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Abstract. Let I C R be a nonvoid open interval and let n > 3 be a
fixed natural number. The question is which conjugate means of n vari-
ables generated by the n-variable arithmetic mean are weighted quasi-
arithmetic means of n variables at the same time? This question is a
functional equation problem. We characterize the real valued continu-
ous and strictly monotone functions ¢, defined on I and the parameters
Ply ey Pry qly --ry @n for which the equation

= <ipi@(%) + (1 - Zp> 9 (‘Tl+n+$n)> =

i=1

=y (Z qz‘1/)(fﬂz‘)>

holds for all z1,...,x, € I, where

>0 (i=1,...,n), Y g=1,
=1

p; >0 and Zpi -p;<1(j=1,..,n).
i=1
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1. Introduction

Let n > 2 be a natural number. Denote by K,, the n-tuples (p1,...,pn)
with the property below:

If min{z;} <M <max{z;} (i=1,...,n)

holds for the real numbers z1,...,z,, M then

min{x;} < Zpix,- + <1 — Zpi> M < max{z;}
i=1

i=1

holds, too.

Daré6czy—Péles ([2]) gave the necessary and sufficient condition for the n-
tuple (p1,...,pn) to be an element of K,:

Theorem 1. (p1,p2,...,pn) € K, (n > 2) if and only if

p;=0 and Y pi—p; <1 (j=12....n)
i=1

Let I C R be a nonvoid open interval. Denote by CM(I) the class of
continuous and strictly monotone real valued functions defined on the interval
1.

Furthermore, let M be a mean of n variables on I. Then for any ¢ €
e CM(I)
min{¢(x;)} < (M (21, 22,...,2,)) < max{p(z;)}

holds for all x1,...,x, € I, hence by Theorem 1 we have that

min{p(x;)} < Zpigo(a:i) + (1 — ZpZ) o(M(z1, 22, ..., 2n)) < max{p(z;)}

holds for all (p1,p2,...,pn) € K, and z1,...,2, € I.
We get that

o1 (ZIMP(CE?) + <1 — sz) o(M(z1, ... ,:1:7,))> =

= MEOPR P (L )
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is always between min{z; } and max{z;}, that is MZ1P2>--Pr : [™ — [ is a mean.
We call this mean the conjugate mean generated by the mean M with weights
P1,D2, - - -, Pn. This class of means includes the weighted quasi-arithmetic means
and the quasi-arithmetic means. If for instance we consider the case n = 2 we
get the following mean:

Mé”l’pz)(x,y) = @71(p1g0(x) +p20(y) + (1 —p1 — p2)p(M(z,y)))

1
W (z,y € 1),

where (p1,p2) € [0, 1]? (see Theorem 1). If we put p; +p2 = 1 in (1) we get the
weighted quasi-arithmetic mean. If p; = py = % we get the quasi-arithmetic
mean.

Let now M be the n-variable arithmetic mean:

Mz, o) = w

The question is which conjugate means generated by the arithmetic mean M
are weighted quasi-arithmetic means at the same time?

In this paper we characterize the functions ¢, 1 € CM(I) and the parame-
ters p1,p2, .- -, Pn, 41, G2, - - -, ¢n for which the equation

! (ZP#’(UC@) + (1 — Zm) o(M(xq,... ,xn))> =t (Z qiz/J(a?i)>

holds for all Ty, Tn € I’ where (plap27"'7pn) S Kn’ with P > 0 and
n

Sg=1 ¢>0(G=1,...,n).

=1

This problem has been solved in the special case n = 2 by Dar6czy—Dascal
[4]. Tt is surprising that this special equality problem leaded to the original
Matkowski—Sut6 problem and some of its generalizations.

2. Preliminary results

We need the following definitions.
Definition 1. Let ¢, ¢ € CM(I). If there exist a # 0 and b such that

Y(x) =ap(x)+b ifxel

then we say that ¢ is equivalent to 1 on I and denote it by p(z) ~ (z) if
x € I or in short ¢ ~ ¢ on I.
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We define the following sets:

T_(I):={teR| —I+tCRy}

The following comparison theorem was given by Maksa—Pales in [3]:

Theorem 2. Let ¢,1 : I — R be continuous strictly monotonic functions,

n n
2<neN, andlet \i,..., A\ i1y« fin € (0,1) with > A\ = > ux = 1.
k=1 k=1
Then the inequality

¢t (Z AW(%)) <y (Z de’(zk))
k=1

k=1

holds for all (z1,...,x,) € I"™ if and only if o p~1 is convex (concave) if
is increasing (decreasing) and A\, = pg for allk € {1,...,n}.

Theorem 3 (J. Jarczyk, [5]). Let I C R be a non-trivial interval, kK, A €
€ R\ {0,1} and p,v € (0,1), and let v, : I — R be continuous strictly
monotonic functions such that (,v) satisfies the following equation:

kr+(1—kr)y=
=A™ () + (1= me(y)) + (L= Ny~ (wb(z) + (1 - v)v(y)).

(2) k=Ap—v)+v

and one of the following conditions holds in I:

(a) @(z) ~z, P(z) ~x;
(b) k=A=3, p+v=1and p(x) ~ e, p(z) ~ e with some t € R\ {0};

2
(€) k= s A = m, v = % and either p(z) ~ Vz+1 and
Y(x) ~log(x+t) if teTy(I) or

p(x) ~vV—x+t and P(x) ~log (—x+t) of teT_(I);
(d) &= oy A= %, pw=1% and either

o(x) ~log(z+1t) and Y(z) ~Va+t if teTy(I) or

o(x) ~log (—x +t) and Y(x) ~/—x+t if teT_(I);



On conjugate means of n variables 91

(e) p#v, u+v#1, k= Mf‘y”_l, A= Z:Z and either

o) ~vr+tand Y(z) ~Ve+t if teTy(I) or
vV—r+tand p(z) ~/—x+t if teT_(I).

5
=
2

Conversely, all the pairs listed above satisfy the functional equation.

Observe that if I = R then only cases (a) and (b) are possible.
3. Main result

Theorem 4. Let n > 3 be a fived natural number, (p1,p2,...,Pn) € Kn,
pi >0andqi+...+q,=1,q; >0 (i =1,...,n). If the functions ¢, € CM(I)
are solutions of the functional equation

(3)

! (Zpisﬁ(l’i) + (1 - Zm) o(M(z1,- - 7In))> =t (Z %1/1(%))

(x1,...,2n € 1) then

1 - :
pjn<1Zp¢> G=1...,n)
=1

and the following cases are possible

o« if 3pi # 1 then pa) ~ 7, ¥(2) ~ @ (2,y € 1);

i=1
n
« if 3 pi =1 then o(z) ~ (x) (2, € I).
i=1
Conversely, the functions given in the above cases are solutions of equation
(3).
Proof. If Z p; = 1 then we have the equality of weighted quasi-arithmetic

means and by Theorem 2 we get the statement.

If Z pi #1 we put J := o(I) and u; := p(z;) and we get
i=1

n -1 —1
uy) + ...+ U
p1ul + ... PplUn + <1_ § pi) 2 <<p ( 1) n 4 ( n)) =

i=1
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(4) =potp (o Hu) +...+ g oo (un))

for all u; € J.
Setting u := u; and v := ug = ... = u, in the equation above we get

piu+ UZZH = (sz - 1) ® (711801(“) +(1- 711)801(”)> +
+pop (o™ u) + (1 —qi) o ' (v) (u,ve ).

n
Dividing by > p; we get
i=1

fl u+ | 1— fl V=

sz' Zpi

i=1 i=1
1 1 _ 1 _

=|1-= 90<<P 1(U)+<1><P1(v))+
n n
Di
i=1

+ nl ot (o (u)+ (1 —q)v o (v) (u,ve ).

> pi
i=1
Let -2 =ik, =— =: A\, ¢ =t p and + =: v, then
2 pi _Elpi

ku+ (L—r)o=Xxpop™" (upoo ™ (u)+ (1 —ppop ' (v) +

(5) +A =N (v~ (W) + (1 =)~ (V) (u,v € J).

p; >0foralli=1,...,nimplies k € R\ {0, 1}, hence we can apply Theorem 3.
The case A = 1 gives Y p; = 1 which we have already discussed. A = 0 is not

(%)

possible. Hence by (2)_we get that

S|

q1 —pP1 =
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Setting u := ug and v := u; = uz = ... = u, in (4) and applying Theorem 3
again to the new equation and so on we get that

forj=1,...,n.

1 1

From the first case of Theorem 3 we have that ¥ o ™" and ¢~ are the

identical functions, which means p(z) ~ z, ¥(z) ~ x for all x,y € I.
In case (b) of Theorem 3 k = A = % and p + v = 1, which gives p; =
=1, ¢ =1 —% and Y p; = 2. Since (p1,p2,...,Pn) € K, we know that
i=1

n
pj > 0and Y p;—p; <1 (j =1,2,...,n). From these relations we have
i=1

n
that p; > 1 for all j = 1,2,...,n and ) p; = 1, hence (p1,p2,...,Pn) €
i=2
€{(1,1,0,...,0),...,(1,0,...,0,1)} which contradicts p1,...,p, > 0.
In case (c) of Theorem 3 we have v = §, but v = 1 and n > 3, so this case
is not possible.

In case (d) of Theorem 3 we have p = %, but g = ¢; which implies ¢; = %
Furthermore, k = Wiy)g and \ = %, which give p; = —% <0

which is a contradiction, so this case is not possible either.

n—1

In case (e) from the relations between the parameters we get that p; =
= %, but p; > 0, hence ¢; > % Applying Theorem 3 n times we get
that ¢; > % (t=1,...,n),but ¢ +...+¢, = 1, which is again a contradiction.
By easy computation we can see that the functions found in the above cases
are solutions of the functional equation (3) and this completes our proof. M
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