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ON THE THEOREM OF H. DABOUSSI
OVER THE GAUSSIAN INTEGERS

N.L. Bassily (Cairo, Egypt)
I. Katai* (Budapest, Hungary)

Dedicated to Professor Antal Jdrai on his 60th birthday

Abstract. Some analogues of the theorem of Daboussi over the set of
Gaussian integers are investigated.

1. Introduction

Let c¢,c1,c0,..., K, K1, Ko,... be positive constants, not necessarily the
same at every occurrence. Let M be the set of complex valued multiplica-
tive functions and M; be the set of those ¢ € M for which additionally
lg(n)] <1 (n € N) holds as well. Let e(a) := e?™ie.

A famous theorem of H. Daboussi published in the paper written jointly
with H. Delange in [2] asserts that

1
(1.1) Sl > fm)e(na)l =0, » 0  (z— o0),

n<x
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whenever « is an irrational number. This famous theorem has been generalized
in different aspects in [1], [3]-][20]. In [2] the following assertion was proved:

Let S be an arithmetical function satisfying the following conditions:
(i) S is almost-periodic B,
(ii) the Fourier series of S is A+ Y Aye(a,n), where all the a, are
irrational.

Then, as x tends to infinity, we have

sup |+ 37 Fm)S(n) — 1 3 )| < 0a(9),

femMy | T

n<x
0:(5) = 0 as (x — o0).
In [20] the following theorem is proved.

Let k > 1 be fixed, Ji,...,Jr € [0,1) be such sets which are the union
of finitely many intervals. Let Pj(x),..., Py(z) be non-constant real valued
polynomials,

Qm,...mi (¥) =M1 Pr(z) + - + mp Py ()

for my,...,my € Z.

Assume that Q.. mi () — Qmy,....m,, (0) has at least one irrational coeffi-
cient for every mq,...,my € Z, except when m; = ... =my = 0.

Let

S={n|neN, {PMn)}ed, I=1,...,k}

Let X be the Lebesgue measure.

Theorem A. Under the conditions stated for Py, ..., Py, J1,...,Jx we have

(1.2) sup |23 g(ny - M AR 5~

geMa | T n<w v n<z

nes

7. — 0 as x — o0.
By using the same method and Theorem B we can prove

Theorem 1. Let Jy,...,Ji, P1,...,Px, S be as above. Let P be a non-
constant real valued polynomial.

Let Rug.my.....me () = moP(2) + Qum,y.....m, (€). Assume that

Rm()’ml,nwmk (‘T) - Rm05m17'“amk (O)
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has at least one irrational coefficient for every mgy,my, ..., my except the case
when mg =mq = ... =my = 0.
Then
1
(1.3) sup — Z g(n)e(P(n))| = 0z — 0, as x — oo.
geEM, T n<w
nes

0z may depend on S and on P.
Theorem B. (See [7].) (1.3) is true, if S =N.
Applying Theorem A for g(n) = 1 we obtain that
%#{n <ax|neS)—= A AU

From Theorem 1, by using Weyl’s criterion for uniformly distributed se-
quences we get

Theorem 2. Let Jy,...,Ji, P, Py,..., P, S as in Theorem 1. Let A be
the set of additive arithmetical functions, S = {t1,t2,...}, t; < tj41 (J =
=1,2,..), &(f):=f(tn)+P(tn) (n=1,...),

N(fIS) =
1.4
(1.4) = sup %#{fn(f) mod 1 € [o,8],n e N} — (8 —a)|.
[a,8)C[0,1)
Then
(1.5) sup An(f|S)=on — 0 as N — oo.
feA

on may depend on S.

Let N be the set of the integers the number of the prime power factors
of which is k. Let Ni(z) be the size of n < z, n € M. In our paper [10] we
proved

Theorem C. Let 0 < §(< 1) be an arbitrary constant, and « be an irra-
tional number. Then

(1.6) lim sup Z f(m =0.
Tr—r 00 6< <z
meNy,

<2-§ f€M1 Nk

Tog log @ log
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The proof depends on an important assertion due to Dupain, Hall, Tenen-
baum [4], namely that

(1.7) sup

log log T —

Z e(ma)l =0 as x — oo.

Theorem 3.

1.) Let P(n) = an, Pj(n) = a;n, (j = 1,...,k), Ji,...,Jr and S as
earlier. Assume that ma+myaq + - - - +mpay is irrational for every nontrivial
choice of m,myq,...,my. Let Sp(z) =#{n <z|n e N, neS}.

Then

1
1.8 lim sup sup g f(n)e(na
( ) TIOsc k<o § fe/\/l1 Sk.(x) e ( ) (

loglogz S
neNENs

2.) Let Py,...,Pg,J1,...,Jk and S as earlier. Assume that miaq + - - +

+mygay is irrational for every nontrivial choice of my, ..., my. Then
(1.9) lim sup sup E f(n E f(n
rreo 5<10 To ISQ g fEMl Sk n<x n<z
go8 neNkms nENk

Since the Theorems 1, 2, 3 can be deduced from already published papers
by the method used in [20], we omit the proofs of them. In the next section we
formulate and prove Theorem 4.

Let Z[i] be the ring of Gaussian integers, Z*[i] = Z[i] \ {0} be the multi-
plicative group of nonzero Gaussian integers.

Let x be such an additive character on Z[i], for which x(1) = e(4), x(i) =
= e(B). Let K1 be the set of multiplicative functions g : Z*[i] — C satisfying
lg(a)] <1 (a € Z*[i]). Let W be the union of finitely many convex bounded
domain in C. In our paper [11] written jointly with N.L. Bassily and J.-M. De
Koninck we proved
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Theorem D. Assume that at least one of A or B is irrational. Then

. 1
(2.1) lim sup W Z 9(B)x(B)| = 0.

r—r 00
g€k BexW

Let I =[0,1) x [0,1), S =51 U...US, C I, where S; are domains the
boundary of which is a rectifiable continuous curve for every j. For some small
A >0 let

ST = {(u,v) | [u— A u+A] x [v— A0+ A] C S},
S = {(u,v) | [u— A,u+ Al x [v— Av+ A]N S # 0}
Let

1, if(x,y) e S

(2.2) flay) = {o, if (x,y) €T\ S,

and let us extend the definition of f over R? by
fae+ky+l)=flxy) (k1)
Let > ammne(mz +ny) be the Fourier-series of f(z,y). Let A > 0 be so

m,n€”z
small that S(t2) C I, and

A
(2.3) falz,y): 2/ fle+u)f(y+v) dudo.
A

l>\1>

Since

1 1
)= A / e(nu) du = 47rinA(6(nA) —e(—nA))
N

if n # 0, and k(0) = 1, therefore the Fourier coefficients by, ,, of fa are

bmn

s

= amnk(m) - k(n).

Assume that for some 6 > 0,

1 1
24 m,n S ’
(24) [am.z| C(1+|m|6>(1+|n|6)

¢ is a constant. Thus

2 2
. m,n S m,n i ST A i ST oIA |
(2.5) [bm.n| < |am,n| min (1 mA) min <1 |n|A)
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It is clear that fa(u,v) = 1 if (u,v) € S and fa(u,v) = 0 if (u,v) €
€I\ SHA),

Let z = u+1iv € C. The fractional part of z is defined as {z} = {u} +i{v}.

Theorem 4. Let v; =& +in; (j =1,...,k) be distinct nonzero numbers,
T={B|B€Zli,{vB}teS, j=1,...,k}. Assume that S satisfies the condi-

tions stated above. Assume that &1, ..., kM1, --., Mk are linearly independent
over Q. Then
ago
(2.6) lim sup 9(8) — — 9(B)| = 0.
T gefC,y ‘J}W| B;/V |£L'W BE;W
BET

Here ag,0, = A\(S) =Lebesgue measure of S.

Theorem 5. Let S,v;,T be as above, x(u + iv) = e(Au + Bv). Let L be
the lattice {m1&1 + -+ - + m&r + nimy + - - -k }. Assume that either nA & L
forn € Z\ {0} ornB & L forn € Z\ {0}. Then

1
2.7 lim sup |—— g(B)x(B)| =0.
(2.7) Jim sup | 3 o)
seT

Proof of Theorem 4. First we observe that

(2.8) #{B € aW | {y;8} € SHH\ sCH} <
< aASETRN\ SEANNEW),

and that A(S(+2) \ S(=2)) < ¢y A. ¢, may depend on S. Let F(u + iv) =
= f(u,v), Fa(u+ i) = fa(u,v). In this notation

9B = > 9BFBn) ... F(Bw) =

BexzW BexW
(2.9) peT
= > 9B)Fa(Bn) .. Fa(Byk) + O(ANzW)).
pexW

Let K be so large that

(2.10) D0 bwal+ DD lomn

ne€Z|m|>K In|>K m

<A.

Since Y by, is absolutely convergent, therefore such a K exists. (See (2.5).)
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Let
2.11 F( )u—i—w b, ne(mu + nv).
( A
|m| <K
In| <K
Since

|Fa(u+iv) — FYO (u+ iv)| < A,

from (2.9) we have

Z g(ﬁ) = Z bmlml -~-bmk,nk Z g(ﬁ)xmhfﬂk(ﬁ)

pELW my,...my BexW

The star indicates that we sum over those m;,n; for which |m;| < K, |n;| <
<K (j=1,...,k), where Xm,,.. n,(8) = e(ARe S + pIm ),

k k
A= Z m;&; +ngn;),  p= Z(njgj —m;n;).
j=1 j=1

From the assumption of the theorem we have that either A or p is irrational,
consequently, by Theorem D we have that

g =afy Y. 9(B) +ox(|aW]) + O(AlzW]).
ﬁB€€a87V_V BeEXW

Hence we obtain that

. 1 ago
lim sup |—— — . < cA.
Jm sup | > 9(B) W > 9B) <

BexW BeEXTW
BET
Since A is arbitrary, therefore our theorem is true. |

The proof of Theorem 5 is similar. We omit it.
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