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ON THE WEIGHTED LEBESGUE FUNCTION
OF FOURIER-JACOBI SERIES

Agnes Chripké (Budapest, Hungary)

Dedicated to Professor Antal Jdrai on his 60th birthday

Abstract. S.A. Agahanov and G.I. Natanson [1] established lower and
upper bounds for the Lebesgue functions Lg{l’ﬁ)(x) of Fourier—Jacobi se-
ries on the interval [—1,1]. The bounds differ from each other only in a
constant factor depending on Jacobi parameters o and f, so their result is
of final character. The aim of this paper is to extend their estimation for
the weighted Lebesgue functions Lﬁﬁ’ﬂ)’(%‘”(x) using Jacobi weights with
parameters v and §. We shall also give sufficient conditions with respect
to o, 8,y and § for which the order of the weighted Lebesgue functions is
log (n 4 1) on the whole interval [—1, 1].

1. Introduction

It is known that the Lebesgue functions of an approximation process play
an important role in the convergence of that process. The Lebesgue functions
L) (x) (see (2.1)) of Fourier—Jacobi series have been studied by many au-
thors.
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G. Szeg6 [10, 9.3.] showed that for every fixed number € € (0,1)
max L% (z) ~log(n +1)
z€[—1+e,1—¢]
(neN:={1,2,...}).

Here and in what follows for the positive functions a,,b, : I — R (I is an
interval of R) the notation

an(x) ~ by(x) (xel, neN)

means that there exist positive constants ¢y, co independent of z and n such

that
an ()

by ()

H. Rau [7] showed that the order of the Lebesgue functions at the points
—1 and 1is n°"z, where ¢ = max {a, 8}.

c < < e (xel, neN).

S. A. Agahanov and G. I. Natanson [1] proved the following result: if o, 5 >
> f% then

L) (@) ~ log (n(1 = 2)“ (1 +2)%P +1) + /i (1P (@)| + P2 (@)])
(z € [-1,1], neN),
where

3

o - LoifteR\ {3}
0, ift=3

and P\ (x) is the nth Jacobi polynomial.

The aim of this paper is to extend this estimation by using suitable Jacobi
weights. We will give conditions for the weight parameters v and § such that
the order of the weighted Lebesgue functions L{A)r(r9) (z) is log(n+1) on
the whole interval [—1, 1].

2. Pointwise estimate of the weighted Lebesgue function

For parameters «, 5 > —1 we shall denote by (a 2

nomial with the normalization

pld) (1) = ("+O‘> (n € No = {0,1,2,...}).

the nth Jacobi poly-

n
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They are orthogonal with respect to the Jacobi weight function
w*A(z) = (1-2)*(1+2)" (z€(-1,1)).

The nth Lebesgue function of Fourier—Jacobi series is defined by

1
L @) = [ K )l ) dy

-1

(2.1)
(n eN, z e [71,1})7

where the kernel function K\ )(x, y) can be expressed as

n -1
KD y) =3 {0} R @) P ) =

(2.2) ( B;c:o -, -, »
_en P @ PP ) - PP @) P )
n g )
Here
(2.3) gy _ 22T T(kta+ DP(k+8+1)
and
(2.4) Ald) — 272=f  T(n+2)T(n+a+pB+2)

Mm+a+p+2T(n+a+1)I(n+B8+1)

(see [10, (4.3.3) and (4.5.2)]), where T'(p) (p > 0) is the Gamma function.

For ~,6 > 0 we define the nth weighted Lebesgue function of Fourier—Jacobi
series by

1
s HOVE) = w0 [ e ) ay
' 21

(neN, ze[-1,1]).

For the existence of this integral, we shall assume that the parameters ~y, §
satisfy the inequalities

(2.6) y<a+l, §<B+1.

Theorem. Suppose that o, 5 > —% and 7, > 0 satisfy the inequalities

a 1 a 3 g 1 g 3
(27) §+Z<’7<§+Z and §+1<($<§+Z.
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Then we have for alln € N and x € [—1,1] that
28)  rwO (@) 60 (@) < LD (@) < 0 60 (@) 60 (a)

with the constants c1,co > 0 independent of x and n, where

P () := log (nm + 1)+
Vi (VT=a+ ) T+ ) (1P @) + PSP @),

and

FOD) () = V1—x 2y /1+x 26
" ' Vi—z+1 Vitz+1] o

We note that the conditions for the parameters «, 3,7, in Theorem imply
the inequalities in (2.6).

Corollary. Suppose that o, > —% and v,8 > 0 satisfy the inequalities
(2.7). Then we have

max L9 (2) ~ log(n+1) (n eN).

z€[—1,1]

Remark. A result similar to this Corollary proved by U. Luther and G.
Mastrioianni [5]. This paper does not contain a pointwise estimation (cf. (2.8)).

3. Preliminaries

In what follows for the functions a,,b, : I — R (I is an interval of R) the
notation

an(z) = O(b,(x)) (xel, neN)

means that there exists a positive constant ¢ independent of z and n such that

lan(x)] < cby(x) (xel, neN).

3.1. Formulas for Jacobi polynomials. Here we list those well known
formulas which we shall use throughout the paper.
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If o, 8 > —1 then for every x € [—1,1] and n € N we have
(3.1) PP (z) = (=1)" PP (—a)
(see [10, (4.1.3)]) and
@
dz
(see [10, (4.21.7)]).

An important bound for Jacobi polynomials can be given in this form: if
a, > —1 then

(3.2) {P,SO"B)(JJ)} =iln+a+B+ 1) plothA+) ()

1
a—3

‘P}ﬁﬂ)(x)‘ ~0(n?) <M+ i)

0<xz<1, neN)

(3.3)

(see [6, 2.3.22]).

A more precise formula is the following. Let o, 8 > —1. Then we have

o -1 o)
(3.4) PP (cos s) = n 2k(s)<cos (Ns+v)+ nsins)’
where
Ccs<a- E, k(s) = kP (s) = W_%(sin f)_a_% (cos f)_ﬁ_%,
n- n 2 2

N=n+ia+B8+1), v=—(a+3)3.

Here ¢ is a fixed positive number and the bound for the error term holds
uniformly in the interval [<, 7 — <] (see [10, (8.21.18)]).

If «, B, 4 > —1 then we have uniformly in n € N that

1 n =20 i 2u < o — %
35 [IPEOwI0 -y~ Sntlogn, if2u=a- 3
0 n‘%, if 2u > a — %

(see [10, (7.34.1)]).
Let p > 0 be a fixed real number. Then

I'(n+p)
I'(n)

(see [8, p. 166]). Thus for the numbers (2.3) and (2.4) we have

~ nP (n e N)

o 1

B p (n e N).
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We introduce the notations

(2) s = Pyt 9(a),

P,
Py(z) : = P00 (g),

Using the formulas [10, (4.5.7)] we obtain that

1 ~ a—p
—(1—-2})P,_ = S PlaB) () —
(3.7) ;=2 P (@) <x+2n+a+ﬁ+2> n ()
. 2n + 2 ples)

S 2n+a+pB+2
Moreover, by [10, (4.5.4)] we have

(1+

a+p
2n + 2

(3.8) )= 2)Pa(z) =

n+a+1p(a,5)
n+1

n

() = P37 ().
3.2. Auxiliary results.

Lemma 1. Suppose that R > 1 and A < 0 are fized real numbers. Then
with a suitable index N € N we have

2

5

(3.9)

—

s+

tA

— S

R\* ns
dt ~ (s+n) [log(ﬁ-&-l)—l—l}

3l

uniformly in s € [0, 5] andn € N, n > N,
Proof. Let us introduce the following notation

2m
3

I:=1(n,s,A,R):= /
s+%

(neN, sef0,3], A<0, R>1).

tA

t—s

dt

s

In order to prove the statement, we split the interval [0, 5

] into three parts:

Case 1. Let 0 < s < % and t € [s+ ,%’“] From 2s < s+§ < t it follows
that
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Therefore we have

i =3 4 =3
(3.10) /tA—ldtg / <2 / tA= L de.
s+& s+ s+ &
Since
Q‘Tﬂ-
A A
1 R 2w
A1 Al gt = — ) (22
(3.11) [ =gy G+n) (3)]’

we obtain the following upper estimation of I:

(3.12) I§|i<s+§)A[log (%+1)+1}.

Now, let us consider the lower estimation. If n > % and A < 0, then
("—”)A < 24, Therefore using (3.10) and (3.11) we get

3R

A A A =\
s—&—E (= :i S+§ 1-—- % >
n 3 |A] n s+ & -

A

1 R\" I 1 R\* A
> = 1— (= = = 1—(—= >
|G+n) <M> m(“V) [ QR)}

__9A A _ 9A A
> 1-2 ( R) _1-2 ( R) 1+log2 o
|A] |Al

n
_9A A
EM(HQ@) 1108 (% 41)].

where we used the fact that from 43 <1 it follows that log2 > log (% + 1).

> L

Consequently,
1> +RA[1 (% 1) +1]
~C\|S " og R
(se0, 8], A<0, R>1, n>5R),

with a constant ¢ > 0 independent of s and n.
This inequality together with (3.12) prove (3.9),if 0 < s < £.
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CASE 2. Let E <s<— Thens+f < 25 < 3s < 2%, Now we split the
integral I into two parts:

M

27
3

3s tA tA
= / dt+/ dt =: I + I>.
t—s t—s
R

2

3

~
I
~
‘ ~~
b

3s

w
+
3l

For I; we have

3s 3s

tA A
11:/ dt§(5+R) / 1 dt =
t—s n t—s

S+% s+%

= (54 7Y fonten 108 2] = (5 2 " 1om (227 -
= (54 8) om0 ] < (54 ) fiom (22 1) 1]

If3s§tthens§%t, i.e. s—i—%tﬁt. Thus

t<t-—s<t.

[SMIN)

Therefore for I we get

o

s
3

Summarizing the above formulas we obtain that there exists a constant ¢ > 0
independent of n and s such that

A
(3.13) I<e (S + R) [log (? +1)+1]

(se(£,2r), A<0, R>1, n> &),

For the lower estimation of I it is enough to consider the integral I;. Since
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s+ 8 <1 <35<3(s+ &), thus by A <0 we get that
3s 3s
tA AN 1
Ilz/dt23A(s+> / dt =
t—s n t—s
s+ s+
3.14 A
(3:14) =34 (5+R> (log(Zs)logR> =
n n

The following inequality holds:

log(2x) log 2
log(z +1)+1  1+log2 =
Indeed, if z > 1 then

(3.15)

log(2x) S log(2z) - 1 S
log(x +1)+1 ~ log(2z) +1 log(2z) +1 —
1 log 2

>1- = .
- 1+log2 1+41log2
Since 4 > 1 we obtain from (3.14) and (3.15) that

341og 2 R\ ns
I>1, > 2 %82 & [1 (— 1) 1],
- 11—|—log2<8+n> 8 R+ *
which together with (3.13) prove (3.9), if £ < s < 2.

CASE 3. Let%"gsggandte [5—1—5 2—“] Then

n’ 3

R 2 R
(3.16) s+ —<t< 7r533§3<s+>,

(317) - (”JZ)A o (5 =) —1on ] -
2y ] B ()
_ <s+f)A [1og%+1og2} < (s+§>A [1og (%+1> +1}.
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For the lower estimation of I we use the condition A < 0 and (3.16). Then
we have

27 27
3 A 3
tA 1
I= / dt23A<s+R> / dt =
- n t—s
s+§ s+%
A
R n (2w
_ A g BAAN il —
(3.18) =7 (”n) log[R(?) sﬂ_
A
R ™ 4n ns
=34 =) log|l===—-——=]>
(s—l—n) og<2 3R R>_
A
R 1ns
>34 — 1 -—— .
SACHRNE )
The following inequality is true:
log (1 log 4
(3.19) o8(50)  log; (x> 4)

loglz + 1)+ 1~ log(8¢) ==
Indeed, if > 4, then

os(l) _ los(ha) _ log(le)  _
log(z 4+1) +1 " log(2z) +1  log (5 z) +log6 + 1

L log(6e) _— log(6e)  logj

B log (% x) + log(6e) — log 4 +log(6e)  log(8e)’

Let n > 8% Then 2¢ > % 2% > 4. Thus using (3.18) and (3.19) we obtain

IzsAblg‘é) (s+f)A[log(7§+1)+1],

which together with (3.17) prove (3.9), if 2

3
IA
»
INA

Lemma, 1 is proved. |
Lemma 2. If A> -1, neNand s € (%, g], then there exists a constant
¢ > 0 independent from s and n such that

1
S n

A 1\*

/ dt <c¢ (s+> log (ns + 1).
s—1 n

0
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Proof. Consider the following identity:

1 e 1 S_EtAH
zf/tAdthf/ dt=:1; + I,
s s —
0 0
For I; we have
=% A+1
1 1 L) A
- t 7 <
s / s A+1 =68
0

where ¢ > 0 is independent of s and n. From A + 1 > 0 it follows that

s— 1 s—1

1 [ AL "
I, = - / ——dt < s / —— dt = s log(ns),
S s—t s—1

0 0
therefore
L + I < cs™(1+log(ns)) < cslog(ns +1).
Since
L5 <1
2~ 5—|—% o ns+1~ "

we have that there exists a ¢ > 0 independent of s and n such that

1 A
A<C<S+> ’
n

which proves our statement. |
4. Proof of Theorem

In this section we shall use the following notations:

P,(x) := PP (), N, = AP
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y (3.1) we have the following symmetry property of the kernel function
(2.2)
KT(La’ﬁ)(‘T7 y) = KT(LB,a)(iz7 7y)

(:v,y e[-1,1], neN, a,0> —1).
Using this we obtain the symmetry property of the weighted Lebesgue function:
lea,ﬁ),(vﬁ)(_x) — L;&a),(é,v) (z)

(4.1)
(x7y€[_171]7 ’I’LEN, CY,B>—17 ’77620)7

which means that it is enough to prove (2.8) for = € [0, 1] only.

From now on we will assume that x € [0, 1].

In what follows, C or ¢ (or Cy, Co, ..., ¢1, ¢a, ... ) will always denote a pos-
itive constant (not necessarily the same at different occurrences) independent
of n and x. Also, N will always denote a fixed natural number, not necessarily
the same at different occurrences.

4.1. Upper estimation of L%a’ﬁ)’(%&)(x). In order to estimate (2.5) we
split the integral into two parts:

1 -3 1
[ eI @0 ay= [y + [
-1 21 J1
2
In the second integral we use the substitutions
y = cost (OStS?”) and z=coss (0<s<7),

and consider the following two cases:

and (ii) 0<s<

3=

sl-
w‘;\f

2z s+
/...dy:/...dt:/ dt+/ Lt
0

Thus we have

~\>—'
+
3=

LA (19) (4 Z T,
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where

Nl=

= (@) [ KD (@) w0 (y) dy,

1
27
3
Jo = w9 () / | KD (2, cost) |w @789 (cost) sin t dt,

s-‘r%
s+%
Js = w9 (z) | KB (2, cost) |w@=7P %) (cost) sin t dt,
s=%
s—1
Jy = w9 (z) / | KB (2, cost) |w@=7P %) (cost) sin t dt.

0

In the second case the lower bound in J3 is 0 and J4 := 0.

4.1.1. FEstimation of J;. Here we use the formula (2.2). Since x > 0 we
have [z —y| > 3 (—1 <y < —1). Consequently,

Ji = w9 (g) / A, |Poi1(2) P (y) — Po(@) Poya(y)] w(@—7.8-0)
J, |z =yl

Nl=

(y)dy <

|

< 2)‘nw(%6)($)|Pn(x) Pn+1(y)|w(a_%6_6) (y) dy+

—.

-1

=

+20, w0 ()| Py (z) (1) w0 () dy.

—

1
By (3.1) we have

| P ()| w0 (y) dy = / [P ()| (1= y)* (1 +y)P 0 dy <
1

-1

NI
SIS

1
< C/ PP ()|(1+y)P 0 dy = c/ IPB) ()|(1 — )P0 dy <
1
2

=

-1



64 A. Chripké

1
<o / [P ()] (1 — )P0 dy.
0

Since § < g + 3, ie. 2(8—6) > B — 3 it follows by (3.5) that the last integral
has the upper bound en3. Consequently,

|

(Y)W @ () dy = O(n"2)  (neN).

—
R

-1

Collecting the above formulas and using (3.6) we obtain

_ Y «, (c,B)
) I = 0w D(@) (|PCD (@) + [P (@)])
(x€[0,1], neN).

4.1.2. Estimation of Jo. The expression

27
Y
Jo = w9 () / |K P (2, cost) [w@=7F=9) (cost) sint dt
s+%
may be simplified by using the following formulas:

w (@) =(1—2)(1+a) ~(1-2) (2€[0,1]),

w @) (cost) sint = (1 — cost)* V(1 + cost)? O sint ~ 2@ +1
(t€ [0, %)),
t—s

sin

Z—y =coss —cost = 2sin ~ 2 — 5%~ t(t—s)
(se0,3], tels, ]).
Thus by (2.2) and (3.6) we have uniformly in z € [0, 1] and n € N that

2m
3

Jy ~ (1 —x)” |K@D) (2, cost)[ 2@+ dt ~

S

+

3=

ol

$2(a=v)
dt.

~n(l—x)Y

P,i1(x)P,(cost) — Pp(x)Pyt1(cost)
-

+
3=
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Following the idea of [1, p. 15] we use the identity
Pn+1(y)Pn(x) - Pn(y)Pn+l(x) =

(4.3) o . .
= (14 525 ) [0 - P @) = 1= ) Pa) P

which may be verified by using (3.8).
Thus we have uniformly in z € [0,1] and n € N that

ol

_ t2(a=)
Jo=0(n)(1 - x)”+1|Pn(x)\ | P, (cost)| rom dt+
s+L
3 o t2(a—’y)+2
+O0(n)(1 — x)7| Py ()] | Py, (cos t)|T dt =
s+1 °
2m
3 1
— ta_2’)’—§
=O0(vn)(1 —2)"" P, (z)| —— A+
-5
s+%
27
F toz—27+%
+O(Vn)(1 = 2)7| Py ()] ﬁdt =:Jo1 + Jao,
s+%

where we used (3.3) and /T —cost ~ ¢ (t € [0, &F]).
From the condition § + i < v it follows that a — 2y — % < —1, so by
Lemma 1, s ~ /1 —x (coss = x € [0,1]) and (3.3) we obtain

27
_ [ pa—2y-3%
Jn =01 -2y P [ T =
s+% ’
2v+2
v1—=x
Similarly, for J22 we have (since v — 2y + 1 € (—1,0))
27
2 toz72'y+%
Joo = O(v/n)(1 — )| P, ()] ﬁdt:

+
3=

S
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—0(1) (F%) (1og (I =7+ 1)+ (VI—z+ )72 |Pn(x)|).

Finally we obtain the estimate

Jo = O(1) (Fﬂ) (log (nV/I—z+1)+

VI (VT= 2+ 3) 7 (Pa(@)] + P ()]) + 1),

(4.4)

which holds uniformly in z € [0,1] and n € N, n > N.

4.1.3. Estimation of Js. The expression J; may be simplified (see the
estimate of Jy):

s+7
Jy~ (1 —2x) / | KB (g, cost)| 2@+ dt

s— L1
n

(z €0,1], s€0,5]),

if s > L (the lower bound of the integral is 0 if 0 < s < 1). For the kernel
function we shall use the following estimates (see (3.3) and (3.6))

K,(f"ﬁ) (x, cos t)‘ = ‘
=0

1

hkP( x) Py (cost ‘ = ‘ I —|—Z I Pr( )Pk(cost)‘

(1 + Zk|Pk )P cost)|)

N[

:0(1)(1+ K E(VI 7+ 1) k_%(Hé)ﬂf%):
k=1

= O(l)(l +n(V1-—a+ %)70(7% t’“*%)
(z €[0,1], t € [0, 2]).

If % < 5 < 5 then we have uniformly in x = cos s that

s+71L s+1

" 1
Js=0(1)(1— x)v{ / 2=+t gy 4 n / a2ty dt}.
(V=5 +3)"%,

s— L L
n
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Since

/t“ws— (L<s<m neN, A>-1),
1

we obtain by s ~ /1 — x that

SZ(a—’y)+1 Sa—Z’y—&-%
J3 = 0(1)(1—a) " —
" (VI—z+3)""

=0(1)(1 - I)w{sﬂawﬂ) + 12} -
(Vi—z+3)"

=0(1)(1 - x)vw —0(1) <ﬁv_1;f1> .

Ifo<s< % then (see the definition of J3 in Section 4.1) we get

s+%

3=

s+
1
J3:O(1)(1—x)'y{ / £l gy 4 : /ta_27+§ dt}.
0 (m—‘r a+§ 0

Since v < a+1 and v < %—&—% we have 2(a—~)+1 > —1 and a—2’y+% > —1.
So by

1
n

1\ A+
tAdt~<s+n) (s>0, A>—-1)

o\f’f_

we obtain

1yHasiz n(s+)" 72

Js=0(1)(1—a){ (s + 1 A
(VI=z+3)™2
:0(1)(1—33)”{ QWL ey T(Vi-e+ g )(\/fxljti)%}:
:0(1)(1—3:)7{1+m}:
:O(l)(l_m)vm:o(l) (ﬁ)%
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Finally we get the estimate

2y
(4.5) Js = O(1) (\%;j) ,

which holds uniformly in = € [0,1] and n € N.

4.1.4. Estimation of Jy. First we remark that J, = 0if 0 < s < %, SO we
suppose that s € [%, g], i.e. x =coss € [O, 1- ﬁ] =: I,,. The expression Jy
may be simplified (see the estimation of J2) by using the relation

|z —y| ~ |t? — 8% ~ 8|t — 5| ~ V1 — x|t — 5]

(m<s<3 te0s—3])
Namely, we have (uniformly in « € I,, and n € N)

el
n

Jy = w0 (z) / |K@B) (2, cos t)|w @B =9 (cos t) sint dt ~

0
s 1
. " t2(a7'y)+1
~n(l— ) / [Pt () Pa(cos £) = Pa() Pag (cost)] ——— dt.
0
Using the identity (4.3) and the estimate (3.3) we obtain
s 1
. . " 2(a—y)+1
Ji=0n)(1—2)""24 (1 —x)|P,(z)| / | P (cost)|—— ; dt+
0
s 1
t 2(a—7)+1
+| P, (2)] t? | P, (cost)| dt » =
0
s—1
1= " ta72V+%
oW1 -2y Py [ e

1 =27tz
+0(v/n)(1 — 2)""2|P,(z)] / ———dt = Jy + Jpo

(% < s = arccosx

IA

5 nEN).
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Since v < € + 3 thus @ — 2y + 3 > —1 we have by using Lemma 2 and
2l 3 T 1 YTt y g

s ~ /1 — x that

Ji = O(/n)(1 — 2% [Py(a)| (s + )" ¥ log(ns + 1) =

:0(@)( Vi-w ) Po(z)] (VI—z+ 1) % log(ns + 1) =

Vi—z+l
- vi—z \7
=0(1) (M) log (nv1—xz+1)

(J:EI", neN).

Similarly,

Jio = O(/a)(1 =23 Py()] (s + 1) log(ns + 1) =

— 2y 1 a+%
=0(vn) (H) | Po ()] (V1 \/%)

=0(1) (ﬁ) log(nv1l—xz+1)

(me[n, nGN).

log(ns+1) =

Summarizing the above formulas we obtain

2y
(46) Ji=0(1) <M> log (nvI—z + 1)

Vi—z+ 1
(;ve]n, nGN).

4.1.5. The final upper estimate. Using (4.2), (4.4), (4.5) and (4.6) we have

LR () = O(1) (1” ;f 1) (1og (nvVT—z+1)+

a+t
VI (VT=2+ 1) (1Pa(@)| + [Paa (@)]) + 1)
(x €10,1], n € N, n > N).
Let z € (0,1) be the closest number to 1 for which
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holds. If = € [0, Z] then

P,(1) — P,(Z) 1

(4.7) l—z>1-2= P 0) ~ (e (z,1))
(see (3.2)). Thus
log(nvVl—z+1)>c

If z € (%,1] then P,(z) ~n®, so

ViE(VT= 7+ 1) (1B(@)] + [Pasa (0)]) = c.

This means that also

2y
L%aﬁ)’(%‘;)(:zz) =0(1) (ﬂ) (log (nv1—z+ 1)+

Vi (VT=2+ 5 (Pa@)] + Paa(@)]))

(x€[0,1], n e N, n> N)
is true.

From this we have uniformly in = € [-1,1] and n € N, n > N that

2y 20

where

ol () = log ( V1—a2+ 1)
AT )" (m+ L7 (1P @)+ 1P @)

Thus the upper estimation in (2.8) is proved.

4.2. Lower estimation of L") (). Because of symmetry, it is
enough to consider x € [0,1]. We shall give three different lower estimations

for the weighted Lebesgue function.

4.2.1. The first lower estimation. If o, > —1 and ~,6 > 0, then there
exists a constant ¢ > 0 independent of z and n such that

(4.8) LB 00) (1) > e () (x€[0,1], n€N).
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Indeed, using the orthogonality of Jacobi polynomials we have
1

/Kéa’ﬂ)(w,y)w(“’ﬁ)(y) dy=1 (v€[0,1], neN).
21

Therefore

1

w(asﬁ)(y)
L0 () = (19 () /|K<a>5> (2,y)| o dy >
" ’ 1—y)7(1+y) 7 —
S (1-y)(1+y)
1

> cw™ (z) / KD () [P (y) dy >
Z1

1
> cwl™(e) [ KD @ g)u ) @) dy = cw(a),
—1

4.2.2. The second lower estimation. If a, 8 > —1 and v, > 0, then there
exists a constant ¢ > 0 independent of z and n such that

(19) L0 () = cw (@) v/ (|Po(@)] + | Posr (2)])
. (x €10,1], n € N).

In [1, p. 18] it was proven that

oy

[K (, cost)| db > e/n (|Pa(@)] + [Prsa (2)]),
(x €10,1], n € N),
from which (4.9) follows immediately.
4.2.8. The third lower estimation. It is clear that

Lgla,ﬁ)’(%‘s)(x) >

3

4.10 /
( ) > (9 (x)

\“‘

|K7(la,/3) (z,cost) ‘w(o‘_%'@_‘s) (cost)sintdt
5+

3

for all x = cos s € [0,1] and R > 0. Using the ideas of [1], we shall give a lower
estimation for the right hand side of (4.10) with a suitable number R > 1.
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Since
w @70 (cost) sint ~ 202 FL

(5 € [0, %]’ te[s, 2?#]),

we obtain from (4.10) that

N
3

. I () >ce(l —x Pl(x,cost)| - t7YT t.
(1) LEPO0@) z e —a) [ K @ cost)| -2

—

s+

3

The estimation the above integral is performed in several steps.

STEP 1. From (3.7) it follows that

Fu(@,y) = Puy1 (5) P(®) = Po(y) P (2) = W

X{(l - xQ)ﬁn—l(x)Pn(y) - (1~ y2)Pn—1(y)Pn(x) +(y - m)Pn(x)Pn(y)},

so by (3.6) we have uniformly for all z € [0,1] and n € N that

r—y
1— 2Py 1(2)Pu(y) — (1 — y*) P (y) P,
o [P @P ) = 0= PP Pue)
r—=y
— 2P, 1(2)Po(y) — (1 — y?) Puo1 (y) P
Since |z — y| = | cos s — cost| ~ t(t — s) we have
27
3
/ | KB (z, cost)| - 12220+ dt >
s+&
2'77r
2 t2oz—2’y
o []1= ) Pa@P) - (=) Pacs ) Palo)| - de
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Therefore by (3.5) we get uniformly for all z € [0,1] and n € N that

(4.12) L) (19 (1) >
Tﬂ . t20¢ 27y
>ein(t-a)" [ 1= P @Puly) - (=) Pacs)Palo)]| T i
s+R ’
—cavn(l — )| P, ().
STEP 2. For the estimation of the integral
27
/ ~ - t20¢*2'y
e [ 0= Pa@P) = 0= ) P Pate)|
s+
we use the asymptotic formula (3.4) for the Jacobi polynomials
Poy) = PP (y) and  P,a(y) = PV (),
which gives
k(B (¢ o(1
PP (cost) = \/ﬁ() (cos(Nt +v)+ ns(in)t> ,
E(etLA+1) (1) _ 0(1)
P(a+1y5+1) | — N - —
A (cost) T cos(Nt+7) + ——
2 k(@R (¢) — o(1)
=2 Nt +7) 4+ ———
vn —1sint <COS( ) (n— 1)s1nt>
where ) N1
LSS SRS IES R
and
v__2(a+1)—|—1 _,. T
- . Ty
We have

(1 —a®) Pyt (@) Paly) = (1 = ) P (y) Pa(w) =

_ W{(l — 2%)P_1(2) cos(Nt + v) — 2\/an(:¢) sint - sin(Nt + V)}+

NG
~ (e, )
+0 (715;;1/2) (1—a?)By_i()- let(t) +0 (W) Po(x) - KO (1),
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If0<s+ 2% <t<2 then
1

—a—1 —p-1
kB () = (sin %) ’ (cos %) St

$i-

Therefore

T

1> % ’(1 — 2%)P,_1(x) cos(Nt + v)—

+

3l

ta72'yf%

- dt—
t

=24/ Pa(x)sint - sin(Nt +v) —
ta—Q'y—l
i dt} |

2 2

3
3

t(x—27—%

—dt+ |P,
"+ [Py ()

—
\u‘
T

= {(1 —2?)|Pyoi (a)

=

s+ s+

3|

Iz

STEP 3. Using the above inequality and (4.12) we have

(4.13) LB 00 (1) > e v/ (1 — )7 x

N
3

X
—

‘(1 — )P, (2) cos(Nt + v) — 2 2 Py (x)sint - sin(Nt + v)|x

s+&
ta72'yf%
xﬁdtf@\/ﬁ(l—m)ﬂPn(zﬂ—C3gl(n,x),
where
1—2)7
Ql(nax) = ( \/'rif)
2n 2
1-22)|P / 2 P / A
X — — —dt n —dt ;.
(1= )Posle)l [ S S ipe) [
5+% s+§
Since t > % we have
gl(n,x)gcg(l—x)'yx

27 2m
ou 2 ta72'yf% 2 toz72'y+%
X< (1 —a%)|Pooi ()] / ﬁdﬂ'ujn(ﬂ?” / ﬁdf :
S+% s+§
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Using Lemma 1, s ~ /1 —z and (3.3) we get uniformly for all z € [0,1] and
n € N that

Vi—z 7
o1(n,z) <c (M) X

x{% {log (nv1—z+1)+ 1} +vn(Vi—z+ %)(H% |Pn(x)|} :

STEP 4. Now, we consider the integral in (4.13) and write sins = v/1 — 2?2
instead of sint. Then by the Lagrange mean value theorem we have

sint =sins+7=+v1—-22+71

with |7| <t —s. Thus we obtain an error term in the integral, which we shall
denote by g2(n,z). Therefore we have uniformly in € [0,1] and n € N that

LA () > ¢ (1 — )7 /1 — a2 x

X / ‘\/1—m213n,1(x)cos(Nt+1/)—2 n P,(z)sin (Nt +v)|x

n—1
s+%
ta72'yf%
X dt — ¢z 02(n, ) — c3 01(n, ) — ca V(1 — 2)7 | P, ()],
where
27
3
02(m, ) = 2/ (1~ )| P, (x)] / |sin (Nt + )t} dt <
n_

s+§

Nigr: )2”

S eVl 2 B (VI= T+ )" < (m

(using s ~ /1 — x and (3.3)).
Let
P = arg (\/ 1—a2P,_1(z) + 24/ nﬁan(x)).

Then we have uniformly in z € [0,1] and n € N that

LR () > ¢ (1 — x)7 %

X (n(l — 22 <(1 — 2 P?_ (z) + n4_”1p,3(x)>)% X
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o
5

a—2’y—%

|cos(Nt+l/+1/))|ﬁdt—

X
—

s+

—c2 02(n, ) — ez e1(n, ) — ca V(1 — x)7 | Py ()]

3

STEP 5. Now we will estimate the integral

27
3
oz—2'y—%

B:= |cos(Nt+u+z/J)|ttjdt.

—

s+

3l

Since | cost| > cos? t = H%S(zt) it follows that

a72'yf%

/ (1 +cos2(Nt + v+ w)) e

a7277%
>c(s+R> {log(ns—i—l)—i—l—logR},
n

and by the second mean value theorem

2w

3 1 1
toe=2r=2 (s+ Bya-2v-2
2(Nt dt = n
/cos (Nt+v+1) P Rin X
s+%

X cos2(Nt+v+)dt <c (s+§)a7277% (56(3—}—%,2{)).

JF
:\m\m

S

Then we get
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STEP 6. From this we obtain

L 00) 2 0 (10 (w0 - ) (- 9B )+ 2 r2))

a—2'y—%
x(s—i—R) [log(ns—i—l)—i—l—cQ}—
n

—c3 02(n, ) — ca01(n, ) — c5 V(1 — )7 [Py ().
(z€0,1,neN, n>N).
By (3.3) and s ~ /1 — = we have

O(z) == (1 - z)? <s + R)HH x

cfn(t =2 (=) P2y () + 2 p2a)) ) <

2

v1—=x !

&1 1 §C27
\/1—37"‘;

<

which means that

LA 0 (1) > ¢) O(x) [log nvl—z+1)+ 1] .

e (F”_l;iJ % (log (nv/I — 2 +1) +1) +

VT 2+ D @) 41| — s v (1 — 2 [Pala)

(x €1]0,1], n € N, n > N).

Let T € (0,1) be the closest number to 1 for which
_ 1
P,(z) = §Pn(1) ~n
holds. If € [0, Z] then by (4.7) we have
s~\/1fx2\/17:22£,
n

thus )
R a—2y—3
(s+ n> > csa*%*%,
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which means that

Clz) > csa*%{na —2?) ((1 —2?)P2_ | (z) + n4_”1p;f(x)) }

It is proved in [1, p. 21] that

in PQ(x))}% Se (zel0,a)),

sa_%{”(l - 372)((1 - xQ)ﬁTQL*l(x) + n—17"

so for every z € [0,Z] and n € N, n > N we have

L0 () > o, [1og (nvI—z+1)+ 1} - CQ{\/ﬁa — 1) (@)|Pa(a)|+

Vi—z+1) \R
+vn (V1—z+ %)a—% | P, (z)| + 1) }

2y
+< vi—e ) (l[log(n\/ﬂﬂ)ﬂﬁ

Here
2 2
Co Vv1i—=x W> Co N Vv1i—=x !
cp— = | —— cp—— =:c 3| ——— .
R\VI—a+i) TR \VT—a+ L

The number R can be chosen such that c3 > 0. Then we have

2y
V1=
L%a,ﬁ),(y,&)(z) > c3 (,mil> [log (nvl—az+1)+ 1} -

—cay/n(1 = 2)" (2) P (a) | = c2 (ﬁ) -

2y
VvV1i—=z a+l
—C2 (M \/ﬁ(\/l_x'i'%) 2 | P ()]
for all z € [0,Z] and n € N, n > N. If z € [7,1] then
_ 1

(see (4.7)), and so

(\ﬁ_ﬁf) [log (nVT—a+1)+1] <ec <m> <

3=
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vi—z \” ot
<C<m> \/ﬁ(m—"ﬁ) |Pn(x)|

(since P, (z) ~ n® on this interval), which means that with a suitable ¢4 > 0
we have

J— 2y
LB 0) (1) > g <H> [log (nv1—2z+1)+1]—

Vi-z+1
) iz \”
(4.14) —c2v/n(1 = 2)7 ()| Pa(z)] - c2 (M) -

N 2y
o (h) Vi (VTZE+ 1) Py (a)

for all z € [0,1] and n € N, n > N.
4.2.4. The final lower estimation. From (4.8) we have

(4.15) LA 00 (1) > ¢ (1 — )7 (z €[0,1], n € N).

(4.9), (4.14) and (4.15) imply

2y
VAR
1 1— +1 +]_ <L(a,5),(%5) +
( i1 fesvi=—w+n+1] <200

2y
i Vi—z
+eav/n(1 — )7 (|Pa(@)] + | Posr (2)]) + c2 <¢m> i

Vi—z+4++

< LE@B9) () 4 P2 LB (10) () 4 2 [(08).(1:9) (1) (Vi—z+ %)*27 n
C Ce

- 2y ot L
CM< V1-: ) (VI=2+3)""2 (1Pa(@)| + | Prna(@)]) <

1
+ A (0B (19) (1) (Vi—z+ %)0‘*27+§ .
c

Hence we obtain
cs(1—2) [log(nvV1I—z+1)+1] <e¢r LB (1:9) ()

(x €10,1], n € N, n > N).
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Since (by (3.3))

Vi (VT=z+ 1) T2 (IP, ()] + |Poia(2)]) < ¢

(z €10,1], n € N),

we have
LB 00) (1) > ¢ (1 — m)”(log (nv1—x+ 1)+
1
a+5
Vi (VT=2+ 1) (|Pa@)] + [Pasa(@)])) 2
> cw9)(@) g9 (2),
where

6@9) (z) = log (/T — 22 + 1) + va (VI—z + 1)*2 x

B+l @ «,
X (VIFz+3)7 2 (PP @) + 1P @),
The above estimate holds uniformly in z € [0,1] and n € N.

Theorem is proved. |

5. Proof of Corollary

Since L%a’ﬁ)’(%g)(il) = 0 we have

L(@B)(10) () — [,(:8),(7:6)
[ax L] (z) = L, (o)

with zg € (—1,1).
From Theorem and (3.3) it follows that

L;a’ﬂ)’('y";) (g) <ecp-1-(log(n+1)4co) <cglog(n+1)

LA 00 (20) > g w9 () log (m/l -2+ 1) >

> cslog(cgn+ 1) > erlog (n+ 1),

and

where the ¢; (i = 1...7) constants are positive and independent of n. This
proves the statement. [ |
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