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Abstract. For every natural number greater than 2, the sequence gen-
erated by iterating the tau-function is a strictly monotone decreasing se-
quence, it stabilizes and at the end reaches 2. The second but last value of
the sequence is an odd prime. The question of Imre Kátai is what is the
asymptotic distribution of these primes, if any.
Our goal was to analyze every tau-iteration sequence of all natural numbers
up to a given bound. We also analyzed the tau-iteration sequence for
randomly chosen set of large numbers. For calculating the tau-function,
efficient factorization methods are necessary.

Tau-function. Let n = pα1
1 pα2

2 ...pαr

r , where r ∈ N, αi > 0 integer, pi > 0
prime and pi �= pj if i �= j. Let τ(n) denote the number of positive divisors
of n. Then τ(n) = (α1 + 1)(α2 + 1) · · · (αr + 1).

It is evident that τ(1) = 1, τ(p) = 2 and τ(n) < n if n ≥ 3.

Tau-iteration. Consider the iterated sequence n, τ(n), τ (2)(n) = τ(τ(n)),
, . . ., where n > 2. This is a strictly monotone decreasing sequence until reach-
ing 2 and stabilizing (it cannot reach 1). The value before 2 is an odd prime.
We will call this number lasttau(n) from now on.

n τ(n) τ (2)(n) τ (3)(n) lasttau(n)
64 = 26 7 2 2 7
2541 = 3 · 7 · 112 12 6 4 3
3003 = 3 · 7 · 11 · 13 24 5 2 5

Table 1 – Examples for the iteration
https://doi.org/10.71352/ac.35.083
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As it is clear from the examples, the most difficult part is the first factor-
ization. Since we want to work with 50–60-digit long numbers, we have to find
efficient methods of tolerable running times.

Small factors (2, 3, . . . , 9973) can be found using trial division. Beyond that
the Pollard ρ method is used up to 106.

For finding even larger factors, we use elliptic curves. Roughly speaking, the
running time of the elliptic curve factorization depends only on the length of
the second largest prime factor. This method is appropriate for finding factors
of about 20–30 digits.

To guarantee that each found factor is prime, the Miller–Rabin primality
test is used after these methods.

Elliptic curves. An elliptic curve over R is the set of all (x, y) pairs on
the plane satisfying y2 = x3 + ax + b, where a and b are real constants and
4a3 + 27b2 �= 0.

It is obvious that if any point (x, y) is on the curve, then so is (x,−y). The
condition for the constants guarantees that a definite tangent exists at every
point of the curve. If a (non-vertical) line intersects the curve at two points,
(x1, y1) and (x2, y2), then it intersects the curve at a third point (x3, y3) as
well. If slope of the line is λ = (y1 − y2)/(x1 − x2) then it is not hard to prove
that x3 = λ2 − x1 − x2 and y3 = λ(x3 − x1) + y1. We can define the addition
operation by the formula (x1, y1)+(x2, y2) = (x3,−y3). If the line is tangent to
the curve then we consider the line to intersect the curve at two equal points,
i. e., x1 = x2 and y1 = y2. In this case λ = (3x2

1+a)/(2y1). If the line is vertical
we consider the third intersection point to be in the infinity; this point will be
the zero element of the addition. With this addition operation the points of
the elliptic curve form an Abelian group.

We can define elliptic curves over any field having characteristic different
from 2 and 3. Evenmore generally, we can define “elliptic curves” but only with
a partial addition operation above a commutative ring with identity element,
for example, above Z/nZ if gcd(n, 6) = 1 and gcd(n, 4a3 + 27b2) = 1. For any
prime divisor p of n we also get an elliptic curve modulo p. If an addition is
defined over Z/nZ then it is also defined for any prime divisor p of n. A key
observation here is that for any prime divisor p of n, doing the addition modulo
n and reducing the result modulo p is the same as reducing the addends modulo
p first and then adding the results modulo p. To factorize n we use “elliptic
curves” over Z/nZ. Roughly speaking, for some point P on the curve, we
calculate k! · P for a rather large k. During this calculation the gcd operation
to compute λ will with high probability find a non-trivial factor of n.

We can use projective representation: Let the points of the curve be repre-
sented as equivalence classes of triplets (X,Y, Z) above Z/nZ. Point (X,Y, Z)
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is equivalent to all points (cX, cY, cZ) where c has an inverse modulo n. The
zero element of the “curve” is the equivalence class of (0, 1, 0). In this repre-
sentation the equation of the curve becomes the homogeneous equation

ZY 2 = X3 + aXZ2 + bZ3.

First we tried the approach described as follows. We select a random curve
above Z/nZ with a random point P on it by choosing random x, y, a values
and calculating b from them. Then we check that gcd(n, 4a3+27b2) = 1 holds.
If it does, we calculate k! · P for increasing values of k. If it is not successful,
we have found one of the divisors of n.

We carry out the multiplication by k! iteratively, by multiplying Q = (k −

1)! · P by k. We calculate kQ by another iteration starting from Q and 2Q.
The basic idea is to use only the X and Z coordinates. Let i be the number
represented by the first l bits of multiplier k. After the lth step we have the X
and Z coordinates of the points iQ and (i+1)Q. If the next bit, i. e., the l+1st
bit of k, is zero then we calculate the X and Z coordinates of the points 2iQ
and (2i+1)Q. If the next bit is one then we calculate the X and Z coordinates
of (2i+1)Q and (2i+2)Q. Therefore we need only two operations: duplication
and the calculation of the X and Z coordinates of (2i + 1)Q from the X and
Z coordinates of iQ, (i + 1)Q and Q.

The above approach could be more efficient with changing the curve param-
eter determination and calculation of coordinates of the new points. Therefore
we switched to the representation proposed by Montgomery [1]:

Let the curve equation in homogeneous coordinates be

(1) Y 2Z = X3 + aX2Z + bXZ2 + cZ3,

the two points of the curve P1 = (u1/w
2
1, v1/w

3
1) and P2 = (u2/w

2
2 , v2/w

3
2),

where u1/w
2
1 �= u2/w

2
2.

Then P3 = P1 + P2, where P3 = (u3/w
2
3, v3/w

3
3) can be determined the

following way:

u3 = (v2w
3
1 − v1w

3
2)

2 − aw2
1w

2
2(u2w

2
1 − u1w

2
2)

2

− (u1w
2
2 + u2w

2
1)(u1w

2
2 − u2w

2
1)

2,

v3 = −v1w
3
2(u2w

2
1 − u1w

2
2)

3 − (v2w
3
1 − v1w

3
2)u3

+ w2
2(u2w

2
1 − u1w

2
2)

2u1(v2w
3
1 − v1w

3
2),

w3 = w1w2(u2w
2
1 − u1w

2
2).

For the duplication 2P1 = (u3/w
2
3, v3/w

3
3), the corresponding coordinates have
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to be determined as well:

u3 = (3u2
1 + 2au1w

2
1 + bw4

1)
2 − 4(aw2

1 + 2u1)v
2
1 ,

v3 = −8v41 − (3u2
1 + 2au1w

2
1 + bw4

1)(u3 − 4u1v
2
1),

w3 = 2v1w1.

In this approach the calculation of kQ whereQ = (k−1)!P is simply done by
employing the left-to-right binary method using only duplication and addition
of Q.

It seems that the determination of the coordinates requires a lot of multi-
plication. If we determine the starting point and the parameters of the curve in
an appropriate way, the above calculations can be simplified. Let the starting
point of the curve be (1, α,−1), where the constants of the curve (1) are a = 0,
b = 0, and c = α2 − 2. With this selection, we can save many calculations.
There is only one curve parameter, α, which is selected by random for each
curve.

The effieciency of the factorization depends on the number of iterations and
the number of curves. The suggested values are the following [10]:

Digits Number of iterations Number of curves
15 2000 25
20 11000 90
25 50000 300
30 250000 700
35 1000000 1800
40 3000000 5100
45 11000000 10600
50 43000000 19300
55 110000000 49000
60 260000000 124000
65 850000000 210000
70 2900000000 340000

Table 2 – Suggested values for number of iterations and curves

These values served well as good starting points for selecting the actual
parameters. During the tests we had to tune them for finding the given length
of factors.

With this simple flow control, we could find the lasttau(n) values:
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procedure lasttau
t, last, i ← τ(factors),−1, 1
while (t �= 2)
last ← t
ECM(t, factors)
t ← τ(factors)
i ← i+ 1

end
end

The implementation of the described methods has been done in C and
C++ languages, with GNU GMP [12] multi-word arithmetic and with Condor
workload management system. The program was run on a cluster of 64-bit
AMD processors for several months.

In the next figure we can see how many times it is necessary to iterate the
τ function for numbers up to 108 to get the lasttau(n) values. We can see that
the most frequent value is 3 and it is never required to iterate more than 6
times.

Required number of iterations for lasttau(n) calculations up to n = 108

The next diagram shows the distribution of lasttau values up to n = 108.
The biggest lasttau value is 31. The occurrences of 3, 5 and 7 are the highest.
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The ratio of lasttau(n) values up to n = 108

Let us see these ratios for numbers around 1050. We chose randomly 1000
numbers and the distribution is the following:

Required number of iterations for calculating lasttau(n) for n around 1050

We can see that in this random sample the most frequent τ -iteration length
is 5 and the most infrequent is 6.

The next diagram shows that the greatest lasttau value is 11 and the oc-
currence ratio is very similar to the case of smaller numbers.



Iterating the tau-function 89

Ratio of lasttau(n) values for n around 1050

Next, we chose the numbers in the interval [1070, 1070 + 1000). The distri-
bution is still very similar to before. The most frequent iteration length in this
case is also 5, and the most infrequent is also 6.

Required number of iterations for calculating lasttau(n)
between 1070 and 1070 + 1000

If we analyze the occurrences of lasttau(n) values, we will see that 11 and
13 are the most frequented ones. The distribution of smaller primes is very
similar to previous samples.
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Ratio of lasttau(n) values between 1070 and 1070 + 1000

The last diagram shows the time of factorization of 1000 numbers in seconds.
We can see that there are extremely high values, and sometimes it was done
very quickly. It depends on the number of curves that we are not able to
determine any factor.
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Let us have a closer look at some numbers of this sample. In Tables 3 and
4 we can see for each n considered what its factors are, the value of lasttau(n)
value (L), the number of iterations necessary (I), and the time the calculation
took in minutes.
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Table 3 – Detailed results 1.
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Table 4 – Detailed results 2.
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