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ON CHARACTERIZATIONS

OF PARETO DISTRIBUTION
BY HAZARD RATE OF RECORD VALUE

Min-Young Lee (Cheonan, Republic of Korea)
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Dedicated to Janos Galambos on the occasion of his 70th birthday

Abstract. Let {X,,n > 1} be a sequence of independent and identically dis-
tributed non negative random variables which has absolutely continuous distribu-
tion function F'(x) with F(1) = 0 and probability density function f(z). Let
F(z) < 1forall z > 1 and let F belong to class Cy. Then X;, € PAR(«) if and

only if for some fixed n, n > 1, the hazard rate r of X}, is the same as the hazard
Xu(n+1)

rate 71 of Wy, n41 or the hazard rate 72 of Zy, 41, where Wy, 1 = X0 ()
n

s

Znmn+1 = Xun) * XU(n+1)-

1. Introduction

Let {X,,n > 1} be a sequence of independent and identically distributed (i.i.d.)
random variables with cumulative density function(cdf) F'(x) and probability density
function(pdf) f(x). LetY,, = max(min){ X1, Xs,--+, X, } forn > 1. We say that
X is an upper(lower) record value of this sequence that if ¥; > (<)Y;_; for j > 1.

2000 AMS Mathematics Subject Classifications: 60E05, 62E10.

Key words and phrases: Characterization, hazard rate, independent and identically distributed, Pareto dis-
tribution, upper record values.

https://doi.org/10.71352/ac.34.195


https://doi.org/10.71352/ac.34.195

196 Min-Young Lee and Young Ik Kim

By definition, X is an upper as well as a lower record value. The indices at which
the upper record values occur are given by the record times {U(n),n > 1}, where
U(n) =min{j | j>U(n—-1),X; > Xypm_1),n > 2} with U(1) = 1. We assume
that all upper record values Xi;(;) for i > 1 occur at a sequence {X,,,n > 1} of i.i.d.

random variables. If F'(x) has density f(x), the ratio r(z) = 1’;((7")) ,for0 < Fx) <
is called the hazard rate. We will say that F' belongs to the class Co, if r(x) is e1ther
monotonically increasing or monotonically decreasing and F' belongs to the class C5"

if () is monotonically increasing.

By definition the random variable X € PAR(«) if the corresponding probability
cdf F(x) of X is of the form

Flz) l—27% z>1, a>0
xTr) =
0, otherwise.

Ahsanullah(1995) characterized those Xj’s that belong to the class Cs. Then
X} € E(x,0) if and only if for some fixed n, n > 1, the hazard rate r; of XU(n+1) —
— Xy (n) is the same as the hazard rate r of Xj.

In this paper we show characterizations of Pareto distribution by hazard rate of
record value. Namely X, € PAR(«) if and only if for some fixed n, n > 1, the
hazard rate r of X}, is the same as the hazard rate vy of W), ,,+1 or the hazard rate

Xu(n
AU(n+1) s T 1l = XU(n) 'XU(n+1)-

of Zp ny1 where Wy, 11 = Xo o0

2. Results

We prove the following theorems.

Theorem 2.1. Let {X,,,n > 1} be a sequence of i.i.d non negative random vari-
ables which has absolutely continuous cdf F(x) with F(1) = 0 and pdf f(x). Let
F(z) < 1forall x > 1 and let F belong to class Cy. Then X}, has the Pareto

distribution if and only if for some fixed n, n > 1, the hazard rate r of X, is the same
XuU(n+t1)

as the hazard rate r1 of Wy, 41 where Wy, 11 = Xoo
n

Proof. If X}, € PAR(«), then it can easily be shown that r is the same as 7.
We need to prove sufficiency only. Suppose r = ;. Now we can write the joint pdf
of Xy (ny1) and Xy (n) as

{R(z)}" !

fn>n+l(xay> = F(n)
0, otherwise.

——r(x)fly), l<z<y<o
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Substituting W, ;41 = XU(?*)” and U, = Xy (), we get the joint pdf of W, 11
and U,, as

_ {Rw)}!

————r(u) f(uw)u

Thus by (2.1), we can write

ST AR@W)} " r(u) f (uw)udu
JTARu) = (u) F (uw)du

ri(w) =
for all w > 1.

Since r1(w) = r(w) for all w, we have

fl {R(u)}tr(u) f (uw)udu _ Jj(w)
fl {R Y=lp(u)F(uw)du — F(w)

for all w > 1. By simplifying (2.2) we obtain

(2.2)

/ R(uw)" Yr(u)F(w)F (uvw){r(uw)u — r(w)ydu = 0

forall w > 1.

Since F belongs to class C, the following equation

(2.3) r(uw)u = r(w)

holds for almost all u and for any fixed w > 1. Integrating (2.3) with respect to w
from 1 to wy, we get

(2.4) F(uwy) = F(u)F(wy), for all wy > 1.

By the theory of functional equations[see Aczél (1966)], the only continuous so-
lution of (2.4) with the boundary condition F'(1) = 0 is

F(z)=a2""

forall z > 1 and o > 0. Consequently, F/(x) =1 — 2~ .
This completes the proof. n

Theorem 2.2. Let {X,,,n > 1} be a sequence of i.i.d non negative random vari-
ables which has absolutely continuous cdf F(x) with F(1) = 0 and pdf f(x). Let
F(z) < 1forall x > 1 and let F belong to class Cy. Then X}, has the Pareto
distribution if and only if for some fixed n, n > 1, the hazard rate r of X, is the same
as the hazard rate vo of Zy n11 where Zp 1 = Xy(n) - Xumt1)-
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Proof. The necessary condition is easy to establish. We will prove here the
sufficiency of the condition. Suppose that  is the same as r5.

Now we can write the joint pdf of Xy, 1) and Xy, as

{R(z)}"

fn,n+1($,y) = ]_"(n) T(x)f(y)7 l<z<y <o

0, otherwise.

Substituting Z,, n+1 = Xun) - Xvn+1) and Up, = Xy (n), we get the pdf of Z,, 41
and U, as

RO ) p G,

(2.5) folu,2) = T(n) "

Thus by (2.5), we can write

ST AR} r(u) f(2)u " du

") = e R ) e (W) F (2 )du

forall z > 1.

Since r2(z) = r(z) for all z, we have

SRR () f(2utdu
20 TRy () F(C)du F()

for all z > 1. By simplifying (2.6) we have

Thus if F' € C;' , then above equation holds if
2.7 7“(3)11_1 =r(z)
U
for almost all v and for any fixed z > 1. Integrating (2.7) with respect to z from 1 to
z1 we get
21

(2.8) F(2

" ) = F(%)F(zl), for all z; > 1.

By the theory of functional equations[see Aczel(1966)], the only continuous solution
of (2.8) with the boundary condition F'(1) = 0 is
F(r)=2"¢
forall z > 1and o > 0. Hence F'(z) =1 — 2z~ .
This completes the proof. ]
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