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ON FEJER TYPE SUMMABILITY

OF WEIGHTED LAGRANGE INTERPOLATION
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Abstract. The sequence of certain arithmetic means of the Lagrange
interpolation on the roots of Laguerre polynomials is shown to be uniformly
convergent in suitable weighted function spaces.

1. Introduction

Let we(z) == 2% ™% (x € RT := (0,+00), a > —1) be a Laguerre weight
and denote by U, (wy) (n € N := {1,2,...}) the root system of p,(ws) (n €
€ Ny :={0,1,...}) (orthonormal polynomials with respect to the weight w,).
We shall consider a Fejér type summation of Lagrange interpolation on U, (w,)
(n € N). The corresponding polynomials will be denoted by o, (f, Un(wa), )
(see (2.8)).

The goal of this paper is to give conditions for the parameters a > —1,7 > 0
ensuring

lim [ (f = on(f. Un(wa), ) Vsl . = O

n—-+oo

for all f € C s (see Section 2.1), where || - [ denotes the maximum norm.
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2. Notations and preliminaries

We are going to summarize definitions and statements on function spaces,
weighted approximation, weighted Lagrange interpolation, which we shall need
in the following sections.

2.1. Some weighted uniform spaces. Setting
wy(z) :==x"e™ " (z € RY := [0, +00), v > 0),

we define the weighted functional space C s as follows:

i) for v > 0, f € C Sy iff f is a continuous function in any segment
[a,b] C RT and

lim f(z)y/wy(z)=0= lim f(z)\/w,(z);

x—040 r—+00
ii) for v =0, f € C s iff f is continuous in [0, +00) and

lim f(z)y/wo(z) =0.

Tr—r+00

In other words, when v > 0, the function f in C s could take very large values,
with polynomial growth, as x approaches zero from the right, and could have
an exponential growth as x — 4oc.

If we introduce the norm
1Al e = | fvar ||, = In8@<|f )|/ wn (),
in C /7, v > 0, then we get the Banach space (Cm, II - ”\/W)

2.2. Weighted polynomial approximation. We recall two fundamental
results with respect to the polynomial approximation in the function space

(Cymm |-l yam)-

The first fact is that the set of polynomials are dense in the function space
(C v Ll \/W) More precisely, if we denote by P, the linear space of all
polynomials of degree at most n and by

En(f @) i= jnf (= Pyl = ot [ = Pla,
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the best polynomial approximation of the function f € C /7, then we have

lim B, (f, /wy) =0

n—+00
(see for example [9, p. 11] and [1, p. 186]).

The second fact is associated with the Mhaskar—Rahmanov-Saff number:
For every v > 0 and n € N there are positive real numbers a,, := a,(7y) and
by, := by (7y) such that for any polynomial P € P,, we get

@) 1Pl = 1Pyl = max| Py s (o) = | ma, [Py ()

an<x<b,

and

IP /W]l co > |P(m)‘\/w7(x) forall 0 <z < a, and b, < z.

Moreover, for every v > 0 and n € N we have

72 ,YQ
i) = )t Y hTE) T ey
(2.2)
o _ 72 —anaons ©
e A el R

with a constant C' > 0 independent of n (see for example [6, (2.1)]).

2.3. Weighted Lagrange interpolation. Let
P (W, T) (r €RY, n €Ny, a>—1)

be the sequence of orthonormal Laguerre polynomials with positive leading
coefficients. Let us denote by

(2.3) Un(wa) == {Ykn =yen(wa) | k=1,2,...,n} (neN)
the n different roots of p,(wq, ). We index them as
0 < yl,n(woz) < y2,n(wa) << ynfl,n(wa) < yn,n(wa) < o0.

For a given function f : Rf — R we denote by Ly, (f, Uy (ws), ) the Lagrange
interpolatory polynomial of degree < n — 1 at the zeros of p,(w,), i.e.

Ly (f, Un(wa), Ykn) = f(Yk.n) (k=1,2,...,n).
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We have
Ln (f,Un nyknekn (W), )

(x € ]RO , neN),
where
Pn(Wa, )
p;l(wcwyk,n)(x - yk,n)
(xeRS; k=1,2,...,n; n €N)

L (Un(wy), ) =

are the fundamental polynomials associated with the nodes U, (wy).

Consider the (uniform) convergence of the sequence Ly (f,Un(wa),")
(n € N) in the Banach space (C || - || ws). In other words, for a func-
tion f € C w7 we have to investigate the real sequence

f) = H(f_Ln(fa Un(”’Q)a'))\/ﬁ . (n € N).

In other words, we approximate the function f,/w, by the weighted Lagrange
interpolatory polynomials

(2.4) Lo (f,Un(wa),z)Jwsy(z) (z €RY, n€N).

The main question is: is it true that o,(f) — 0 (n — +oo) for all f € C
or not?

The classical Lebesgue estimate for the weighted Lagrange interpolation is
the following: take the best uniform approximation P, 1(f) to f € Cy_ (the
existence of such a P,,_1(f) is obvious), and consider

‘f(a:) —Ln(f,Un(wa),x)’q/wq, ) <

<[ F@) = Puca(F )|y, @) + [ (f = Paca (), Un(wa) 2 )|y () <
< B (foy (HZV,M a2 \%)

This estimate shows that the pointwise/uniform convergence of the sequence
(2.4) depends on the orders of the weighted Lebesgue functions:

Vv wy (@)
V w7 Yk, n

M (Un(wa), /W0y, ) i= ’Ekn n(Wea, T ’

(xE]RO, n € N),
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and on the orders of the weighted Lebesgue constants:

An(Un(wa)vm) ‘= sup )\n(Un(wa)7\/7777I) (77, € N)

meRg
It is clear that for all v > 0, > —1 and n € N

g S ¢ (O ) = Py € (Cms -
. Lo (f, Un(wa), ) = Ln(fv Un(wa)7')

is a bounded linear operator and its norm is

104 Unw) vl o

[£n(, Un(wa), yws)| : = sup
0Z£FEC Jury 1y
_ ”Ln(f7Uh(wa)f>yﬂE;”x
= sup .
0Zf€Cuw, ||f\/w7’y||oo
Since .
(fa nykn ek:n (wa) -T):
k=1
Zf ykrn \/w'y yk:n) Ekn( (wa) l’);,
k=1 Wo (Yk,n)

thus by a usual argument we have that the norm of the operator (2.5) equals
to the n-th Lebesgue constant, i.e.

L0 (-, Un(wa), /105)|| = A (Un (wa), yi5)  (n €N).

The pointwise/uniform convergence of L, (f, U, (ws),-) (n € N) in different
function spaces were investigated by several authors (see [3], [8], [6]). For
example in 2001, G. Mastroianni and D. Occorsio showed that for arbitrary
7 > 0 and a > —1 the order of the norm of the operator L, (-, Un(wa), /)
is n'/6 (see [6, Theorem 3.3]), i.e

L0 (- Un(wa), yam)l ~n'/® (n€N).

Here and in the sequel, if A and B are two expressions depending on certain
indices and variables, then we write

A
A~ B, if and only if O<C’1§‘B‘§C’2

uniformly for the indices and variables considered.
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From results of P. Vértesi it follows that for any interpolatory matrix X,, C
C RS’ (n € N) the order of the corresponding weighted Lebesgue constants is
at least logn, i.e. if v > 0 and X,, C R™ (n € N) is an arbitrary interpolatory
matrix then there exists a constant C' > 0 independent of n such that

A (X, VW) = ||Ln (-, Xn, Jws)|| > Clogn  (n €N).

See [16, Theorem 7.2], [14] and [15]. Thus using the Banach—Steinhaus theorem
we obtain the following Faber type result:

Theorem A. If v >0 and X,, C RT (n € N) is an arbitrary interpolatory
matriz then there exists a function f € C g for which the relation

H(f - Ln(fa Xny ))\/UTYHOO —0 as n— +oo
does not hold.

In [6] G. Mastroianni and D. Occorsio also proved that there exist point
systems for which the optimal Lebesgue constants can be attained. We recall
only the following result:

Theorem B (see [6, Theorem 3.4]). If V41 := Up(wy) U {dn}, then

||£n+1 ('7Vn+17 \/7)|| - n+1( n+1, \/E) ~ logn (n € N)

if and only if the parameters a > —1 and~y > 0 satisfy the additional conditions:

<~ < >
ST 4

| R

+

B~ =

S+
>

2.4. Fejér type sums. Using the Christoffel-Darboux formula [12, The-
orem 3.2.2] we write the Lagrange interpolatory polynomials as

n—1
(26)  Ln(f.Un chn )oi(we, ) (z€RE, neN),
where
2.7  an(f) = FWkn)Pt (Wa, Yen) A (1=0,1,...,n—1, n€N).

k=1

Here and in the sequel A, := Appn(wa) (K =1,2,...,n, n € N) denote the
Christoffel numbers with respect to the weight w, (cf. [12, (15.3.5)]).
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Using (2.6) and (2.7) we have

n—1

Ly(f,z): = Ln( Un(wa), f, ) ctn(fpi(wa, v) =

l

n
Zf ykn K, 1(xayk,n))\k,n7
k=1

Il
=

where
n 1 x y Zpl Weq, T pl wa,y)
(x Yy € R , nE N).
Let
Ln,m(fvx) = ch,n( pl Weq, T Zf Yk, n I » Yk, n) )\kn
=0

(;UERO, sz,l,...,n—l7 nEN).

The Fejér means of the Lagrange interpolation of the function f : RS‘ — R are
defined as the arithmetic means of the sums L, o, Ly 1, ..., Lnn-1, i.€.

O'n(fgiﬂ) = O'n(f, Un(wa),x) =

(2.8) — Lno(f,2) + Lpa(f.2) + -+ Lyn—1(f, 2)
n
(x e R, n €N).

From the above formulas we have

BT

n 1 n—1
(29) = Z f(yk,n){g Z Km(x7yk,n)}>\k,n =
k=1 m=0
= f(yk,n)Ky(ll) (xa yk,n))\k,n7
k=1
where
1 n—1 n—1 l
K w0) = 2 3 Ko = 3 (1= 1) v, alpitn.)
210 02 2\

(m,yERg, nEN).
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Remark 1. It is important to observe that we defined the Fejér means of
Lagrange interpolation by considering the means (2.8) and not by the means

LO(fax) +L1(f,$)++Ln_1(f,$)
n

(2.11) (z €R{, neN).
Several earlier results suggest that the two methods (2.8) and (2.11) have dif-
ferent behavior with respect to uniform convergence.

For example in the trigonometric case J. Marcinkiewicz [4] proved that the
method corresponding to (2.8) is uniformly convergent in Cy, (the Banach
space of 27 periodic continuous functions defined on R endowed with the max-
imum norm), moreover there exists a function f € Ca, such that the sequence
corresponding to (2.11) diverges at a point. In other words we have an analogue
of the classical theorem of L. Fejér about the uniform convergence of the (C,1)
means of the partial sums of the trigonometric Fourier series only for suitable
arithmetic means of the Lagrange interpolation.

The situation is similar if we consider the Lagrange interpolation on the
roots of the Chebyshev polynomials of the first kind. In [13] A.K. Varma and
T.M. Mills showed that the (2.8) type means of the Lagrange interpolation
uniformly convergent for every f € C[—1,1]. Moreover in [2] P. Erdés and
G. Halész proved that there exists a continuous function for which the (2.11)
type means are almost everywhere divergent on the interval [—1,1].

3. Uniform convergence of suitable arithmetic means

The main goal of this paper is to show that the (2.8) type arithmetic means
of the Lagrange interpolation on the roots of Laguerre polynomials is uniformly
convergent in suitable weighted function spaces.

Theorem. Let o > —1 and 0 < v =: a + 2r, i.e. Jw,(z) = Jwa(z)z"
(x e RT). If

(3.1) —mm(;i><r<;
then
(3.2) Jim (= oalf, Unlwa), ) ) v | =0

holds for all f € C ja.
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Remark 2. We intend to investigate the convergence of the method (2.11)
in a subsequent paper.

Remark 3. The formulas (2.6) and (2.7) show that the Lagrange interpo-
lation polynomials on the roots of Laguerre polynomials can be considered as a
discrete version of partial sums of the Fourier series with respect to the system
of Laguerre polynomials. In [9] E.L. Poiani proved (among other things) that
the sequence of the (C,1) means of the Laguerre series of an arbitrary function
f€Cy, (y=2r+a, a>—1) converges to f in the space (C,, ), if

voll-llewsy

1 1 1
—mln(2 2)<r<1+mln(2 4) and —=-<r<

DO |
[erNIEN

4. Proof of the Theorem

4.1. Laguerre polynomials. We mention some relations with respect to
the Laguerre polynomials which will be used later. Let {p,(wa)}, a > —1,
be the sequence of orthonormal Laguerre polynomials with positive leading
coefficients. The zeros yx,n := Yg.n(Wa) of pp(we), n > 1 satisty

C
(4.1) ?1<y1’n<y2,n<...<yn’n:4n+2a—|—2—6’2\3/4n,
k2
(4.2) Yk ~ (k=1,2,...,n, n€N)

(see [12, Section 6.32] and [5, Section 2.3.5]).

Here and what follows C, C, ... will always denote positive constants (not
necessarily the same at each occurrence) being independent of parameters k
and n.

It is known that

k

DYkn = Ykt1n — Yhon ~ _Ykn

(4.3) 4n — yen
(k=1,2,...,n—1, neN),

and for ypn <2 < ypy1n (k=1,2,...,n— 1) we have

Yk Yk+1,n
= Ykn \/ 4n—x AN — Ypt1n
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uniformly in k and n (see [6, (2.4) and (2.5)]). From (4.2) and (4.3) it follows
that
2 — k2|

_k '
(4.4) 1Yj.n — Yk,nl ZCJT (,k=1,2,...,n).

For the Christoffel numbers we have

Yk,n
dn — Yk,n

uniformly in k =1,2,...,n and n € N (see [6, (2.7)]).

In an article of B. Muckenhoupt and D.W. Webb [7] there is a pointwise
upper estimate for the kernel of (C,0) (6 > 0) Cesaro means of Laguerre—
Fourier series (see also [17]). We shall use this result only with respect to (C, 1)

means, that is for the kernel function K,Sl)(x, y) (see (2.10)): Let a > —1. Then
we have

(45) )\k,n = )\k,n(wa) ~ Wy (yk,n) ~ wa(yk,n)Ayk,n

‘K(l) my‘

Ve (z) Vwa (y
(0 < z,y <wv(n) +\/1/n,n€N,

where v :=v(n) :=4n + 2a + 2,

(4.6)

Gn(z,y) =
@n @A n)[ 4l =+ ly ]
. = Mn(x)Mn(y
g (e +y) + (& =) [v3 + o =] + |y~ v]
and
20/2 (4 L —a/2-1/4
(4.8) My () = 2 H )

VB 4z — v
(see [7, p. 1124]).

Denote by y;.,, one of the closest root(s) to « (shortly  ~ y;,,j = j(n)).
Using the above relations we obtain that

L if £<x<z
Vi’ noo T2
1 v
N Vo) il <a<v—
(49) Mn(l’) Mn(yj,n) 4 /n|yj,n — l/‘ 2 f
1
T ifv—v<ae<v+Iv

for z € [¢/n,v + V.
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4.2. Uniform boundedness. Let us consider for every n € N the bounded
linear operator

Fo: (Coms 1 ) = P € (C s | Ml )

Fuf = o0n(f, Un(wy),-)-

For the norm of the operator F,, we obtain that (see (2.9))

Ful e s WAl o ol Untwa), ) vl
0Zf€C juws ||f||\/m 0£fEC jum Hf\/UTVHoo

_ K( ) ) Vwy (@)
SGI?R? ;‘ (@ vk, | VW (Y, n)

The core of the proof of the Theorem is contained in the following lemma,
which states the uniform boundedness of the operator sequence (F,,).

)\kn

Lemma 4.1. Let a > —1 and r satisfy the inequality (3.1). Then there
exists a constant C > 0 independent of n € N such that

(4.10) I1Fo| = maxZ|K(1 (2, )| LD (T

,
Malr) (2 <c
T€RT =1 wa(yk n) “Ykn

Proof. We shall use the following important equality (see [11, Lemma 1]): If
v>0,m<néecNandgqg, € P, (k=1,2,...,m) are arbitrary polynomials

then
max |/ (7) 3 ae(@)l] = max |y (@) 3 el
0 k=1 - k=1

Therefore by (4.5)—(4.7) it is enough to show that

n

(4.11) max S Go(z, Yon) (“”“) 4“7’" <0,

an<z<b, 1 Yk,n N — Yk,n

where
<an=an(y) <z < by =bp(y) <v+ \3/17

Slao

In order to prove (4.11), we distinguish several cases.
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Casg 1: Let x € [ay, 5] and

r

x k,
otenn) () [ -
1 Yk,n 4n — Yk,n

Y = AV (@) + AR @)

Yk, HS% Yk,n>%

M=

=~
Il

(4.12)

Since v'/% + |z — v| + |ypn —v| ~n (k = 1,2,...,n, n € N) thus by (4.2),
(4.4), (4.7) and (4.9) we have

-9 2 . 2r

+k 1 J k
AW (z) < C J ) <
(@) < 1yz;,,nj2+k2+lj2—k2lz¢k7 k) n~

knS%
j2r=5/2 2r—1/2
J
< k27‘ i+ Z 1+ (k—j)2 + L2r+3/2
k<4 7<k<2] k>2j

The second sum is bounded. For the first sum we obtain that

log j £ 3
if r=-
—, 1
:2r—>5/2 3
J 2r=5/2
iz~ / 1fr>1
k<j/2
1 £ <3
- ifr< 2
J’ 4

and these expressions are bounded (independently of j and n), if » < 5/4.
Moreover by

nq log ?, ifs=1
p ks sl = s if s £ 1
we have log? .
j2r=1/2 j ifr= 1
& L2r+3/2 1‘ (j>27‘+1/2 L it s 1
jl\n ’ 4

whence the third sum is bounded (independently of j and n), if r > —i.

Therefore

(4.13) AV (z) < C (z €[an, %], neN), if -1<r<2



On Fejér type summability of Lagrange interpolation 297

Let us consider Ag)(z). Since yr,n, > 5 thus by (4.2), (4.4), (4.7) and (4.9)
we have

AP (z) <

E 1 1 j o Yk,n
Yr >k L+ Yjn = Ykanl* VI /nlykn — v \k n —ypn —
m g

el s oy

z+yn, r+yn,
5<yp,n<—5=" 7 <Yk,n

= APV (@) + AP (@).

If § <ypn < xﬂ;% then |yg,n — v| ~ n thus by (4.2) and (4.4) we obtain

j 2r—1/2 1
(21) < 4 -
@ za(]) 2, TR

z+yn,n
%Syk,né 5

If v =y, <% and yp, > § then [k — j| > cn therefore in this case

\ 2r+1/2
ACD () < oL (J> ,
] n

which is bounded (independently of j and n), if r > —%. Moreover, if # & y; , >
> % then j ~ n hence APY is bounded for all r.

If yen > (24 Yn,n)/2 then |y;,, — Yrn| ~ n thus by (4.3) and (4.14) we
obtain that

2r—1/2

Ayk n
<O Ik <
<C n2r+5/4 Z m -

z+yn,n
— <Yk,

AP ()

j2r—1/2 Yn.n 1

< Co——— ——dt <

>~ 2n2r+5/4 /1//2 m >~
2r—1/2 .\ 2r+1/2 1
J 84 J -

<Gl = O (n> Jj’

and this is bounded, if r > —i. Consequently

(4.15) AP (z)<C (z € [an, %], nEN), if -1 <7
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By (4.13)—(4.15) we get: there exists a constant C' > 0 independent of 2 and n
such that

(4.16) AV @)+ AP () < C (z € [an, %], neN) if —3 <r <2

CASE 2: Let z € [$v, 31] and

(417) - Y Y Y =

If 2 € [, 30] and yi,, < ¥ then |z — yj,n| ~ n therefore by (4.7) and (4.9) we
get

1 nn? 1 1 /nN\27k
B () < C L (f) Yo
n (@) =G Z nn+n?nn\k \k n -
yk,ngﬁ
logn ¢ 3
r=-
n 4
n p2r—5/2 3
SCpY qmmim AN >
k=1
1 3
-, f < =
n nr 4
and this is bounded, if r < %
If x €[5, %l/] and § <ypn < %1/ then
22 ki2
o= pinl 2 el > ol

(see (4.4)) thus by (4.7) and (4.9) we have

1 nn2
BP(z) < C S
@<t 3 R S 2§:1+w ek

%Syk,nggl’

i.e. this term is bounded for all r.
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If x € [3v, 3v] and Y, > Zv then | — yin| > cn thus

1 nn? 1 1 Yk
Bl(3) <C — _ " <
n (-T)_ 172 nn+n2n\/ﬁ 4/n|ykn_V7| 4n—yk,n_
sV<Uk,n ’
Cy Yn,n 1 n3/4

< dt < C3——
= 7/4 — = 7/4
n’/ 1, Vvt n?/
which means that this term is also bounded for all 7.

Consequently there exists a constant C' > 0 independent of z and n such
that

(4.18) BW(z) + B@(2) + B®(z) < C (xe[3v.3v], neN), ifr<3
CasE 3: Let z € [2v,y,,,] and
ZG’IL QIJ )y Yk, n ( > A/ yki’n =
k=1 Yk,n 4n — Yk,n
j+1
= > . > 4 > o
(419) Ykyn < <Yk n<Yj—1,n k=j—1 Yjt1,n<Uk, H<M

+ oy =

z+yn,n
—7" <Yk,n

=: D{Y(2) + D () + DY () + DY (x) + DY (x).

If yn < Sv then |z — yru| ~ n and |y;, — v| > c¢¥n therefore by (4.7) and
(4.9) we get

PP@ s Y or () E

2
Ykn< oy nn+nEn y/nly; . — v f

logn i 3

nb/6’ BTy

n n2r—7/3 3

§C2ZWN n2r=7/3, ifT>1
k=1

3

—5/6 if 2

n , ifr < 1

and this is bounded, if r < .
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If:z:e[ Y, Yn.n) and 3 3V < Yk < Yj—1,n then

V3 e — v+ Yk — V|~ [Ykn — V] = lyjn — vl

[Ykn —v] < cn,

n
T—=Yj—on > DYji—1n ~ Dyjn e
v— yj,n
thus
pPwse Y Lt
" - nn+ (T = Yrn) 2 Yen — VI

?’/Syk,n<yj—1,n

1 1 Yk,n
>< _—
nlyin =] Ynlyen — IV 40 = Yren

‘ ( Ayk,n )2 <
\/ €T —
Yin v <yk n<Yj—1,n Ykn

n Yi=2n 1 n 1
<C3 7/ ———5dt < Cs < Cy,
Vivjn —vlJoe (1) V 1¥in — vz —yj-2n

which holds for all r.

Let us consider DY) (z). Using that v'/3 + |z — v| + |y — V|
we get

l n|Yjn — V|2 1 Yin <
nn A+ (2 = Ykn)?Yin — v /nlyjn — vV 40 —yjn —
2
<o Yim —vI® Vo Cy

n32 yjm—v| T

hence D(?’)(x) is bounded for all 7.

If 2 € [3v,y,.) and Y110 < Yhn zﬂ;”"‘ then

22 k2
|yj,n - yk,n| > C1|‘77|
n

~ |yj,n -V

> colj =kl o= v~ ypn — v~ [yjn —v
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thus
D (w) <
<0 Z 1 nlx — 1/|2 1 n

<
mnn—f—(yj,n Yen)? |z —v| \/njz —v] | |2 — 1|
2
n

1
<Cy Y G=he < (s,
k=j+1

Yi+1,n<Yk,n<

which holds for all r.
Finally let z € [ V,Yn.n] and +y" % < Y n. Then

T—v
> %?‘yj,n —v| > cy/n.

V1/3+|x—u\+|yk,n—u|~|x—u|,|x—

Thus

1 nlz — v|?

nn+ (z — 2Nl —v
B T

1 1 Yk,n
>< —
nlysn — ] Ynlyen — IV 40 = Yren

<Cr——77 — <
VlYjn — [P/ Hyn; \4/1/ — Yk
SYk
03 Yn,n 1 3/4

< — <Cp——— < C5
= 112 Jotyan &y — ¢
n +y2 ) v

nll/12 =

for all r.

Consequently there exists a constant C' > 0 independent of x and n such
that

if r

—

(4.20) ZDSL’“)(:E) <C (z€[3v,ynn], nEN),

IN
ol

CASE 4: Let ypn <z < b,(y) <v+ ¢v and

n r 7
k,
6o (i) -
-1 Yk,n N —Ykn

= Z R Z .= EW(x)+ E® (z).

(4.21)
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If yx,n < & then (4.2), (4.7) and (4.9) yields

1 n-n? 1 1 /n\2"k
EW() < C 7777<7> <
n(@) < 1y2ynn+n2-n€/ﬁ\/§ k/ n~
Ye,nS 3
logn .
W, lfT:

n —
n2r—7/3

<CQZ

~ 2r—=7/3 3
= k2T71/2 n=" / , if r >
k=1

n%6,  ifr<

W =l w W

which is bounded if r < Z.

Now let § < yrn < Yn,n and = € [Ypn, v + ¢/v]. Then
|2 = Y,nl 2 clypn — V.

Indeed, this is obvious if > v. Moreover if x € [yn n, V] then by (4.2) and
(4.3) we have

Yk — V] =2 — Yknl + 2 — V] < |2 — ypn] + a1 ¥/n <

S |(E - yk,n| + 02|x - ynfl,n‘ S 63|1' - yk,n|

Therefore

1 n|Ye,n — v|? 1
E®? < — - S
7 (.’E)_ 1 Z nn+|z—yk,n|2|yk,n*V\ \3/H

%Syk,n <Yn,n

Yk.n 1nn2/3 1 1

1
X + Co— —
V1Y — V| 4n = Ygn n n In nnl/3

Vn <

< Can /12 Z _ B __ +Cs <

s S Whn =P/

< Cyn~ /12 /://:n ﬁdt +Cs < Cf.
From the above relations it follows that there exists a constant C' > 0
independent of x and n such that
(4.22) EMN(2)+EP(2) <C (2 € [Ynn,bn), n€N), ifr < L.
Combining (4.12)—(4.22) we get (4.11) so Lemma 4.1 is proved. [ ]
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4.3. Finishing the proof. For the proof of the Theorem we use the
Banach—Steinhaus theorem.

Lemma 4.1 states that the sequence of the norm of operators F,, (n € N)
is uniformly bounded.

Now we show that (3.2) holds for every polynomial. It is enough to prove
that for all fixed j =0,1,2,...

(4.23) tim_|[(ps(wa) = o (p(wa), Un(wa). ) vt | =0.

n—-+oo

Using the quadrature formula for {p; := p;(wa)} (see [12, Section 3.1]) we have

n

an(pj) = ij(yk,n)pl(yk,n)Ak,n =015

(1,j=0,1,2,....,n—1, neN).
Thus _
p; — On(pjaUn(wa)) = <1 - i) Pjs

which proves (4.23).

Since the polynomials are dense in the Banach space (C’ Vo= H\/W) (see
Section 2.2) thus the conditions of the Banach—Steinhaus theorem hold, so the
Theorem is proved. |
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