﬂ(d71)72(xid—1 - :L.jd—l)l{icjd71 >7r/2}+
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d—2
+C H(xu - :Ejl)iliﬁ(ﬂ— - xid71)6(d72)7a71(xid71 - xjd—l)aill{afjdfl >m/2}t
=1

+C H xu x]z liﬁ(ﬂ— - ‘rid—l)ﬂ(d72)721{$jd71 >r/2} =

8
Z K Zzajz) m

m=1

Proof.The result follows from

1La e 1,
nv(iz,jz)(x” < |Kna(iz7jz) (x) ‘ 1n>(£id—1 —jg_)7! +‘Kn7(iz,jz) ($)|1"§(9”77d71 —Tjg_1)7!
|

and (8) and (9).
The next lemma can be proved as Lemmas 1 and 2.

_ d—
Lemma 4. Suppose that g = 1,0 < a<1,d>3. If0< < %/\df?
then for allq=1,...,d,

10K, G, i (@) <
d—1
— —1— d—1)—a—1
< On' " [T —a5) Pl TV T ey +
=1

d-1)-24
+C’H(m¢, — ;)P Jﬂd( ) - 1o, <n/2y +
+ Cnlia H(xll - sz)iliﬁ('” - xidq)ﬁ(dil)iaill{%‘d,l >7/2} +

+C H xll le liﬂ(ﬂ— - xidq)'@(dil)izl{xmil >m/2}-

Now we verify that the Lj-norm of the kernel functions are uniformly

bounded.
Theorem 1. Ifg=1,00 and 0 < a < oo then

/ |[KE(x)|dx < C (n eN).

Td
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Proof. As we mentioned above we may suppose that ¢ =1, 0 < a < 1,
d>3and7m>21 >x2>...>24>0. If ;7 <16/n or 1 —xg < 16/n then
(5) implies

(K ()] dr+ / K @) de < C.
{16/n>z1>x2>...>24>0} {r>z1>22>...>24>7—16/n}
Hence it is enough to integrate over
S = {xer:w>x1 > x> ... > 19> 0,21 > 16/n,24 <7 —16/n}.

For a sequence (i, j;) € T let us define the set S, j,),x by

€Sz —xy, >%,l:1,...,k—1,gcik—:1cj,c §%, if k£ < d;
S(Zhjl)k

m6533%’,—563'1>%,l:1,...,d—17 ifk=d
and
. 4 . )
z € S(iz,jl%k TGy, > s T < g, if k < d;
S(ivgi) .k = \ o
z € S(ihjl)JC gy > Tiaa < 3 ifk=d
4 .
Strgis =1 € Stiviok T < 2wy, <5, ifk<d;
i0)k,2 = s .
o T e S(izyjl%k Ty, S o Lia_1 < %, if k=d,
4 .
xES(il,jl),kiﬂ'—xik > Tig g > %7 if k < d;
S(irgi) k3 = \ o
T E S )k T T Tig_y > s Ty, > 5, itk =d,
4 .
Stiv i) kd = T € Sy )k i T = Ty S 5 Tjgy > G, if k <d;
i)k T :
o xES(iL,jl)vk M= Ty, < i: Tjg_q > %, if k=d.
Then

la
/‘K |1$ dx< ZZ/| m, ZlJl) | Sy i) kom (@) dz.

klml

Since the proof is similar to that for Fourier transforms (see Weisz [17]),
we do not give a full version of the proof. We will consider the sets S, j,) k.15
only. First let 1 <k <d—1:

8
Z/| 7(ll7jl) | SGya ks 1 dx Z

=1

Is9

—1

/ (lwz),m( )15(i,,j,),k,1(37) dx.

>
I |

1
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Since x5, , — zj, , <z — xj,, (10) implies

1,
/K(u,jz),l(93)15<n,jz>,k,1(93) dr <

Td

g —1-8 B(d—1)—a—1
H Lig — x]z ,ijd(—l ) (xid—l - mjdfl)a]'s(il,jl),k,l(‘r) dr <

Td
_ d—1
11— —1— d—k), B(d—1 1
H(xil _l'jz) ! ,BH(‘riz _le) 1=Ate/( ) ]d( 1 e X
= 1=k

X lg(iml),k’1 (z) dx.

First we choose the indices jq—1(= 1)), iq—1(= i;_,) and then ig_o if ig_o #
#4q_1 0r ja—2 if ja—o # ja—1. (Exactly one case of these two cases is satisfied.)
If we repeat this process then we get an injective sequence (i;,l = 1,...,d).
We integrate the term z;, — zj, in z;, the term z;, — xj, in zy, ..., and
finally the term z;, , —xj, , in zy  and z;, , in z; . Since z;, — x5 > 4/n
(l=1,...k=1), 2, —x;, <4/n(l=k,...,d—1), zj, , > z; >4/n and we
can choose 8 such that 5 < a/(d — 1), we have

1,
/K(u 1) (@ )ls(izyjl),k,l(x) dx <

Td
k—1 d—1
< C L TLafm) ot/ ahmpi--e < c.
=1 =k

The kernel function K (1ivlajl) 5 can be handles in the same way, because it is
1, : _
exactly K(iz(,ljz),l with a = 1.
Similarly, if 8 < o/(d — 1) then

1,
/K(lz W) 3(x)15(il,g‘l>,k,1 (v)dr <

Td
k—1 d—2
< C/ H(xu _le)—l—ﬁ H(xiz - sz)iliﬁJra/(dik) X
pa 1=1 1=k
X (-Tid—l - xjd,—1)a/(d k)1 fd(dl mas 118(1’,l,jl),k,1(‘r) dx <
k—1 d—2
< C H(l/n)*ﬁ H(1/n)76+a/(d*k)(1/n)a/(d*k)(1/n)6(d*2)*a <C,
=1 =k

and the same holds for the kernels K| (” ]l%m(z) =4,...,8.
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For the dth summand we use (8) to obtain

1,
/|K"7(il7jl)(x)|15(i,,jl>,d,1(33) dr <

Td
d—1
—_ —1-8 _pB(d—1)—a—1
< COn™© H(xil —;le) 1 ijd(j ) 1S(il,jl),d,1(m) dzr +
fa =1
d—1
- —1-8_B(d—1)-2
+Cnt H(x” —xj,) ! Bxfd(il ) lg(il,m,d‘l(:v) dz <
pa =1
d—1 d—1
< onm [T/ /w07 4t TLA /)~ (1m0 <
=1 =1
< C,
if 8 < a/(d — 1), which proves the theorem. [ |

Theorem 2. Suppose that ¢ = 1,00 and 0 < a < co. If B denotes either
L,(T%) (1 <p < o0) or C(T?) then

log®flls < Gplifllz (neN)

and

lim ol f=f in B-norm for all f € B.
n—oo
Proof. Observe that

Il < o / I = wllp KL () du = 55 / Il

Since the trigonometric polynomials are dense in B, the theorem follows from
Theorem 1 and from Banach-Steinhaus theorem. |

4. Almost everywhere convergence of the Cesaro summability

We can extend the definition of the Cesaro means to distributions by

ol f = fxKi®  (neN),
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To investigate the almost everywhere convergence we introduce the mazimal
operator

ol f = sup lop e f]
n_

and the Hardy spaces. The Hardy space H,(T?) (0 < p < c0) consists of all
distributions f for which

1£llz2, == I sup [ f % P, < oo,
o<t

where
Pi(z) = Z e~ thmllz grmea (x €T t>0)
meZd
is the d-dimensional Poisson kernel. In the one-dimensional case we get back
the usual Poisson kernel
1 = |k| jokz 1—r?
Pi(z) = P;(z) = Z ri¥le™ = (x e,

1+72—2rcoszx
k=—o00

where r = e~!. Tt is known that the Hardy spaces H,(T¢) are equivalent to

the L,(T¢) spaces when 1 < p < oo (see e.g. Stein [12] or Weisz [16]).

Theorem 3. Ifg=1,00,0 < a < oo and d/(d+ aAl)<p<oo then
(11) o2 fllp < Coll fllm, — (f € Hp(T?))
and for f € Hyj(arant)(T?),

(12) o fllas(a+ant),co = Sup pA@Lf > p) ML < Ol Fll iy asans)-
P

Since this theorem can be proved similarly to [17, 15], we omit the proof.
For Fejér and Riesz means it was proved by the author [18, 17, 19, 15] (for
Fourier transforms and ¢ = oo see also Oswald [11]).

If p is smaller or equal to the critical index then this theorem is not true
(Oswald [11], Stein, Taibleson and Weiss [13]).

Theorem 4. If ¢ = oo and a = 1 then (11) does not hold for 0 < p <
<d/(d+1) and (12) for 0 <p < d/(d+1).

Marcinkiewicz [9] verified for two-dimensional Fourier series that the cubic
(i.e. ¢ = oo) Fejér means of a function f € Llog L(T?) converge a.e. to f as
n — oo. Later Zhizhiashvili [22, 23] extended this result to all f € Li(T?),
Oswald [11] to Fourier transform and Riesz means and the author [19] to higher
dimensions. The same result for ¢ = 1 can be found in Weisz [18, 17] (see also
Berens, Li and Xu [1]).
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Corollary 1. Suppose that ¢ = 1,00 and 0 < o < oo. If f € L1(T) then

sup p Ao f > p) < C||f|l1
p>0

Corollary 2. Suppose that ¢ = 1,00 and 0 < a < oo. If f € L1(T?) then
lim ol“f=f a.e.
n—oo

Proof. Since the trigonometric polynomials are dense in L (T9), the result
follows from Corollary 2 and the usual density argument due to Marcinkiewicz
and Zygmund [10]. |
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