Annales Univ. Sci. Budapest., Sect. Comp. 35 (2011) 239-253

SYMMETRIC DEVIATIONS AND
DISTANCE MEASURES

Wolfgang Sander (Braunschweig, Germany)

Dedicated to Professor Antal Jdrai on his 60th birthday

Abstract. In this paper we characterize measurable information measures
depending upon two probability distributions in a unified manner in order
to get most of the existing information measures. Moreover it turns out
that our characterization contains new, unexpected information measures.

1. Introduction

In this paper we investigate information measures on the open domain de-
pending upon two probability distributions which are also called deviations (or
similarity, affinity or divergence measures). Thus a deviation is a sequence
(M,,) of functions, where

Mn:Fi—HR, neN, n>2.

Here

n
pelY pi= 1}
i—1
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denotes the set of all discrete n-ary complete positive probability distributions
and I denotes the open interval (0,1).

In Shore and Johnson [11] it is shown that each deviation (M,,) which
satisfies the four desirable conditions of uniqueness, invariance, system inde-
pendency and subset independency has a sum form representation

n

=1

for some generating function f : I? — R. This result underlines the fact that
each known deviation has a sum form, and it is thus natural to assume that a
deviation has the sum form property (1.2) for some generating function f.

Many known deviations have a symmetric generating function f that is,
f(p,q) = f(g,p) for all p,q € 1. If a deviation (M,,) is not symmetric then going
over to M} (P,Q) = M,(P,Q) + M,(Q, P) means that M, has a symmetric
generating function f'(p, q) = f(p,q) + f(q,p)-

The problem of how to characterize all sum form deviations, that is to
find some natural conditions which imply the explicite form of the generating
function, arises.

In Ebanks et al [3] (see chapter 5) two results were proven for information
measures (M,,) depending upon two probability distributions P, Q € T',, satisfy-
ing a sufficient “fullness” of the range of (M,,) (the range {M,,(T'2)|n = 2,3, ...}
has infinite cardinality):

1. For P,QeTl,,U,V €T, weintroduce P+xU,Q*xU,PxV,Q*xV € 'y,
where
(P+U,Q+V) =
= ((plula s D1Umy -oy P UL, -~-apnum)> (‘hvla <5 q1Umys -+ @nU1, ooy anm)»'
Now, if (M,,) has the sum form property with some generating function f
and if My, (PxU,Qx*V) = h(M,(P,Q), M,,(U,V)) for some polynomial

h:R? — R and for all m,n > 2, then it is shown that A is a symmetric
polynomial of degree at most one so that

My(P*U,Q* V) =

(1.3) = My(P,Q) + My (U, V) + AM,,(P,Q)M,,(U, V)
for some A € R.

2. If (M,,) has the sum form property with some generating function f, and
there are distributions P', Q" € T',,,U’, V' € T, such that I,(P', Q") # 0,
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respectively I, (U’, V') # 0 and

My (PxU,QxV) =

(1.4) = A(U, V)M, (P,Q) + B(P,Q)M,,(U,V)

for some “weights” A and B, then A and B have the sum form

(L5) AUV)=) M(uv) . B(P.Q)=) M(piq)
j=1 i=1

for some generating multiplicative functions M, M’ : R?._ —R.

We remark that in Ebanks et al [3] the results in 1. and 2. were proven
for information measures depending upon k probability distributions, but the
special case k = 2 with the notation (P,Q) x (U,V) = (P xU,Q * V) leads
exactly to the above (nontrivial) results given in (1.3)—(1.5).

We now assume that the generating function f is symmetric in (1.3) and
(1.4) and that M = M’ is symmetric so that M (p, q) = M’ (p,q) = M1(p)M1(q)
for some multiplicative function M; : I — R (since a multiplicative function of
two variables is the product of two multiplicative functions in one variable).

Then we form the expression My, (P * U,Q * V) + M, (P xV,Q xU) to
get

Mupm (P xU,Q+ V) + My (P*V,Q *U) =
(1.6) = 2M, (P, Q) + 2M (U, V) + N My (P, Q)M (U, V')
and
(1.7) =24(U,V) - My(P,Q) +2A(P, Q) - My (U, V),

from (1.3) and (1.4) respectively, where A’ = 2\ and where

(1.8)  24(P,Q) = 2Mi(pi)Mi(q:) , 2A(U, V) = 2My(u;) M (v;).

i=1 j=1

Thus a common generalization of the deviations given in (1.6) and (1.7) leads
to the following class of deviations:

Definition 1.1. A deviation (M,,) is a symmetrically weighted compositive
sum form deviation of additive-multiplicative type if (M,,) satisfies

My (PxU,Q+ V) + My (P *V,Q *U) =

W9 G U VIM(P,Q) + Co(P.Q)Mon(U, V) + AM, (P, Q)M (U, V),
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for some A € R, for all m,n > 2 and for all P,Q € I',,, U,V € I',, with
PxUQ+«UPxV,Q«+V €T, where M,, and G,, have the sum form

(110) Mn(P7Q):Zf(piuQi)= Gn(PvQ):Zg(pi7Qi)7 P,Qel,
=1 =1

for some symmetric functions f, g : I? — R, and where g satisfies

(1.11)  g(pu, qv) + g(pv,qu) = g(p, q)g(u,v) , p,q,u,v e l.

We say that (M,,) is measurable if f and g are measurable in each variable.
Moreover, every symmetric deviation (M,,) satisfying M, (P, P) = 0 is called a
distance measure.

Note that (1.9) and (1.10) with g(p,q) = p+ ¢ and g(p,q) = 2M1(p)M1(q)
lead to (1.6) and (1.7), respectively, and that both functions g satisfy (1.11).

Thus the deviations (M,,) given by (1.9) and (1.10) satisfy the following
fundamental functional equation

Z f(piug, qivy) + f(pivs, qiug)—
(112) =1 j= 1
—9(u;,v5) f(Pi @) = 9(pis @) f (g, 05) = Af(pi qi) f(ug,05) | = 0,
where g satisfies (1.11).

In this paper we will present the measurable solutions of (1.11) and (1.12),
generalizing the result in Chung et al [2] where the measurable solutions of
functional equation (1.6) were given.

Let us finally consider some examples in this introduction.

Kerridge’s inaccuracy K, or the directed divergence F, is given by
(113)  Kn(P,Q)=-) piloga Fu(P,Q) =) pilog e
i=1 i=1 ¢

Note that K,(P,P) = H,(P) and F,(P,Q) = K,(P,Q) — K,(P, P), where
H,, is the well-known Shannon-entropy. K, and Fj, are indeed errors or devi-
ations due to using @ = (qi,...,qn) as an estimation of the true probability
distribution P = (p1,...,pn).

A 1l-parametric generalization of (F},) is given by (F<), the directed diver-
gence of degree «,

(PQ) a=1
(1.14) F(P,Q) = T (Zpgq} *—1 > aeR\ {1}
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We see immediately that lim,_,; F)Y = F,} = F,. F{ is not symmetric in P
and @, but F can be symmetrized by going over to

(1.15) Ji(PQ) = FI(P,Q) + FJ(Q,P)  PQely

so that we arrive at the J-divergence (J2) of degree o, a € R , which satisfies
JY(P,Q) = J2(Q, P). Again we have lim,_,1 J& = J} (because of lim,_,; F% =
= Fy).

A further generalization of J¢ is given by

n

21‘“Z(p?—qz)logf a=1

(L16) L3 (P.Q) = R
a—1 _o7—1 (p?_q;x)(q?—a 2 a) o F,

i=1

the J-divergence of degree (a, ). We get L&' = J2 and lim,_,, L3 = L&,
therefore L% can be considered as a 2-parametric generalization of J!.

The sequences (J) and (L27) satisfy (1.9) and (1.10) indeed: In the first
case we choose A = 2°~! — 1 and g(p,q) = p + ¢q and in the second case A\ =
2071 — 271 and g(p,q) = p” + ¢7, respectively (and the obvious choices for f
(see (1.13) and (1.14)). Moreover, L7 is a distance measure since L7 (P, P) =
=0.

Note that for example (for A # 0 and vy = 2a)

220471 _ 2(17

1
(1.17) L (P = AZ —47)’ = {Di(P.Q),

i.e. for o = 1 we arrive at Jeffreys distance in Jeffreys [5)].

In the following Lemma we finally cite for the convenience of the reader
Lemma 2 and Lemma 4 of Riedel and Sahoo [10] which are needed in the proof
of Lemma 2.1.

Lemma 1.2. (1) Let M : I? — C be a given multiplicative function. The
function f : I? — C satisfies the functional equation

(1.18)  f(pu, qu) + f(pv,qu) = 2M (uv) f(p, q) + 2M (pq) f (u,v)

if and only if

(1.19) 1(:p,a) = M(p)M(q) | L(p) + L(a) +1(E.

)

SRS
LS
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where L : I — C is an arbitrary logarithmic map and [ : I? — C is a biloga-
rithmic function.

(2) Let My, My : I — C be any two nonzero multiplicative maps with My #
# M,. Then the function f: I? — C satisfies the functional equation

(1.20) fpu, qu) + f(pv, qu) = [Mi(u)Ma2(v) + Mi(v)Ma(uw)] f(p, q)+
+ [M1(p)M2(q) + My1(q) M2(p)] f(u,v)
if and only if
f(p,q) =
= Mi(p)M2(q)[L1(p) + L2(q)] + M1 (q)M2(p)[L1(q) + La2(p)],

where L1, Lo : I — C are logarithmic functions.

(1.21)

2. Symmetrically weighted compositive sum form deviations

In order to solve the functional equation (1.11) and (1.12) we first deter-
mine the general solution of (1.11) and the corresponding “functional equation
without the sums”

(2.1)  flpu, qv) + f(pv, qu) = g(u,v) f(p,q) + 9(p, @) f(u,v) + Af(p, @) f(u,v)
for all p,q,u,v € I.

Lemma 2.1. The functions f,g : I? — R, f # 0 satisfy (1.11) and (2.1)
for all p,q € I if and only if for all p,q € I:
in the case A =0

f(p,q) = Mi(p)M2(q)[L1(p) + L2(q)] + Mi(q) M2(p)[L1(q) + L2(p)],

B2 pa) = Mi)Ma(a) + My (@Ma(p),  My # My
(2.3) f(p,q) = M(p)M(q)[Ls(p) + Ls(q) + l(p,p) + (g, q) — 2l(p, q)],

9(p, @) = 2M(p) M (q);

and in the case A # 0

> =

f(p,q) = <~ ([M3(p)Ma(q) + Ms(q) My(p)]—

— [Ms5(p)Me(q) + Ms(q) Ms(p)]),
9(p,q) = Ms(p)Me(q) + Ms(q) Ms(p),

(2.4)
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where ¢ # 0, M : Ry — R and M; : Ry — C,1 < i < 6 are multiplicative
functions, L1, Lo, L3 : Ry — R are logarithmic functions and | : R — R
s a bilogarithmic function, i.e. [ is logarithmic in both variables. Moreover,
Mos;_1 and Ms; are both real-valued or Ms; is the complex conjugate of Mo; 1,
i=1,2,3.

Finally, if f and g are measurable then M, M;, L and L; are measurable,
too.

Proof. We start with the case A # 0 in (2.1). By substituting

h(p,q) = g(p,q) + M (p, q)

we obtain from (2.1) that
(2.5) h(pu, qv) + h(pv, qu) = h(p, ¢)h(u,v),

that is, g and h both satisfy (1.11).
Thus we get from the general solution of (1.11) (see Chung et al [2]) that

9(p,q) = Ms(p)Ms(q) + Ms(q)Me(p) p,q €1,
(2.6) h(p,q) = M3(p)Ma(q) + M3(q)Ma(p) p,q €1,

where M; : Ry — C,3 <7 <6, My;_1 and My; are both real-valued or My; is
the complex conjugate of Ms; 1,7 = 2,3. Using now the substitution for h we
arrive at (2.4).

Now we treat the case A = 0. Then we have to solve (1.11) and

(2.7) f(pu, qu) + f(pv, qu) = g(u,v) f(p,q) + 9(p, q) f (u,v).

The idea is to extend f and g simultaneously to functions f, g : Ry — R,
where f, g satisfy (1.11) and (1.2), too. Then it is possible to solve (1.11) and
(2.7). It turns out that indeed it is only important to have the point (1,1) in
the domain of f and g : putting ¢ =v = 11in (1.11) and (2.7) we get

g(p,u) = g(p, )g(u, 1) — g(pu, 1),
f(p,u) = g(u, 1) f(p,1) + g(p, 1) f(u,1) = f(pu,1),

respectively (so that it is sufficient to determine the functions p — g(p, 1) and
p— f(p,1)).
Let us define

1
(2.8) M:I—R by M(t)::ig(t,t) , tel and

(p ) = g(tp. tq)

2. g:R R g
( 9) g + = ) g M(t) ’

p,qE€ERy
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(here (2.9) means that for given p,q € R there is t € I such that (tp,tq) € I?).
Then M is a multiplicative function which is different from zero everywhere.
Moreover g is well-defined, is uniquely determined, is a continuation of g and
satisfies (1.11) on R% (see Chung et al [2]).

Before we define f we need to do some calculations first. Putting u = v =t
into (2.7) we obtain (with G(t) := g(¢,t) = 2M(t) and F(t) := 1 f(t,1))

2f(tp,tq) = g(t,t) f(p, @) + 9(p, @) f(t, 1) = G(t) f(p,q) + 2F(t)g(p, q)

or

(2.10) fp,tg) = M) f(p,q) + F(1)g(p.q),  pgel.
Substituting p = ¢ =t and u = v = w into (2.7) we arrive at
F(tw) = F(t)M (w) + M (t)F(w), t,we I

Then we get, defining L(t) := %(tt)) and dividing the last equation by M (tw),

(2.11) L(tw) = L(t) + L(w), tbwel.
Thus L is logarithmic. We now define the continuation f: R, — R by

f(tp, tq)
M(t)

where for each p,q € R} we choose ¢ € I such that tp,tq € I.

(2.12) f(p,q) = - L)g(p.9),  pgeRy,

In order to show that f is well-defined, we choose (for given p,q € Ry ) t,w €
€ I, t # w such that tp,tq, wp, wq € I. We have to prove that

Hipil — Ltatr.a) =

or, equivalently
M(w)f(tp,tq) = F(H)M (w)g(p, q) = M (L) f (wp, wq) — F(w)M(#)3(p, ),
M(w)f(tp, tq) + F(w)g(ip,tq) = M(t) f(wp, wq) + F(t)g(wp, wq).
But the last equation is equivalent with the obvious identity (see (2.10))
fw(tp), w(tq)) = f(t(wp), t(wg)).

The function f is indeed a continuation of f: Choose t = p € I to get

f(wp, wq)

Firoa) = L2280 Li3ygip.0) -
— 10 (MO .0) + Fa(,0) ~ 315500 0) = £ 000

from (2.12) and (2.10) for g € I
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We show that f and g satisfy (2.7) for all p,q € R,. For p,q,u,v € Ry
choose t € I such that tp,tq,tu,tv € I. Using (2.10) and (2.7) we get (using
M(t?) = M(t)? and L(t*) = 2L(t))

f(pu, qu) + f(pv, qu) =

= W - L(tQ)g(pu, q'U) + M(tz)

~ 50w (2~ L0g.0) + 9000 et~ L(0g(0,0) -

= g(u,v) f(p,q) + 3(p, @) f (u,v).

In order to prove, that f is uniquely determined, let us assume that
f: R3 — R is an extension of f satisfying also (2.7) for all p,q,u,v € R.
Now choose for p,q € Ry an element ¢ € [ such that tp,tq € I and put
uw=wv=tin (2.7). We get (since f = f on I)

2f(tp,tq) = 2M () f(p, @) + 2f (£, t)g(p. q)

or, solving the last equation for f (p, q) we see that

Fo.0) = 2 — o075 = L5t — Loat.0) = o)

Simplifying the notation we don’t distinguish f and f, and g and g and
suppose that f satisfies (2.7) for all p, ¢, u,v € Ry and assume that g has the
form

(2.13)  g(p,q) = Mi1(p)M2(q) + M1(q)Ma(p),  p,q € Ry,

for some multiplicative functions M7, My : Ry — C,, where M; and My are
both real-valued or Ms is the complex conjugate of M;.

Now we consider two cases: My # My and My = My = M’ in (2.13),
respectively.

In the first case we get the solution (2.2) from Lemma 4 in Riedel and Sahoo
[10] and in the second case we get the solution (2.3) from Lemma 2 in Riedel
and Sahoo [10] (in these Lemmas the domain of the functions f, M, My, My is
(0,1] or (0,1]% and the range is C, but the proofs can be taken over directly for
our domains and ranges).

Moreover the proofs of the two Lemmas show that the measurability of f
and g imply the measurability of the functions M, L, L; and M;. ]

Note that f and g are both symmetric although it was not supposed.
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Theorem 2.2. All measurable, symmetrically weighted compositive sum
form deviations (M,) of additive-multiplicative type are given as follows:
in the case A =0 by

n

(2.14)  Mo(P,Q) = [p}q’(alogp; + blogq:) + plq; (aloggi + blogp;)]

=1

or

2
(2.15) sz @ [clog (pigi) +d (logzl) ] ;

and in the case X # 0 by

n

1
(2.16) My(P,Q)==3 ) (pz @ + qz)
et
or
1 - P Di

(2.17) M, ( Y Z p gl cos (U’ log q)
or

1 n
(2.18) = X; [(p?qf +pfq?) - (quz +p)g; )]
or

1 — ;
(2.19) =5 ; [ p?qf cos (alog Z(Z) - (quz +plg; )},

where a,b,c,d,a, B,7,0, p,0 are arbitrary real constants with o # 3 and vy # 4.

Proof. We start from the fundamental equation (1.12) and substitute

(2.20) h(p,q) = g(p,q) + A (p,q)

in the case A # 0 into (1.12). Then (using (2.5)) equation (1.12) turns into
Z;‘L:1 F(u;,v;) = 0 for all U,V € T, and for all m,n > 2 where for fixed
PQely

S (F ity aiv) + F(piv, asu) — 9, 0) £ (pis 45) — 9(pis ) F ()

_Z h(piu, giv) + h(piv, giu) — h(u, v)h(pi, ¢;) | if A # 0.
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The fact that F : I? — R is measurable and satisfies Y7 | F(uj,v;) = 0
for all U,V € T',, and for all n > 2 implies

F(u,v) = a(u —wv), u,v & I*for some real constant a.
Indeed, for n = 2 we get with U = (u,1 —u), V = (v,1 —v) €'y
F(u,v)+ F(1 —u,1—v) =0 for all u,vel.

For n = 3 we get with U = (uy,ug, 1 —(u; +us)), V= (v1,v2, 1 —(v1+v3)) € '3
that
F(Ul,’l)l) —+ F(U27’l)2) + F(l — (u1 + Ug), ]. — ('Ul,’l)z)) = 0

But from last two equations result we obtain the 2-dimensional Cauchy-functi-
onal equation

F(uy,v1) + F(u2,v2) + F(u1 + ug,v1 + v2),

Ui, U2, U1 + Uz, V1,2, V1 +vg € I

Thus F(u,v) = au + bv for some constants a,b € R. But then we obtain

ZF(uj,v] 2auj+bvj )=a+b=0.
— =

Thus a = —b and F has the form F(u,v) = a(u — v). Since F' is measurable
and symmetric (since f and g are symmetric) we get F(u,v) = a(u —v) =
= F(v,u) = —a(u — v) for some constant a. Letting P, vary again we see

that a(P,Q) = —a(P,Q) =0 and so F =0 , too.
Now for fixed u,v € '), we define

f(pu, qu) + f(pv, qu) = g(u,v) f(p, q) — 9(p, ) f(u, )
(221) Gpg={ T =0

h(pu,qu) + h(pv, qu) — h(u,v)h(p,q) if X #0.

Again, G is measurable, symmetric and satisfies

n

(2.22) > Gpiyai) = Flu,v) =0,
i=1
and so that like above G = 0 . This means that f satisfies
1. (2.7) (that is, g is given by (2.13)) and (1.11), or
2. G(p,q) = 0, where h satisfies (1.11) and g is given by (2.13) (see (2.20)).
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CASE 1. From (2.2) in Lemma 2.1 we obtain (using that L, and Lo are
measurable)

(2.23) f(p,q) =p ¢’ (alogp +blogq) + p°q” (alogq + blogp) p,q € I

for some constants a, b, y,d,y # 9.
From (2.2) in Lemma 2.1 we get for arbitrary, but fixed p, ¢ that

(2.24)  Ls(p) = clogp, c€R, l(p,q) = d(q)logp = l(q,p) = d(p) logq

which implies d(p) = dlogp for some d € R. Using this we arrive at

(2.25) f(p,q) =p°q” (clog(p “q)+ d(10g2p +log® ¢ — 2log plog q)>7 pER.
Thus we get (2.14) and (2.15) by using the sum form of (M,,).

CAsE 2. From (2.20) we get f(p,q) = %(h(p,q) —g(p,q)), so Lemma 2.1
implies the representation (2.4) for f. Like in Chung et al [2] we get

Di
—)
qi
(2.27)  h(p,q) = 7 +¢"p°  or h(p,q) = 2p*q" cos(v log &)
G

(3

(2.26) g(p,q) =p*¢" +¢°p° or g(p.q) =2p"¢” cos(olog

)

for some constants «, 8, (o # 8),7,9, (v # 9), p,0, u,v. Then the cases h = 0
and h # 0 lead to the solutions in (2.16) - (2.19).

Reversely, all solutions, given by (2.14)—(2.19) satisfy (1.9). |

Theorem 2.3. A deviation (M,,) fulfills the conditions of Theorem 2.2 and
satisfies M, (P, P) =0 iff

(2:28) M, (P,Q)=a) (pZCJ? *p?qi”) log% Y #6, A=0
i=1 v
or
(2.29) Mn(P,Q)zbi(log&)z, A=0
i1 qi
or
(2.30) M, (P,Q) = % | (p?Qf - Q?pf) (qi"_" —pl_a) L A#£D
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(2.31)

> =

K2

(gt e Pi\ _ (a4 i
Y | 2p;% ;% cos GIqu‘ pig +piql) ) AFO,
=1

where a,b, a,y,d,0 are arbitrary constants.

Proof. We put P = (@ into (2.14)—(2.19) to obtain

(2.32) M, (P,P) =" 2(a+b)p] " logp;,
i=1
(2.33) M, (P,P) = Z 2¢ - p2? log p;,
i=1
2 n
(2.34) My(P.P)= =33 pl*" #0,
i=1
2 n
(2.35) M, (P, P) = -3 > pif #0,
i=1
2%~/ a
(2.36) Mo(PP) = 37 (547 =977),
i=1
2 n
(2.37) and M, (P,P)= 3 Z (pfp fpfr‘;),
i=1
respectively. Now we consider M, (P, P) = 0 in all cases. We get b = —a

in (2.32) and ¢ = 0 in (2.33), which imply (2.28) and (2.29), respectively.
Moreover, (2.34) and (2.35) lead to no solution, whereas (2.36) leads to a+ 5 =
= ~v+4. Putting 5 = 7+ —« into (2.18) we have (2.30). Finally, M,,(P,P) =0
in (2.37) implies 2p = v + ¢ which gives (2.31). |

The above distance measures contain many known measures as special case.
Let us mention the following examples:

(a) 6 =0 in (2.28) gives

Mo (P,Q) = a2’ ' L}7(P, Q).

(b) d =0 in (2.29) results in

2a71 _ 2'}/71

Ly (P,Q).
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(¢) a@=01in (2.30) leads to
M ( iZ:(\/M p?q?)
(d) (v,9) € (1,0),(0,1) in (c) yields
%Z (vr ) é(P Q) (see (1.17)).
(e) Note that
Di(P.Q) =3 [1-BuPQ),

n

where B, (P, Q) = Z v/Dig; is the Hellinger coefficient (see Hellinger [4])

i=1

(f) If y =2 and 6 =1 in (c) then we get
22@—1 _ 20(—1
L3 (P.Q) =

1 En (e e 2
Q)_Ai1<pi_qi) - Y
= 71D% P. (Q
)\ n( ’ )
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