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Abstract. The discrete Laguerre-functions play an important role in system iden-
tification. In this paper we investigate the Fourier coefficients with respect to the
discrete Lagueerre system. Among others an explicit form is given for the Laguerre
Fourier coefficients of rational functions. With the help of this formula we intro-
duce a new transformation which can be used to reconstruct the pole of rational
function. The domain of the transformation in question can be defined in the term
of hyperbolic distance.

1. Introduction

In signal processing and image reconstruction the Fourier-, wavelet-, Gabor- trans-
forms play important roles. There exists a common generalization of these transfor-
mations, the so-called Voice-transformation. The voice transforms are generated by
unitary representations of locally compact groups. The wavelet transform can be ob-
tained in this way from the affine group,the Gabor transform from the Heisenberg
group. In the papers [6,7, 8] a new transform, called hyperbolic wavelet transform
has been introduced starting from a unitary representation of the Blaschke group. We
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hope that this transformation will be useful in signal processing. In this paper, with the
help of this transformation, we construct an algorithm to reconstruct transfer functions
of systems.

In the definition of the voice-transform a unitary representation of the generating
group (G, -) is used. Let us consider a Hilbert-space (H, (-,-)) and let U denote the
set of unitary bijections U : H — H. Namely, the elements of / are bounded
linear bijections which satisfy (U f,Ug) = (f,g) (f,g € H). The set U with the
composition operation (U o V') f := U(V f) (f € H) is a group, the neutral element
of which is I, the identity operator on H. The inverse element of U € U is the operator
U~!. It is equal to the adjoint operator U*. The homomorphism G 3 = — U, € U of
the group (G, ) on the group (U, o) satisfying

i) Upy =Uz 0 Uy (z,y € G),

1.1
4. ii) Goa — U,f € H iscontinuous for all f € H

is called the unitary representation of (G,-) on H. The voice transform of f € H
generated by the representation U and by the parameter ¢ € H is the (complex-
valued) function on G defined by

(1.2) (Vof)(@) == (f,Us0) (x€G, [, ¢€H).
For any representation U : G — U and for each f, ¢ € H the voice transform Vj f is
a continuous and bounded function on G.

In this section we introduce a voice transform on the Blaschke group. The Blaschke
function are closely related to the hyperbolic geometry. Namely this group can be
considered as the transformation group of congruences in the Poincaré model of the
hyperbolic plain.

The so called Blaschke functions are defined as
(Z b
1—bz

(1.3) By(z) := (z€C,b=(be) eB:=DxT),

where
(14) Di={z€C:|2|]<1}, D:i={2€C:|z| <1}, T:={z€C:|z| =1}

If b € B, then By is 1-1 map on T and D. The restrictions of the Blaschke functions
on the set D or on T with the operation (By, o B, )(z) := By, (B, (2)) form a group.
In the set of the parameters B := D x T let us define the operation induced by the
function composition in the following way By, © By, = Bp,0p,- The group (B, o)
will be isomorphic with the group ({ By, b € B}, o). The neutral element of the group
(B,o)is ¢ := (0,1) € B and the inverse element of b = (b,¢) € Bis b~! = (—be, €).
It can be prowed that the map
21 — 2

(1.5) P(Zla22> = m = ‘Bz1(22)| (Bz1 = B(zl,l)aZhZQ € D)
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is a metric on D. Moreover the Blaschke functions B;, (b € D) are isometries with
respect to this metric, i.e.

(1.6) p(By(21), Bo(22)) = p(21,22) (b €D, 21,22 €D).
The lines in this model are the sets
Ly:={By(r): =1 <r<1} (beD),

i.e. circles crossing perpendicularly the unit circle.

The voice transform will be constructed on the Hardy space H = H?(T) , where
the inner product is given by

(1.7) (F.9) =5 Af(e“)@dt (.9 € H).

The system h,,(z) := 2" (z € D,n € N) is orthonormal and complete with respect
to this scalar product.

For the definition of the hyperbolic wavelets we use the following representation
of the Blaschke-group on H?(T):

(18) (Ubf) = Fh—l fOBb—l7

where

(1.9) Fy(z) := 7'Eil_g|b|2) (b= (b,e) €B,z €D).
— bz

The representation Uy, (b € B) given by (1.8) is unitary on H?(T). The voice
transform generated by (U, )pep is given by the following formula

(1.10) (Vo f)(0) := (f,Us®) (f,¢ € H*(T)).

The map Vy is called hyperbolic wavelet transform, the parameter function ¢ is the
hyperbolic mother wavelet of the transform.

2. The discrete Laguerre system

For any n € B and any b € ID the discrete Laguerre function L, ; is defined by

\/1|b|2<z—b>" _
2.1 L, = = = eD,neN,beD).
@1 +(2) 1—bz 1—bz (2 " )
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It is known that the system (L, p,n € N) is orthonormal and complete in H?(T)
with respect to the scalar product (1.7). This is a consequence of the fact that these
functions can be obtained from the power functions h,(z) := 2" (n € N,z € C) by
the unitary representation (1,10):

(2.2) Lnp=Uy-1h, (n€N,b=(b1)eB).
Uy is unitary, therefore Uy = U, ! = Uy-1. Consequently for any m,n € N

1) <Ln,ba Lm,b> = <Ub*1h’n7 Ub*1h77L> = <hn7 h’rn> = 67nn7

2.3
D) (L) = (L Usaha) = U ).

Thus the discrete Laguerre Fourier coefficients of f are equal to the trigonometric
Fourier coefficients of the function Uy f. This relation can be used to compute the
discrete Laguerre Fourier coefficients.

Introducing the notation (see (1.3) and (1.9))
F/
2.4) ay =22, =By (beD)
Ey

the derivative of L,, ;, can be expressed in the form

F/
b = (BB = BB} + nByF,B] " = Fz F,By +nB,F,B; .
Consequently

(2.5) L/n,b = abLn,b + anLnfl,b (n > 1, be ]D))

We show that for the derivatives of higher order the following recursion holds.

Thorem 1. For everyn > ¢,i,n € N

i : n
(2.6) =3 %,j,b<j>Lnj,b (b e D),
j=0

where

Y,06 =1, Yijp=0ifj>iorj<0 (i€N) and

2.7) , . . .
Yit1,4b = WYigb + Vije T IBvig-16 (G =0,1,--- i+ 1).
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Proof. By definition and by (2.5)

0
n
Lupy=1 ( ‘)Ln7b'70,07b (V0,06 == 1)
—o \J
7=0
1

n
L,y =ayLny+ Bynly_1p = Z (j>Lnj,b'Yi,j,b (71,06 = @, V1,16 = Bb)
=0

and Theorem 1 is true for ¢ = 0, 1. Applying induction suppose that (2.6) holds. Then
by (2.5)

|
i M

<.

(Ln—jb+ Bo(n = §) Ln—j—16)%ijb + Ln—jpijp) =

+1 n
Ly = Lf?b) = ( > (L g i + Ln—jpVij0) =
7=0 J
aYigb + Vi jp) bn—jp + Z (]) = ) Ln—j—1,6BvYijp =

()
() >

( > i gb + Vi) Ln—jp + Z < n 1) Ln—j—16( + 1)Byvijp =

HM

M

7=0
i+1 n
(ab’yz,j b+ ’YZ 24,0 + jﬁb’yz,] 1 b) ( )Lnj,b
j=0 J
and by (2.7) the claim holds for ¢ + 1 instead of . |

We denote by 9 the set of rational functions analytic in the closed disc D. The
rational functions of the form

%

(28) Ti,a(Z) = m

(€D, aeD, ieN)

generates the set 2R. Namely every function f € R can be written in the form

N mk—l A Z,L' N
j— k7’L —
(2.9) f@=3 T ey = > Ri(2),
k=1 i=0 k=1
where o} :=1/a, (k=1,2,---,N) are the poles of f with the multiplicity m;, and

the Ay ;’s are complex numbers and A ,,, —1 # 0.

In order to get the Fourier coefficients of f with respect to the discrete Laguerre
system we shall use the next
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Lemma 1. For every function g € R

(n)
(2.10) (g,rna) = 2 (e) (n € N,a € D).

Proof. By definition

1 ™ g(eit)efint 1 ™ g(eit)eit
n.a) = —— —————dt = — ———dt =
(9:7na) 27 [W (1 —ae—it)ntl 2r J_. (et —a)ntl
1
_ b &H dc,
2mi Jigj=1 (¢ —a)”
Hence by Cauchy’s integral formula we get (2.10). ]

Now we compute the conjugate of the Laguerre Fourier coefficients of Ry. In the
case mp = 1

(211) <Ln,b7 Rk> = Xk’oLn’b(ak).
If my = 2 then by (2.5) and (2.10)

(Lpp, Ri) = AkoLnp(ar) + ALy, p(ar) =
(2.12) = (M0 + Me,1w(ar)) Ly p(ar) + A1 Bo(ar)nLn—1 p(ar) ==
= cpoLlnp(ar) + cxinLn_1p(ar) (ck1 #0).

A similar formula holds in the general case.

Lemma 2. The conjugate of the Laguerre Fourier coefficients of Ry, are of the
form

mkfl
n
(2.13) (Lnp, Ri) = Z <]) Ln—jp(ak)cr,;,

j=0
where the coefficients cy, j do not depend on n and cj, ym,—1 7 0.

Proof. Applying (2.6) and (2.10) for the conjugate of the Laguerre Fourier coeffi-
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cients of 7}, we get

mk—l ~

Akyi g (i
(Lo Bi) = D2 =L an) =
i=0 ’
’mk—lx 7 n
k,i
=Y i Z%',j,b(ak)(.>Ln—j,b(ak)—
i=0 T j=0 J
my—1 n mk—lx
ki
= (J.)Ln_j,b(ak) > o Yiaplar) =
j=0 i=j ’
mk—l n
= < -)Lnj,b(ak)ck,ja
j=0 N
where the coefficients
mkflx
ey = D S yge(ar) (= 0,1, mi—1)
i=j

are independent from n. Hence by (2.7) we get

le -1 ~ —1
Chymi—1 = ﬁvmkq,mkq,b(aw = Me,my—18y "+ (ak) # 0,

and Lemma 2 is proved. ]
3. Reconstruction algorithm

Let us fix the parameters ( the inverse poles) a1, a2, - ,ay € D of f € A.
Depending on this set of inverse poles and using the hyperbolic distance p defined in
(1.5)fori=1,2,--- ;N we introduce the following domains of D:

Di:i={beD:pba)> max plbay)},

1<G<N,ij
N
D(] .= U Dz
Jj=1

We show that on set Dy the limit

3.1

G2 (QF)(b) i= Tim \Lot1e:f)

w30 (Lnps ) (fen)
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exists and the function Q f can be used to reconstruct the poles of f € R. We remark
that the operator Q defined on A in this way is not linear.

Theorem 2. For any function | € R of the form (2.9) the limit (3.2) exists for all
points in Dy and

Proof. Suppose that b € D;. Then By(a;) # 0 and by (2.9) we have

(Lny1p, ) _ S (Lns 1, Rio) _
<Ln7b7 f> Z;ivzl <Ln,b7 Rk>

~ (Lns1p, Bi) + 30 i (L1, i) B

C {Lnp R+ 0 (L Re)

(g1, Bi) /By (ai) + 30 josi (Lt 00 Bi)/ By (@)
(Lnb Ri) /By (a:) + S0y s (Lnsr, Rie) /By (a:)

_ Untl (b) + vnt1(b)
Un () + vy, (b) .

= By(a;)

Set m := max{my, : k = 1.2.--- , N}. Then using L;, = F, B, by (2.13) we
get

<Ln+m,byRk> _
By ™ (a;)
et n+m
(3.4) = Ck,j(aw( i )Ln+m—j7b(ak)/ By (ai) =
§=0
mp—1
Fy(ap) " — n+m\ By (ax)
= Ck, ‘(Cl,k)B J(ak) . .
B (ai) ; ! ’ i) By(as)
By the definition of the hyperbolic metric for b € D; and j = 0,1,--- ,m; — 1 we
have
B} b)|"
nAm) Bilay)| _ (ndm) | plawb) T (n—ook=1,-- N,k #1i).
i) Bylai) J p(ai,b)
Consequently

N
Vntm (D) := Z (Lotmps RBie)/Br ™ (a;) = 0 (n — 00).
k=1,k#i
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Moreover by (3.4) for any ¢;(b) > max{p(b,ar)/p(b,a;) : k =1,--- N,k # i}
and b € D; we have

(3.5 Untm(b) = O(g;' (b)) (n — 00).

Furthermore by (2.13)

(D) 2= (Lo Ri)/ Bp ™ (a) = 0 55(%ﬂa»(”§’f)3?<%%)

By (2.13) ¢; m;—1,5(a;) # 0, consequently for the sequence w,, (b) := up+1(D) /un (b)
we get

n b . n-+m b .
(3.6) li_>m wy(b) = lim tn+1(0) = lim Untme1(b) =1, lim |u,(d)| = 0.

n—oo Un(b) n—o00 un_,'_m(b) n—o00

By the definition of u,,(b) and v,, (b)

(Lng1p, f) _ Bb(al)un-‘rl(b) + vy 41(D)
<Ln,b7 f> ’ Unp, (b) + Un(b)
We show that
lim Un41(b) 4+ Vpp1(b) — lim un(b) —1

n—=00  Up(b) + v ()  nooo vn (D)
and (3.3) is proved. Indeed by (3.5) and (3.6)

_ _ Wy (b) + vny1(b)/un(b)| _
B i (7 Et s Bl R R T (7 e
_ |wn(0)[[vn(0)/un(b) — vni1(b)/un(b)] _ - " o0

and theorem is proved. |

_ Upt1(b) + vnt1(b)

For the rate of convergence we have the estimation

<

An(b) - ‘ <L7’L+17b7f> _ Bb(ai)

<Ln,b7 f>
—w w _ Upn11(b) + vn+1(b) a)| =
< (1= w1+ [y - 2 O 15y )
= |1 w(0)] + Ol () (b€ D)

If m; = 1 then w,(b) = 1 (n € N), else wy,(b) — 1 = O(1/n) and consequently we
have
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Corollary. For b € D; the rate of convergence

O(q}") ifm; =1

An<b) = 1
O (—> , ifm; > 1.
n

In connection with (3.3) we introduce the following notion. Denote & the region
vise step function on D.

Definition. The map S : R — & defined by
(S£)(b) = B, ((Qf)(1)) (f € R,b € Dy)
is called spectral operator.

By Theorem 2 with the operator S we can reconstruct the poles a; of f € R for
which D; # :

(Sf)(b):az (fei)f{, be D, i=1,2,-‘-,N).

Domains
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