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ON QUANTITATIVE MEAN VALUE ESTIMATIONS
FOR MULTIPLICATIVE FUNCTIONS
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O. Klesov* (Kiev, Ukraine )

Dedicated to the 70th Birthday of Professor Janos Galambos

Abstract. In this paper we use the convolution identity of Indlekofer
to derive quantitative mean value estimations for a class of multiplicative
functions f the values of which at primes satisfy |f(p) — k| < n < k where
k > 1/2. This generalizes earlier results by Halasz and Elliott which are
valid only for completely multiplicative functions and for the case k = 1

1. Introduction

In [3, 4, 5] a method was established to prove quantitative mean-value
estimations for multiplicative functions f of modulus < 1. The underlying
idea was to estimate the difference of means of two arithmetic functions if
the behaviour of one of them is known. To be specific, we started with an
estimation of

(1.1) M(f = Agg.z) =Y _(f(n) — Ayg(n))

n<z

where A, € C and ¢ is multiplicative with ¢g(1) = 1.
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If | f| < 1 is multiplicative, we could prove, by choosing g(n) = n’, a € R,
quantitative version of results by Wirsing [6] and Halasz [2]. In this paper we
show that the idea works perfectly in the situation where we compare f with
the function g = 7,, where 7, is defined by (s = o + it)

(12) S s (o> 1),

n

Here ((s) denotes Riemann’s zeta function and « € R. We assume that f # 0
is multiplicative and that the generating function

(1.3) F(s)=Y_ f(n) =[[a+> f;ﬁj))

ns
n=1 P

is absolutely convergent for ¢ > 1 and can be written in the form

(mMA@m)

%) foro>1
logn

(1.4) F(s) = exp(z

where A denotes von Mangoldt’s function. Obviously F(s) # 0 if o > 1.

Remark 1. The connection between f and f is given by Dirichlet’s con-
volution

f(n)logn = (Af % f)(n) neN

which holds since f # 0. From this we conclude

f(p) = f(p)
(1.5) . s

To give an estimate of M(f — A,g,x) with some A, € C we assume that f is
shear” to g = 7,. The essential condition for this will be

|f(p) = ] < < k.
We prove

Theorem 1.1. Let f # 0 be multiplicative and let x > 2. Let k > 1/2 and
0<mny <k, 0< X <2. Let f be defined by (1.5). Assume that

(1.6) 1f(p%) — k| < na(2 =X for all primes p and all o € N
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with p® < x, where 0 <1 < ngy, and A\g < X\ < 2. Put
p)— K
(1.7) Ay =exp() JC(L).
p<z

Then, if T, is given by (1.2), there exist positive constants c¢1,co which depend
at most on Kk, A\g,ng such that,

1D () = Ap Y 7o) < ernelog™™ Ayl

n<lz n<lx
(18) - e
+crzlogh Tt xexp(z M){exp(—g) +log™ 2 x}.
n
p<x

Remark 2. It is easy to show that the conditions of Theorem 1.1 imply
that F(s) converges absolutely for o > 1 and that the estimate

z |f(n)]
(1.9) ;f(n) < @;T

holds uniformly for = > 2. Since

the inequality
|f(n)] |f(p)|
Z " < exp(z » ).
n<x p<lzx
is obvious.

Example 1.1.

1. Let X\ be a positive real number smaller than one. Choose, for every
prime p, A < ¢(p) < 2 — A. Define the multiplicative function f by

cp)*tt-1 .
f*) =4 cp) -1 ifelp) #1
a+1 otherwise.

Then f satisifies the conditions of Theorem 1.1 with k = 1.

2. Assume that £ > 1/2 and 0 < 5 < g < 1. Let g be a completely
multiplicative function with

lg(p) — 1| <.
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Let the multiplicative function defined by

(1.10) f=Te1%g.

Then f fulfills the conditions of Theorem 1.1.

The case k = 1 has been proved by Elliott and Halasz (see [1], Theorem
19.2).

3. Assume that £ > 1/2 and 0 < n <y < 1. Let g be multiplicative with
lg(p) +1] <n
and g(p%*) = 0 for all primes p and « > 2. Then Theorem 1.1 holds for
(1.11) f=Tui1%g.

Theorem 1.1 will follow from

Theorem 1.2. Let f # 0 be multiplicative and let x > 2. Let k > 1/2 and
0<mny <k, 0< X <2. Let f be defined by (1.5). Assume that

(1.12) |F(p®) — K| < na(2 = N7t for all primes p and all o € N

with p® < x, where 0 < n < ng, and Ao < A < 2. Put,

M(z)=> " (f — Ar) (n).

n<x

Then the estimate

log” z| M (z)| < xlogx / d +x Z|f

1 n<x

(1.13)
+(n+ log™ ! z)|Alzlog"t

holds uniformly for all A € C. The implied constant depends at most on
K77707A0-

For 0 < u <1 we define the functions Hy (u) and H; (u) by

dt

/F Fu+it)— ACF(1+u+it)|?
1+u+it
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and

/ ‘F (14 u+it) — ACS(1 + u+ it)) th

1+u+idt

respectively.

The integral appearing in Theorem 1.2 can be estimated by using the
following result proved in [4].

Theorem 1.3. Let M(x) =3, ., (f — A7) (n) as above. Then

[ 1M ()] 1 :
1
o [P (L),

log x

/| d <« Hl(y)dy'

2. A convolutional identity

As usual ¢ will denote a constant not necessarily having the same value at
different occurrences. p, q will denote prime numbers.

We recall some well known properties of the Dirichlet convolution of arith-
metical functions.

In the following we use the convolution arithmetic for functions from
S={f:R—=>C, f(z)=0forxz <1},
which coincides with the Dirichlet convolution for the class
A:={feS8: f(x) =0forx ¢ N}.

of arithmetical functions.
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So, for f,g € S, the convolution f x g in S is defined by

(fro)a) =Y f(5)omn

1<n<lz

and

(f - 9)(x) = (f9)(x) = f(x)g(x)-

The "action" of this definition on functions of A is given by the following: if
feA geSthen fg e Aand for n € N,

(f * 9)(n §jf( ) 9(@)

In general the operation * is not commutative in S, but if f,g € A then
frg=gx*f.
Consider the function e defined by
1forx =1,
e(z) =

0 otherwise.

Clearly € € A, and
frxe=ffor fe8S

and
f(x)if zeN,
(2.1) (ex f)(z) = for f € S.

0 otherwise

Thus ¢ serves as a right identity under convolution for all of S, but it is a left
identity only in .A.
The relation (2.1) suggests that for each f € S we define an image fp € A
by
fo=exflor fes.

The Mobius function u is defined by
loxpu=e¢,
where 1p = e+ 1 and 1 € S with

1forx >1,
1(z) =
0 otherwise.
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The well known Mobius inversion formula says that if f, g € S then f = gx1g
if and only if g = f * p.

Let L € S denote the logarithm function. Then obviously L acts as a
derivation on S, that is

L-(fxg)=(L-f)xg+fx(L-g) forall f.q€S8.
Further, we introduce the von Mangoldt function A € A by
€*L:L0:A*10,

i.e.
A= LO * W,

and for f € S the corresponding von Mangoldt function is defined by
foxAp=Lof.

The quantitative estimations are described in [3]|. For the sake of completeness
we give the proof of

Theorem 2.1. Let the arithmetical function f,g € A satisfy f(1) # 0 and
g(1) #0. Put M =1x(f —g). Then

LM = M * (Ag * Ay + LoAg) + (R1 + Ro) * Ay + L(Ry + Ra),
where

Ri=Lx(f—-g)
RQZ].*f*(Af—Ag).

Proof. Obviously
LM = Lx*(f —g)+1xLo(f —g).
Then

LM =1x(f*xAf)—1x(g*xAy)+ Ry =
(2.2) =1x(f—g)*xAg+1xfx(Af—Ay)+ R =
:M*A9+R1+R2,
where
Ry=Lx*(f-9)

and
R2:1*f*(Af—Ag).
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We multiply (2.2) with L and obtain
(2.3) L*M = LM % Ay + M % LoA, + LRy + LRs.
Then, substituting (2.2) in (2.3) we arrive at
L*M = M  (Ag % Ay + LoAy) + (Ry + Ro) * Ay + L(Ry + Rz)
which leads immediately to Theorem 2.1. |
We prove

Lemma 2.1. Let f,h € A such that

(2.4) Z h(n) = cxlogx + O(x).

n<x

Then
(M % h)(@) = 3 My ()l(n) =

n<z
= C/‘Mf(§)|(10gt)dt—|—(9 zy |f§1")|
1 e
Proof. Let
H(t) =) |f(n)]
n<t

Then H(t) is increasing function of ¢ furthermore for 1 <t < ¢
IMp@)] = IMp(E)]] < IMp(t) = My (¢)] < H(E) = H(L).

The assertion follows by partial summamtion in the same way as in the proof
of Lemma 3.1 in [5]. [ |

3. Proof of the theorems

Proof of Theorem 1.2. We apply Theorem 2.1 and show first that

(3.) Rie) = 0 (0 s ajtoga)
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and

(3.2)

Z|f

x
1 X 1
_— M(—)|1 1
Ro(x) < 10g:c/| (t)| ogtdt + (n+log™ " x)
Then we deduce

(Ry % A, Z |f + |A|log" x)

n<x

and

(Re* A7) (x) =

B : x —1 K1 |f(n)]
~0 /\M(?)|logtdt+(n+log o)l Allog™ a4z 3

n<z

Now using (1.9) we deduce

Ri) = (= (= An) () = [0 / M) — AMy, (W) 4, o

u

f(n
<<Z| | 10 d—|-|A|10g x/—

n<x

This proves (3.1) since the estimates

,;w 71; 1+1ogz < C"(1+ 1 133) < log” x
hold. Now
LRy(x) = L(1 = f+ (Ay — Ar))(2) =
(3.3) =Lxfx(Ap—A;)(2)+1xLof = (A —A-)(x)+
+ 1% fxLo(Ay —Ar) ().
Since

Z a2 =N logp <« Z logp Z aexp(alog(2 — M) <

pe<u PS\/E Ué<logu

a>2 log p
log(2 — A
< logu Z exp(Og(logpo) logu) + u/?¢log® u Z IR

p<5 p<Vu

(3.4)
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holds for some appropriate fixed 1/2 > ¢ > 0, we conclude

D IAf(n) = Ar ()| <n > logp+e Y a(2— M) ogp <

(35)  nsu prsu s

€

1—
<nu-+cu "%,

which implies

[ 2n<uAs —Ar)(n)

(3.6) L (Af—A-)(y) = / du < y.
1

Thus

Lxfx(Ap—A)(2) < CL'Z ‘fglnﬂ

n<z
Observing Lf = Ay x f we get
|Af — Ar.| <nA+cA,
where

R(n) = a(2—=Xg)%logp ifn zg?a,a >1
0 otherwise .

This leads to
LRo(z) =1 f*x(Ap*(Ay — A )+ L(Ay—Ar))(2)+

n

n<x

(3.7) < |1 (f — Am)| * [(pA + A) % (A + A) + L(nA + A)](z)+
+ 2 Z |f§1n)| +

n<z

AL o (JAg |+ [Ay = Ar [+ LIAs = Ar [) (),
Selberg’s Symmetry Formula in the form

> A(n) # A(n) + A(n)logn = 2zlog z + O(x),

n<lz

can easily be obtained by using convolution techniques. See for example [5].
Note that by (3.4)

1xAxAlz) <z and 1xAxA(z) <
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Thus, by Selberg’s formula, Lemma 2.1 is applicable to the first term on the
right hand side of (3.7), and we arrive at

(Z Lf(ﬂin)‘ + |Allog”™ z)+

1 x
Ro(z) <<—/|M(f)|1ogtdt+
log z t
1 n<x

log x
+ n|A|xlog" x,

which proves (3.2). Here in the last step we used the inequality

1sm(n)* (|Ag| % |Af — Ar |+ LAy — Ar | <<Z|T,{ |f nlog +1),

n<x

which is nothing else but

Zn<u n 1 k41
nx/ d +x Z 1Oggﬂ):clog

n<lz

Concerning Ry * A;, (z) we obtain in the same way.
L * AT;@ (y) < Y,
Therefore
Ri*xA; (2)=Lx(f—Are)x A (z) = (LxA;) *x (f — A1) (2) <
lf(n)] P
— 4+ Al :
< $(Z o T Alog x)

We estimate Rox A, (x) = 1% f*(Af—A; )* A, (x) in the same way as above.
Then using

xT

]|M(f) |(10gt)dt§$10gx/ (M),
1

u?
1

ends the proof. [}

Proof of Theorem 1.1. We use the estimate

1
PR

(3.8) ("(s) = O(

which holds uniformly for all |7| < 1,2 >0 > 1.
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Lemma 3.1. Let |f(p) — k| <n. Then

A

|s — 1]

exp{E }
—1

(3.9) F'(s) — A(C"(s)) < {nlog(2 + |s — 1|logz) + &1} ————

uniformly for allT < 1,1 <0 < 2,2 < x, as long as nlog(2+|s—1|logz) < 1,
where

Zl—sup\zf —I—Zf

>x
p u22

Proof of Lemma 3.1. Since

(0) = (3 )
we have
(5) ~ AC*(s) = C*(3)exp(Y A(”L(Sﬂfj’gn ’“) 4) <
n>1
< [ (s)Allexp(Y A‘”le won) s o g«
(310) n>1 p<x f
< [¢"(s)Allexp(3(F(p) — m) (= — )+ Y LT

) f(p") — Ky

- Z; e ) —1.
Note that
(3.11) Z\%—%|<<log(2+\s—1|logx),

p<z

holds uniformly for 1 < ¢ < 2, 2 < x. Then substituting it in the inequality
(3.10) we have for all s with nlog(2+ |s — 1|logz) < 1 that

F(s) — AC"(s) < |¢"(s)A|{nlog(2 + |s — 1|logx) + X1} X
(3.12) x exp{nlog(2+ |s — 1|logz) + ¥} <
< [¢"(s)Al{nlog(2 + |s — 1| logz) + X1} exp{%1 }.

Let I" be the circular path surrounding s with radius (o — 1)/2. It is easy to
check that the conditions for the above inequality are satisfied for the points
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of T'. Therefore using Cauchy’s theorem and (3.8) we obtain

(2) — AC"(2)

P(s) = A = [ <

|Al{nlog(2 + |s — 1|logz) + X1} / 1
3.13 by d
(3.13) < o —1)? exp{¥1} P PR
r

< |A|{nlog(2 + |s — 1|logx) + X1} exp{S} 1

s = 1|

o—1

uniformly for |[7] < 1,1 <0 <2, 2 <z, nlog(2+ |s — 1]logz) < 1. Here we
used the inequalities

[s=1]/2<|s—=1]|—|z—s|<|s=14+z—s| =]z —1]

and
|z — 1] <3/2|s — 1]
which hold on T'. |
Put
Fo(s) = exp(3 L)

p

Lemma 3.2. Let f be a multiplicative function the generating function of
which is absolutely convergent for s > 1. Suppose further that f(p) = 0 or
0 < A < |f(p)| for each prime p. If f(p) is nonzero let 0, = arg f(p) with
—m < arg z < 7 for all complex numbers z. Assume that there are real numbers
0o, and § > 0 such that

|€i90 o eiap‘ Z S

holds. Then there are positive constants 19, K so that the following inequalities
are satisfied for 1 < o < 2:

|F'(s)] 83\ 1 82\ 1
3.14 < KY _2A oA L
B1) gy SETew| —grle Tyt > o

f(p)=0
if
_as3
T < |7] < —2+exp((0—1)637§r), l<o<2

and

|F'(s)] 53 7| REDY 1
3.15 < KY _9 M e (1 A 1
B15) Ry SEZzew | —ptlog {14+ 77 )+ ) -
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if 7] <710, 1 <o <2, where

P —supexp |Z oo )
p(!

a>2

Proof of Lemma 3.2. A variant of this lemma can be found in [1] Lemma
19.6. Therefore we only sketch the proof. The conditions imply

s £(mo eifppit) _
0 3 2070 o 3= I =1i)

(P20 P
0y, ity
< 22 exp( Z (%{e p gg 1)|f(p)|)

f(p)#0

For a,b € R we use the notation
|a —b] (mod 27) := Il?el%l la — b+ 2km|.

Let (') € Oy (R) such that it is zero at 6y + §/2 , 62/8 at 6, and linear on

the intervals between these three points, ( mod 27), and zero otherwise. The
Fourier series expansion of ¢ is given by

(3.16) P(e?) = Zale’w,

leZ
LT 00y ,—i0l
=— [ Y(e¥)e """d.
™

< 2
joul = ml?

where

. 3
Obviously ag = 3‘52—7r, and

for all [ # 0. Further
1 — Rellpit > % if |§o — Tlogp| (mod 27) < 4/2
— |0 otherwise

Thus 1 — ReP»p~7 is at least as large as 1)(p°"). This implies

2
(B17) 3 Q=R TSI = YA - S S

f(p)#0 f(p)=0
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and by (3.16) we obtain that the first term on the right hand side of (3.17) is

> Aarlog (o —ilr) + O(1).

€7
Since a
0 1 .
—log—+1 if|7| > 19
Zal log (o —ilt) >{ 2 ot I
ez ap log % +1  if 7] < 7,
the proof is finished. |

Lemma 3.3. Under the conditions of Lemma 3.2. the inequality

F(s)] 53\ 7] 52\ 1

<K% R A oA -

shed | me ayy B U T 1) T f;;opa
p =

(3.18)

holds uniformly for all |7| < (o — 1)~A.

Proof of Lemma 3.3. Using

log(1 + Hun
o

L) < (A4 2)los(—10) +e

o—1

which holds uniformly for all |7| < (0 — 1)~* we obtain by (3.14) that

|F(s)] 53\ 7] 52\ 1
< KII ——1 1 — —
Folo) = 2P oAy B\ T 21) T8 > o
f(p)=0
holds for all 79 < |7| < (0 — 1), On the other hand by (3.15) the same
inequality is valid for |7| < 79, thus the assertion of Lemma 3.3 follows. |
Define 3, = exp(r)y, and § = exp(r) with 2r = m. Let

(3.19) H2(1+y) = / Fty+it) —AC Lty +it) 5,

1+y+it

In the range 1/log™ 'z < y < §log™ ' x we treat the integral on the right side
for [t| < By, By < |t| < T and T < |t| separately, where T = y~P with an
arbitrary large positive constant D. The integral over this three ranges will be
denoted by I11, ;2 and I3, respectively. Concerning I1; we conclude that

nlog(2 +|s — 1|logz) < nlog(2 + ylogx + ydlogx) < nlogd? < 1,
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and
y < By < 62/logz < 1.

The conditions of Theorem 1.1 imply ¥; < 1. Then, by (3.9), it follows that

2| A2 log?(2 + ylogz + t1
I11<<77‘2| / og”( yogxz 0g)
|y + it[2~
118,
n?|Al? log?(2 + ylog x + tlog )
< 5 L
Yy ly + it|2~

dt
[t|<y

n?|Al? / log?(2 + ylog x + tlog )

: dt.
y? ly + it[2"

_|_

y<[|t|<By

The first term on the right of the last inequality does not exceed

log?(2 + 2ylog )
2n?|AJ? T ,

whilst the integral in the second term is at most

T log?(2 + 2t log ) T 10g2(2 + 2u)
x U
2/ g g dt <<log2”_1a: / gidu
t2n u2n
Y ylogz

< log?(2 + 2ylog z)y2"+1,
Thus
Iy < ?| AP log®(2 + 2y log )y 2.
Concerning 15 we obtain, using the Cauchy-Schwarz inequality,
F'(1+y+it A1 +y +it))

1+y+it L+y+it
B, <|t|<T B, <|t|<T

=I191 + I122.

Using the representation

F'(s)
F'(s)=F
(5= F&) -
we obtain
F'(14y+iu)
Ii21 < sup (1+y+it) 2/ 2
e 5g,swt|gT| vl ) 1+y+W)(1+y+W)|
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Because of (3.5)

=Y f(n)A(n) < u.

n<u

By an application of Parseval’s identity we deduce that

F'(1 4y + iu) ) by ) »
du =27 [ |L(e")Pe?vd .
/‘F (14 y+du)(1 +y+iu)| u W/‘ (e*)[e w <Ly

Now, the conditions of Lemma 3.2 are fulfilled with A = k — 7)0, and n = k+ng.
Then f(p) is never zero and we can choose §y = 7, and § < jz? in Lemma
3.2. Lemma 3.3 yields

sup |F(1+y+it)]? < 22F02(1 + y) exp(—2clog(1 + yilﬁ’y))
By <[tI<T

with some appropriate positive constant (¢p x50, =)¢. The conditions of
Theorem 1.1 shows that X5 < 1 uniformly for 0 < y < 1. Further, with
€=k —To,

Rty <en 3 LB cop MBI, <

14y
p<exp(y~1) p p<z
— €
< exp(z ‘f(p)| )y—e
p<z p

uniformly for 1/logz <y < 2. Here we used that
1
Z p1+y <1
p>exp(y—1)

holds uniformly for 0 < y < 1, which is a direct consequence of (3.11) and the
asymptotic estimations

leloglogu—&-(’)(l) (u>2),

p<u

1
i) = 1 <1 1).
C(1+y+it) J it+0() O<y<1t<1)

Further using the inequalities

C(1+y +it) <Olog?(|t])) (0 <y <1,[t|G1),
(’(1 +y+it)

B
o i <OMs”(H)  (0<y <1, ]
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with appropriate positive B we obtain
1 log?2* (|t])
Ty < |AJ? / —  __dt+|AP? / —= Vgt < |APPB 2
122 | | |y+zt|2“+2 | | |y+zt|2 | ‘ ﬁy

By <[t|<1 1<[t]

This implies

—€
I < exp(2 Z M)y*%*1 exp(—2clog(1+y 1 B,))+|A[2d~ 2ty =21,

p<z
Concerning I13 we observe
IFl+y+it) <y 0<y<I1,teR
for some 0 < B, and we obtain using Cauchy’s theorem
IF'(l+y+it) <y P71 0<y<1,teR

Choosing D large enough gives

sup |[F'(1 +y +it)|? / t < yP.
t

T<|t|

1
1T+ y+it]?

Similar estimations lead to

Lz < (JA]? +1)yP.
It remains to estimate H?(1 + y) for 6/logz < y < 1. In this range we split
the integral appearing on the right hand side of (3.19) into two parts, denoted

by Io; and Iy, where |t| < T and T < |¢| respectively. A similar computation
as above concerning I15 and I3 shows that

P)l — €\ _2e— —2k—
In < exp(QZw)y 21 4 |ARy~2e 1,
p<w

and

Ino < (|A]? +1)y?

respectively. Putting it all together we deduce that fll/ log & H(1+y)y 2dy is
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at most
1
/ n|Allog(2 + 2ylogx)y "1+
1/logx

+ exp(z M)y*‘1 exp(—clog(1 +y~'8,))dy+

p<z
1

+ / A5 1y~ (4] + Ly Pyt

1/logx
1 )
P)l — €\ e —K—
o [ (3 =Syt
6/ logz p=z

which does not exceed

tog” o] + exp(3 L= exp(= ) 4 10g ).

p<z

Here we used that

< exp(f%) ifl/loglogz < n
log_l/2 r  otherwise.

The proof is finished. |
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