Annales Univ. Sci. Budapest., Sect. Comp. 34 (2011) 33—44

SOME FURTHER REMARKS ON A PAPER
OF K. RAMACHANDRA

N.L. Bassily (Cairo, Egypt)
I. Katai' (Budapest, Hungary)

Dedicated to Professor Jdanos Galambos on his seventieth anniversary

1. Introduction

Let P be the whole set of primes. Let D > 1 be an integer, l1,. .., be dis-
tinct residues mod D coprime to D, k < ¢ (D). Let P be the set of the primes

p = li,...,lx (mod D), and N =N (75> be the semigroup generated by P.
Let Py, := {n|n € N(ﬁ) w(n) =k}, Np={nn ¢ N(ﬁ) ,Q(n) = k).
where w (n) ,  (n) are additive arithmetical functions defined for prime power p* by
wpPt) =1 Q@) =a

Let

() :=#{nn < z},
I, (z) :=#{n < z|n € Pp},
Ni () :==#{n < z|n € Ny}

Our purpose in this paper is to give the asymptotic of I, (z + y) — IIj (), and
that of Ny, (x + ) — Ny, (z), where y =< 2%, 0 < 1.
This can be done by combining the method of Sathe-Selberg, and that of K. Ra-
machandra ([1], [6], [7]).
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2. The method of Ramachandra

2.1. Ramachandra [1] proved the following assertion:

Let S1, S2 and S5 be the sets of L-series, the derivatives, and the logarithms of L-
series, respectively. log L (s, x) is defined by analytic continuation from the halfplane
o = Res > 1; for some complex z, we define

L(s,x)" =exp(zlogL (s,%)).

Let P; (s) be any finite power product (with complex exponents) of functions of
Sy. Let P, (s) be any finite power product (with nonnegative integral exponents) of
functions of S3. Let also Ps (s) denote any finite power product with nonnegative
integral exponents of functions of Ss. Let ¢,, be a sequence of complex numbers such
that |c, | < n® for every € > 0 and

ZM<OO for o >1/2.

n(T

Let Fy (s) = > £=. Furthermore, let

Fi(s)=Pi(s)P2(s) P3(s) Fo(s) =y =~

and

E(l‘) = Zgn-

n<zc

Let r (< 1/2) be a positive number. We define the contour C (r) by starting from
the circle {s||s — 1| = r}, removing the point 1 — r, and proceeding on the remaining
portion of the circle in the anticlockwise direction. Let Cy = C (7).

Assume that 7 is so small that F} (s) has no singularities on the boundary and in
interior of it, except, possibly, the places s = 1.

LetC; =C ( L ), and let L=, L™ be defined as the intervals on straightlines

log x

o) ]
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Let C* be the contour going along L~ starting from (1 — %) e~'", then on C,

and, finally, on L*.
Let B be the constant occurring in the density result

Ny (a,T) =0 (TB“—a) (1ogT)2) :

which is valid for all characters occurring in Py, P, and P5. Let ¢ =1 —1/B + ¢
with arbitrary € > 0.

Remark. According to Huxley’s result, ¢ can be any constant greater than 7/12.

Theorem of Ramachandra. Ler x be sufficiently large and 1 < h < x. Let

h
(2.1) I(xz,h)= %/ (é Fi(s)(v+2)° "ds | do.
0 0

Then

@2 E(w+h) - E(@)=1I(eh)+0. (h-exp (- (loga)"®) +27).

Ramachandra used the Hooley-Huxley contour for proving his very general theo-
rem. Katai [2] applied Ramachandra’s theorem to obtain the uniform result

1 ()

7 >, 1=(1+0(1) .
w(n)=k

z<n<z+h

uniformly for any £ < loglog x + c,+/loglog x, where ¢, — oo sufficiently slowly,
and x > h > z¥te,

Sankaranarayanan and Srinivas [3] gave a version of Ramachandra’s result in
which the function F} (s) may depend on a parameter.

2.2. Some consequence proved in [4]

Integrating on the same contour as Ramachandra did, we have

(2.3) E@)=J(x)+0 (x - exp (— (log a:)l/G)) )

where

(2.4) J(z) = i/c Fi (s) —ds.
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Furthermore, [ (x, h) can be written as

1 h)® — x*
2.5) I(z,h) = / Fi(s) @EED =2
27i Co s
Let
1 h)® —
(2.6) D (z,h,s) = <(x+)x - m“) .
s h
Assume that % < |s| < 2and that h = 2", 7 < g — % with small 7. Then
(x+h)" —a° o1, hat (1) 3 0-3
T s S S h3z°
o T + 5 + O ( T )
and, thus,

1 )
D (z, h,s) =xz%"! <1 — ) + O (h3 ~x”73) ,
s
which by h3 - 2773 < 2?7272 <« 27" and ha® 2 < 27" implies that
-1
D (z,h,s) = ;103_1M +0(z7").
s

Hence, we obtain that

27 E@+h)—E(x) xa: _%/
+0 ("

s—l)ds+

")+ (exp (— (logx)l/ﬁ))

h

and, thus, by (2.3) and (2.4) we have

E - F 1
(x+h) ('T) :7‘/ F1 (S)J)s_lds—f—
h 271 Co

(2.8) +0 (exp (— (log x)l/G)) +
+0(z77).

Since F} (s) is analytic on the domain with boundary C, U C*, we can transform
the integration line on the right side of (2.8) to the contour C*.

We have proved the following:

Theorem A. Assume that F (s) satisfies the conditions stated in Ramachandra’s the-

orem. Let v > 0 and ¢ > 0 be sufficiently small constants, and let z7/12T¢ < b <
2 2r

< x5~ 3. Then

E(x+h) —E(@) 1

2. —
9 h 2 Joo

Fi(s)z* tde + 0 (exp (— (log $)1/6)) .



Some further remarks on a paper of K. Ramachandra 37

Let us assume that

U (s)

(2.10) Fy(s) = Go1°

where the function U (s) is analytic in the disc |s — 1| < r. Then, for each fixed k,
k k+1
U(s)=Ag+A1(s—1)+...+ A (s=1)"+(s=1)"""V(s),

where V' (s) is bounded in |s — 1| < r.

Furthermore, since

I'(a—z) sinm(a—2)

1 . a -
@11) Q—/x Hs—1)" % ds = e +0 (a7712)

m (log ™

(for the proof, see Lemma 8 in [10]), we deduce the following:

Theorem B. Under the conditions stated above, we have

k 141 .
1 U(s) .4 F(l—2) (-1)" sinmz
(2.12) — 2 ds = E A +
270 Jor (s —1) — l(log z)l et T

1
10— |
( (log x)k—‘rQ—ReZ >

Proof. By (2.11), we have only to prove that

whenever Rez < k + 1.

1

L 1 k+1—2z
o7t ) Vi(s)(s—1) ds

(2.13)

can be majorated by the error term on the right-hand side of (2.12). The integral (2.13)
extended to the contour C' (1/log x) is obviously less than the error term of (2.12).

To estimate the integral on L™ and L~, let us write s = 1 — 7. Then

1 K [ .
— V (s)|| (s — 1) |FHiRezp=Tds <— g TR g
2T LE 21 1/logx
1
< (log ) T2 Re=’

and the proof is completed. ]
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3. Short interval version theorems for N (x) , ITy (x)

Let x run over the Dirichlet characters mod D, L(s,x) = > %, C(s) =
1

=1
= > -1, X0 be the principal character mod D, L (s, x0) = ( (s) [] ( — pi> .
n=1 p|D
Let
L
3.1 c(x) = —— x (),
especially
k
(3.2) c(xo) = .
(xo) 21D
Letze C
28n) 1
(3.3) F(s,z)._z~ > _Hy%’
neN p€eP p

w(n)
(3.4) G (s,2) :=Zzns :H(Hpsz_l),

2| (n z
(3.5) H(s,z)::zwzn(wps).

neN pPEP

Let p* be the smallest element of P.

We can write

(3.6) F(s,2)=F(s,1)°Q(s,2),
where

(1-%)
(3.7 Q(s,2) = H -~ /.
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The product on the right-hand side of (3.7) is absolutely and uniformly convergent in
Res > % +94, |z < p*%“; — g, if 0, € are arbitrary positive constants.

Let

(38) T (8) = HL (S,X)C(X) , A (S) — T(S) . (S _ 1)C(X0) .
Thus
c(xo)
(3.9) A(s) = (s) (s — 1)°00) H (1 — p15> H L (s, %)™
p|D X#Xo

Let
(3.10) K (s) = FT(Z)U,
(3.11) U(s,2):=(A(s) K ()" Q(s,2),

s e U2
(3.12) F(s,2): oo 1)(X0)z.

F (s, z) satisfies the conditions stated for F (s) in 2.1. We can use Theorem A and
B.

Let
(3.13) U(s,z)=Bo(2)+B1(2)(s—1)+ Ba2(2) (s — 1)2 R

It is easy to prove that there exists » > 0 and a constant c such that

(3.14) sup max |B, (z)|-r" <ec.
n>02|<2—¢
We have
(3.15) By (z) =U(1,2) = (A() K (1))"Q(1,2),
D c(xo) .
(3.16) A1) = (“DE))) I L.
X=Xo
Let
N4 _ N X
(3.17) u(s) = Zps, t(s,x) =) ot
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Then
log K (s) =log F' (s,1) — logT (s) =
:Z% {u(ls) - Zc(x)t(ls,xl)} ,
1>2 X
and so

(3.18) logK(l)ZZ;{u(l)—ZC(X)t(l>Xl)}7

1>2

the right-hand side is absolute convergent.

Since

_ (S s S u(l) 1
therefore log Q (1,2) = ( > =~ | 2 — > —~2". Let

=2 =2
(3.19) c=> ”—(l),
=2 l
(3.20) Q" (1,2) —ex (-Z“(l) l)
. ,Z) =exp ;2

=Qo + Quz + Q22 +---.

Then Qg =1,

(3.21) > 71Qul - |2l < exp (Z ugl)lzl> ,

the right-hand side is finite if |2| < p* — .

We can write
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Let y = 27/12%¢ From Theorem A and B we have that

1 1
L(z) == @l = — | F =l
(2) ; K;ﬂ z 371 ). (s,2)x s+

neN

+0 (exp (f (log x)l/G)) =

_ L / ) 7(5 U(s:2) "tz 4+ O (exp (— (logx)1/6)) =

727(7; o 1)C(XO)Z
I' (- —1)si 1
By (2) (—c(x0) 2) ( I}CS(;H)ZC(X())Z+O )+
7 (log ) e (log z)

+0 (exp (— (logx)1/6>) .

From iy = 527 (=1)" T (k + 1 — w), applied fork = —1, w = ¢(x0)
we have

I' (—c(xo0) 2) (=1) sinme (xo) 2 _ 1 _

T T'(1+c(xo0)2)
1 1

_C(XO)Z . Te(xo)z

It is wellknown that ﬁ is an entire function. Let

Q" (1,2)
I'(c(x0) 2)

Z|TVHZ|V

(3.22) R(z):= =To+Tiz+Tez>+---.
It is clear that

is convergent for |z| < p* — e.

Since
N, - N 1 , .
k (.23 + y) k (J?) :/ r (627710) e—27rzk9d9 _
Yy 0
(A (1) K (1) e (log :U)C(XO)Z)
= coeff R(z)+
(o) (08 0) =
1
+0 _ S Lo L))
log x log x log x
Let

[(x) :==c(xo)loglogz + C +log A(1) K (1).
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We have

and so

bk ™ (k= 1) (xo) <(k—1)
I(x)F?
o) (-1
where
k—1 _
e l<;1 (k(_ 1 )Z)'Tl ) l
Since
e 1) ok,
we have
e (k-1 1S, (k=1
Uk*;Tl' (Hx)) + 0O <k‘§l T <l(x)> ) .

Collecting our inequalities we obtain the following assertion.

Theorem 1. Let ¢ > 0 be fixed. Then, uniformly as

1<k < (p* —¢)c(xo)loglogz,

7/12+4¢

fory==x we have

Ni (# +y) = Ni () _(e(xo)loglogz +C +log A(1) K (1))""
y ¢(xo) (k= 1)!

k
< It (C(XO)loglogx+C+1ogA(1)K(1)) x

X <1+0<1 ))
loglog x

A (1), K (1) are defined in (3.9), (3.11), and C'in (3.19), (3.17), R in (3.22).

Arguing similarly, as above, we can prove Theorem 2.
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Let

Q" (1,2) M(1,z)
I'(c(xo)2)

Theorem 2. Let0 < B < o0, (%) > ¢ > 0 be fixed constants. Then, uniformly
as 1 < k < Bloglog x, we have

Mty M@ 1 <> ( )
y ¢(xo)logz (k-

g ( <1Oglogx>>

S(z):=

where y = x7/12te,
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