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FOURIER-VILENKIN SERIES AND ANALOGS
OF BESOV AND SOBOLEV CLASSES

S.S. Volosivets (Saratov, Russia)

Dedicated to professor Ferenc Schipp on his 70th birthday
and to professor Péter Simon on his 60th birthday

Abstract. In this work we prove several theorems connected with
embeddings of P-adic generalized Besov spaces and Sobolev spaces in
each other. The sharpness of these results in a certain sense is shown.
Trigonometrical analogs of two main results were previously proved by M.K.
Potapov.

1. Introduction

Let P = {p,}52, be a sequence of natural numbers such that 2 < p,, < N,
mo =1 and m, =p1...p, for n € N = {1,2,...}. Every number z € [0,1)
can be represented as

oo
(1) x:an/mn, Tp €L, 0<z, <Dpn.
n=1

If x = k/my, k,i € N, then we take extension with finite number of nonzero
Zn. Every k € Z, ={0,1,...} can be expressed uniquely in the form

(2) k= ij,mi_l, ki S Z, 0 < kj, < p;-

i=1
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For z € [0,1) and k € Z_, let us define xy(x) by the formula
o0
k() = exp [ 2mi (Z Ijkzj/pj>
j=1
It is well known that the Vilenkin system {xx(z)};2, is an orthonormal and

complete system in L[0,1) (see [5, §1.5]). In the case p, = 2 it coincides with
the Walsh system. Let by definition for f € L[0,1)

- [sapaa, nez,. S - " F(k)xu(x), neN,
0

An(F)(@) = S (F)(@) = Sn (), nEN, Ag(f)(x) = f(0).

n—1
The sum Y xi(z) =: D,(x) is called the n-th Dirichlet kernel. By the
k=0

generalized Paley lemma D, () = mnX[o,1/m,,), where n € Z; and Xg is the
indicator of the set E. From this identity we deduce that

S (1)) = 11 / F(t) dt

for zel =[k/mp, (k+1)/my,), neN, k=0,1,...,m, — 1.
In addition, | D, (x)| < Cy min(n,1/z) for x € (0,1) (see [5, §1.5] or [1, Ch.

1 1/p
4, 83]). If || fll, = (f ViG] dt) is the usual norm in LP[0,1), 1 < p < oo,
0

then we have for n € Z, and 1 < p < o0

1/n 1
(3) | Dn P < C /n”dt+/t*¥'dt < ConP™ 1,
0 1/n

The maximal function M(f) is defined for f € L1[0,1) by M(f)(z) =
= sup |Sm, (f)(z)|. The P-adic Hardy space H (P, [0,1)) consists of functions

neZy
f € LY0,1) such that ||f||g = [[M(f)]1 < co. If z,y € [0,1) are represented

in the form (1), then x @y = z = > z;/m;, where z; € Z, 0 < z; < p;
i=1
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and z; = x; +y; (mod p;). The inverse operation © is defined similarly.
Let us introduce a modulus of continuity in L?[0,1), 1 < p < oo, by the
formula w*(f,t), = sup{||f(x ©h) — f(@)|, : 0 < h < t}, t € [0,1]. In
addition, we will denote w*(f,1/mn), by wn(f)p- If {wn}nZ, is decreasing
to zero, then we define Hy = {f € L?[0,1) : w,(f), < Cwp,n € Zy}. Let

Pn={f € L[0,1): f(k) =0,k >n}, E,(f), = nf{[[f — tn]lp : tn € Pn} for
n € N. Further, we will often use A.V. Efimov’s inequality [5, §10.5]
(4)

Emn(f)p <|If - Smn(f)Hp < wn(f)p < QEmn(f)pa 1<p<oo, n€Zy.

In a similar way we define w*(f,t)u, wn(f)u, HY and E,(f)#, and have (see

[18])
4)  Em, (Na <Nf = Sm. (Dl <wn(f)a <2Em, (fa, neZy.

Let «(t) be a measurable and positive function on (0,1) such that a €

€ L[6,1) for all 0 < § < 1. Then we can introduce two sequences {5(n)}32,
1

{u(n)}o>y by formulas B(n) = [  «(t)dt for n € N, (0) = 1, and
1/(n+1)
1/mp—1
pn) = [ a(t)dt,n € N. If f € LP[0,1), 1 < p, § < oo and the series
1/my,

S° BY9(n) f(n)xn(z) is Fourier—Vilenkin series of a function o(f) = (6, f) €

n=1

€ L?[0,1), then f € W(0,p,a) = W(0,p,a,P). Similarly, if f € H(P,[0,1))
o0 ’I’n”+171 N

and the series > Y%(m, —1) Y. f(k)xx(z) is the Fourier- Vilenkin series
n=1 k=mn,

of a function ¥(f) € H(P,[0,1)), then f € W(0,H,«). By definition, for

p,0 € [1,00)

1/6

1
B(0,p,a) = feLP[0,1): Ippa = /a(t)(w*(f, t)p)9 dt < 00
0

The quantity Iy pr o and the space B(0, H, «) are introduced in a similar way.
Further we assume that for «(t) the dy-condition

) 26 1
(5) /a@mgc/a@ﬁgc/@@ﬁ,5emeLC>a
o o

§/2



346 S.S. Volosivets

is satisfied. If p, < N < 2% n € N, then it is easy to see that the Js-condition
(5) implies the inequality

1/my, 2/my,

(6) p(n+1) < / a(tydt <Y " / a(t)dt < A(C)u(n).

2=a/my, 1/my,

Finally, from (6) one can deduce that for my < n < mgy1, k € Z,

B(n) < Blmpg1) < (AF + ...+ 1)u(1) < C1AF <
S C’12k’y S C’lmz S C’ln'y, Y= 10g2 A.

(7)
We will consider several classes of generalized monotone sequences. If
lim a, = 0 and a,n~" decreases for some 7 > 0 and for all n > 1, then

{an}22, is called quasi-monotone ({a,}52, € A;). If lim a, = 0 and a,n”
increases for some 7 > 0 and for all n € Z;, then {a,}>2, € A_,. The
classes A, were introduced by O. Szdsz [17] and A.A. Konyushkov [8] in the
case 7 > 0 and by G.K. Lebed’ [9] in the case 7 < 0. If lim a, = 0 and

n—oo

(o)
> lag —ags1] < Cay, for all n € Zy, then {a, }52, belongs to the class RBV.S
k=n

introduced by L. Leindler [10]. It is easy to see that condition {a, }2°, € RBV' S
implies the inequality a,, < Ca,, for all m < n.

The trigonometric counterparts of B(6,p, ) and W (0, p,«) are general-
izations of O.V. Besov and S.L. Sobolev classes of 27-periodic functions. These
classes were studied by M.K. Potapov [12], [13]. So, in [12] he investigated
embeddings between generalized Besov and Sobolev classes while interrelations
between generalized Besov classes may be found in [13]. In this paper we
obtain sufficient conditions for embeddings of B(¢,p, «) and W (6, p, @) in each
other and show that these conditions are sharp in a certain sense. A criterion
for functions with generalized monotone Fourier-Vilenkin coefficients to be
in B(#,p,t7"71) is also given. Note that d,-condition in the present paper
replaces two conditions used by M.K. Potapov.

1. Auxiliary propositions

The first lemma has been proved by C. Watari [21] and generalizes the
famous Paley theorem for the Walsh system.
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Lemma 1. 1) Let f € LP[0,1), 1 < p < oo, f(0) = 0 and Q(f) =

o 1/2
— (Z18u0@07) - Then
QU < 1y < CollQU -

2) If for p € (1,00) and for the series Y anXxn(x) it is true that

n=1

2 1/2
o] my—1

L=|[>] X axi) < 0,

n=1|j=mn_1

then this series is the Fourier—Vilenkin series of a function f € LP[0,1).
Moreover, || fll, < Cslp.

Lemma 1’ extends Lemma 1 to the P-adic Hardy space corresponding to
the case p = 1. In the dyadic case Lemma 1’ may be found in [16, p. 101,
Corollary 4].

Lemma 1. If f € L'[0,1), f(0) =0, then

GillR(NI < lIflle < CollQ(f) -

The following Lemma is an analog of the Marcinkiewicz theorem on
multiplicators.

Lemma 2 ([3]). If {\x}72, C C and there exists M > 0 with the property

mn+1—1
D Pal<M, 2 S A<M, neZs,

k=m.,

then for every function f € LP[0,1), 1 < p < oo, the series S Apf(k)xr(z) is
k=0
the Fourier-Vilenkin series of a function fy € LP[0,1). Moreover,

[xllp < C, N) [ flp-
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Corollary 1. Set A\, = (B(k)/B(mn_1 — 1)) and v, = (B(mn_1 —
—1)/B(kNYY for m,_1 < k < my, n € N with \o, o arbitrary. Then the se-
quences {\e 152 and {vk}72, satisfy the conditions of Lemma 2. In particular,
functions o(f) and ¥(f) belong to LP[0,1), 1 < p < 0o, simultaneously.

Proof. Since a(t) > 0 and {8(k)}72, increases, we see that {A;}72,
increases and {7}, increases in every interval of the form [m,_1,my),
n € N. The boundedness of {\;}72, follows from the do-condition, while the
boundedness of {7;}72 is evident. The boundedness and monotonicity imply
the fulfilment of property 2) in Lemma 2. The Corollary is proved.

There are different forms of Minkowski inequality in the spaces LP and [P.
The two following statements will be used later.

Lemma 3 ([14]). Let 1 < p < 00, ank, > 0, n,k € N. Then the inequalities

C B R

k=1 \n=1

o /[ oo NP  w /oa 1/p
9) <Z < ank> ) < Z (Z a‘ik) )
k=1 \n=k

are valid.

Lemma 4 ([4]). Let g = {gr}3>,, where g € L?[0,1), k € N, and

1/q

oo 1/q oo
lgllLr ey = (Z |gk|q> o lglerey = (Z ||gk||Z>
k=1 p k=1

Then the inequality ||g||Le2) > ||glli2(Ley is valid for 1 <p < 2. Ifp > 2, then
we have

lgllzrazy < ligllzweys  NANrary < 1fllp: A = {An(f)} oz

Remark 1. The last inequality of Lemma 4 is proved in [4] for the Walsh
system with help of interpolation and its proof is translated to the case of an
arbitrary system {x,}>2, of bounded type.

o0

Lemma 5. Let {¢,}52 be a subsystem of {xr}72, such that v, = Xk

n’

o] (o]
Mmp < ky < mpy1 and Y |an|? < 0o. Then the series S anpn(z) converges
n=0 n=0
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in every LP[0,1), 1 < p < oo, to a function [ and the following two double
inequalities are valid:

oo 1/2 oo 1/2
(10) a(zan?) §|f||p§C2<Zan2> ,

n=0 n=0

00 1/2 1/2
(11) Cl < Z |a‘n|2> S Wk < 202 ( Z an2> 9 keN.

n=my n=my

Proof. The inequality (10) has been proved by N.Ya. Vilenkin [19].
According to (10) and (4) we have

n=my

1/2
we(f)p <2/ f = S, (f)llp < 2C2 < > Ian|2> :

The left inequality in (11) is obtained in a similar way. The lemma is proved.

Lemma 6. Let 1 < p < oo, f € LP[0,1) and either {f(n)}ffzo € A,
T €R, or {f(n)}>2, € RBVS. Then

o

G Y, f@PP2 <wh(f), <

I=Mp 41

(12) <0y (mﬁ_llf(mn)p + If(i)lip_2> , neN,

T=My,

( |”+Z|f )|Pir= 2><|f||”<04<|f |”+Z|f )|Pir= )

i=1

Proof. The right inequality in (12) has been proved by N.Yu. Agafonova
[2]. If 1 < p < 2, then the left inequality (12) follows from the famous Paley
theorem (see [7, Theorem [6.3.2]]). If p > 2, then by Lemma 4 we have
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If = Sm, (NI = > ||Akl5. From conditions {f(n)}2, € A, 7 > 0,
k=n-+1

or {f(n)}:2, € RBVS we deduce that (k € N)

1/my
1AL > / AL @) P da =
0

1/my me—1 4
= [ | X 70 do = com | fmp.
0 i=mpg_1

Summing these inequalities over k from n + 1 to oo, we obtain

1f = S (NIE = Cs Y mi )P > Cs > [f@)Pi>
k=n-+1 I=Mp41

For {f(n)}22, € A;, 7 < 0, we have similarly [Ak(HIE > Com?™ | f(my_1) [P

and |[f = S, (NI = Csiol |[f@)Pir=2. Since |f(i)] < [fllps i € Zy4, p €

1=Mn

€ [1, 00), the inequality (13) is obtained in a similar way. The lemma is proved.

Lemma 7. Let 1 <p, 0 < oo, f € LP[0,1). Then for n,q € Zy, n < gq,
the inequality

1/mn

q g—1
14) Y wR)EL, (f) < / o) (1)) dt < O S u(B)ES, (£,
k=n-+1 1/m, k=n

holds. This statement is also valid for E,(f)g and w*(f,t)m.
Proof. By (4) and by the fact that w*(f,t), increasing we obtain

1/mp—1 1/my—1
WREL (< [ @ (1m,) de s [ al (£, d
1/my 1/my,

Summing these inequalities over k from n + 1 to ¢ yields the left inequality
from (14). Using (4) and (6), we have for all k >0

1/my
k) Ep,, (f)p = Cop(k + 1)(w* (£,1/m)p)" = Cs / a(t)(w*(f, 1)) dt.

1/mk+1
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Summing these inequalities over k from n to ¢ — 1 we establish the right
inequality from (14). The lemma is proved.

Corollary 2. If the conditions of Lemma 7 are valid, then

S ubE, (1 < [t (7.0, dt<clzu
0

k=1

00 1
203 uef (P < [ ol (10 dt<clzu
k=1 0

Similar results are valid for E,(f)g and w*(f,t) g
Lemma 8. 1) Letn €N, 7 >0, 1 <p <oo. Then

n—1
D Kaxk(@)|| < Clon™ | arxr(@)]||
k=0 » o »
n—1 n—1

’ Z kapxr(z)|| < C(p)n” Z agXk
k=0 H k=0 H

2) LetneN, 7>0,1<p<oo,i€[my,Musr1). Then

< C(p)ymy, =P,

Proof. 1) Both inequalities may be proved by the method of [20]. In the
n—1

case 1 < p < oo the proof is simpler. Set t, = > apxk. By analog of M.Riesz
k=0

theorem ||S,,(f)llp < Ci(p)|If]lp (see [16, §3.3, Corollary 6] in the dyadic case)

and summation by parts we find that

S ((k+ 17 = ED[Skt1(En)llp + (0 = D7 [[Sn(tn)llp <
P 0

Co(p)n” [[tn]lp-
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2) Using (3), we obtain ||D; — Dy, ||, < Csmay P for i € [mn, Mpy1] and
1 < p < co. Summation by parts yields

Z E™Tx

k=my

i—1
< > (kT = (k+ 1) )1Dks1 = Do, I+

k=m.,

p

+i | Dis1 — D, ||p < Csmi™Pm, 7.

The lemma is proved.
2. Embeddings between generalized Besov and Sobolev classes

Theorem 1.

1) Let 1 < p < o0, § = min(2,p), f € B(0,p,«a). Then f € W(0,p, )
and

ey < CUpp.alf) + Er(f)p) < Clop.alf) + I1f]p)-
2)If f € B(1,H,a), then f € W(1,H, o) and ||¥(f)llag < Cli Ha-
Proof. 1) Remember that ¢(f) = ioz BY0(m, — 1)An 1 (f)(x). Set
n=1

Ap(z) == Ap(f)(x). Since § =p for 1 < p <2 and B(m, — 1) = w(v), we

N
—_

obtain
e} p/2 00 0o p/2
Si(x) = (Z B2 (my, — 1)|An+1(x)2> <> ulw) (Z IAn+1(x)2>
n=1

according to (8). From Lemma 1 we deduce that

1 . 1 0o p/2
Jp = /Sl(x)da: < Zu(zﬁ/( Z |An(x)|2> dx <

(15) 0 0 n=v+1

<O u)IF ~ S (L.
v=1
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1

Using Corollary 2, (4) and Lemma 1, we find that J; < Cs [ a(t)(w*(f,¢),)P dt
0

and ¢(f) € L?[0,1). If 2 < p < oo, then § = 2 and

1 oo p/2 2/p
n=3/ (men—l)AnH(wP) drt =
1 o n p/2 2/p
= {/ <Z u(V)IAn+1(x)I2> dw} =
0 n=1v=1
1 2/p

Applying the triangle inequality in L, /5[0,1), p > 2, Lemma 1 and Corollary 2,
we obtain

<Y p@)| Do 1AL <Gy uw)E;
v=1 n=v+1 p/2 v=1

1
< Cy / a(t) (W (f,1),)? dt
0

Thus, the function ¢(f) belongs to L?[0,1) and ||¢(f)|l, < Calppa. By

Corollary 1 and inequalities |f(k)| < Ex(f)p, 1 <k < mq, we conclude that
¢(f) belongs to LP[0,1) and [|o(f)[lp < Cs5(Lo,p,a + E1(f)p)-

2) Asin 1) (see (15)) we have, due to Lemma 1’

1 1/2
_/<Z@2 = 1) A ) dr <
0

n=1

00 1 0o 1/2 00
<0 Zlu@) / ( Z+1 |An<x>|2> dx < C Zlu@)nf — S, |-
v= 0 n=v v=

Using (4'), Lemma 1’ and Corollary 2, we obtain that ¢ (f) € H(P,[0,1)) and
1Y ()l < Col1,1,a- The theorem is proved.
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Theorem 2.
1) Let 1 < p < 00, 0 = max(2,p), f € W(0,p,a). Then f € B(8,p,«) and

L 1/6
(/ a(t)(w"(f, t)p)edt> < ClleNllp + 1f1lp)-
0

2) Let f e W(2,H,«). Then f € B(2,H,a) and

1 1/2
(/a(t)(W*(f7t)H)2dt> < Clw()lla + [1f11m)-

0

Proof. 1) Set J = Y u(k)E?, (f)p. Using Lemma 1 and (4), we find
k=1

0o 1 0o p/2 9/10
J < Cip)>_ u(k) (/( > |An(x)2> dx) :

k=1 0 n=k+1

that

In the case 2 < p < 0o (0 = p) by (9) we have

0o p/2
Z |An(33)|2> dx =
=k+1

n=

Jﬁclzﬂ(k)/<
0

k=1

00 00 p/2
Z (Z “2/p(k)An+1(l")|2> de <

=C)
k=1 \n=k
00 n 2/p p/2
(ZIAn(I)Q{Zu(k)} ) o =
k=1 k=1

[e'e] p/2
(Z A (2) 267 (m, 1>) dz.
n=1

/
(16) < /
/

In the case 1 < p < 2 we use the converse of the triangle inequality

1f +gllp/2 = 1 fllp/2 + llgllp/2s 0<p/2<1, f,920
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and change of the summation order:

2/p

%) o 1 p/2
J = Z:u’ 'rrL;C I) < C2Z:u / < )|2> dx =
0 n=k+1

k=1 k=1

2/p

0 L e’} p/2
—ay |/ (Zu<k>|An+1<x>|2> ar| <
0

k=1 n==k

1
an (
0/ k=1n=k+1
1 o) P/2
/ <Z Bt (@) 2B(m, — 1)) o
J\Z

From (16), (17) and Lemma 1 it follows that J < C’g(p)||1/)(f)||g. By Lemma 2
and Corollary 1 we have ||¢(f)|l, < Ca(p)|le(f)llp- Applying Corollary 2 and

inequality E1(f)p < | fllp, we finish the proof of 1).

2/p

p/2
pu(k)[A (x)|2> dx =

2/p

2) Using Lemma 1’ we obtain similarly to (17)

2

) 00 00 1/2
J= wk)En, (N < Ca)  p(k) /( > |An<x)2> dr | =

n=k+1

1/2 2
0

n=1

Applying Corollary 2, we finish the proof of 2). The theorem is proved.

Corollary 3. For f € L?[0,1) conditions f € B(2,2,a) and f €
W(2,2,q), are equivalent.

Some particular cases of our results are connected with the Butzer-Wagner-
Onneweer P- adic derivative (see [16 Appendix 0.7]). Let v > 0, r € Zy,

T(w( ) = Z E'xk(x), f*g(z ff x ©t)g(t) dt is the P-adic convolution

of f and g. If for f € LP[0, 1) 1 § p < oo, there exists g € LP[0,1) such
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that lim HTp) * f — g|l, = 0, then function g is called the strong derivative
T—00

of order v in LP[0,1) for function f (¢ = IO f). It is easy to see that
(I fYk) = kVf(k) if k € Zy. This definition comes from to He Zelin
[20]. Since B(n) = ((n + 1)P" — 1)/pr for a(t) = tP=1 r >0, p > 1,
and A, = (n?"/((n + 1)P" — 1))'/P is increasing, it follows by Lemma 2 that
in this case the condition ¢(p, f) € LP[0,1), 1 < p < oo, is equivalent to the

existence of n(f) € L?[0,1) with Fourier series S n” f(n)xn(z), that is to the

n=1
existence of I(" f € LP[0,1). Hence, the conditions f € W(p,p,t"""~1) and
I f € LP[0,1) are also equivalent.

Corollary 4. Let1 < p < 2, r > 0 and f € LP[0,1) be such that

p)Pt P 1dt < co. Then I™) f exists and

o%»ﬁ

1 1/p

11O £, < Cp) tﬂﬁ@ﬁ»%ﬂ*ﬁ + £

0

Corollary 5. Let p > 2, r > 0 and suppose that for f € L?[0,1) there
exists I f € LP[0,1). Then f € B(p,p,t~""~') and

1 1/p

/WWﬁmWFW*ﬁ < COUT fl + 1£1)-

0

1
Remark 2. Using Corollary 2, we can replace [(w*(f,t),)Pt" P~ dt by
0

(&)
kZO mPEP, (f)p in Corollaries 3 and 4.

3. The sharpness of the embedding conditions

Theorem 3. 1) Let p € (1,00), a(t) and w, | 0 satisfy the condition
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NgE

p(n)wl < oo for = min(p,2). Then there exists h € HY such that

n=1

- 1/6
(18) H@UUM9267<§:N00Wz> :

2) If a(t) and w, | 0 satisfy the condition Y. u(n)w, < oo, then there
n=1

exists h € Hy; such that
(18') [ Hp>0§:u

Proof. 1) In the case 1 < p <2 (0§ = p) we consider the function

= Z(WZ - w£+1)1/pmllc/p/l(Dmk+1 ((E) — Dy, (.’IJ))
k=1

(see [1, Chapter 4, §9]). According to (4), Lemma 1, Lemma 4, (3) and the
Jensen inequality we obtain

1/2
wn(h)y < 2 = Sy, (W), < O (Z As(h ) <

k=n+1
p

00 1/2 00 1/2
(19) sc‘l( > ||Ak<h>||f;> < Cy <Z(w£w£+1)2/p> <

k=n+1 k=n
'] 2/17 1/2
< Cy (Z(wz - w£+1)> = Cow,, neN.
k=n
By (19) we get h € Hy. If
=Y (@} =@ ) Pmy P B (i = 1) (Do, (2) = Do (),

k=1
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then according to Corollary 1 ||3(h)||, < Cs|l@(h)|,. By Paley theorem (see
[7, Theorem [6.3.2]])

ad 1/p
[¥(A)llp = Ca (Z(wi - wiﬂ)mi_lﬁ(mk - 1)mi_p> =
k=1
= 1/p
(20) =Cy ( wh(B(my — 1) = B(mg—1 — 1)) + wiB(mq — 1)) _
k=2

o 1/p
=C, (Z wiu(k‘)) :
k=1

From (20) it follows (18) in the case 1 < p < 2. If p > 2, then § = 2 and
o0
h(z) = Y (Wi — w,%_i_l)l/Qka,l(x)‘ By Lemma 5 we have h € H) for all

p > 1. Applying (20) for p = 2 and Lemma 5, we obtain

0 1/2 0o 1/2
le(h)ll, == Cs (Z(wi — wig1)Bmy, — 1)) > Cs <Z wiu(@)
k=1 k=1
2) Let us consider the function h(z) = i (We=wkt1)(Dinyeyy () =D, ().
k=1

Using Lemma 1’ similarly to (19) we find that h € HY;. Instead of the Paley the-

orem we apply the analog of the Hardy inequality S |f(n)/n < C7||f]|a (see

n=1
[16, p. 109] in the dyadic case). Asin (20) we obtain |[¢o(h)||g > Cs > wiu(k).
k=1
The theorem is proved.
Theorem 4. 1) If one of the following conditions

(i)p>2, h(t) e W(p,pa), {h(n)}3, € Ar, 7 € R, or {h(n)}3, €
€ RBVS;

(ii) 1 <p<2, heW(20p,a«), and iL(TL) =0 foralln#mi—1,keN
holds, then for v = max(p,2) the inequality

1
el < € | [ a (o), e+ bl
0

is valid.
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2)Ifhe W(2,H,«a) and fz(n) =0 for alln#my — 1, k €N, then

el < c ( [ o b0,z + ||h||;) .

0

Proof. 1) Let p > 2 and h € W (p, p, ). By Paley theorem ([7, Theorem
[6.3.2]]) and summation by parts we conclude that

el < o Zﬁ DY fR)pR =
k=m.,
=C1 (Z(ﬁ(mn —1) = B(mn_1—1)) Y ﬁ(k)v’kf’—?) +
n=2 k=m,

+ C18(my — 1) Z \h(k)|PkP=2.

km1

Using generalized monotonicity of {h(n)}%,, Lemma 6, (6) and Corollary 2,
we obtain

eI < s Zu )< Cy <u(1)||hp + an)wz(mp) <

(21) 1
<y (||h|p + / a(t)(w (h,1),)" dt) .

0

Since |h(k)| < ||h||, for all k € Zy, p € [1,00), the inequality

(217) le(M)llp < Cs (”h|p + /a(t)(w*(h, t)p)? dt)

0

is also valid due to Lemma 2 and Corollary 1. If 1 < p < 2, then by Lemma 5

1/2
lle(h)llp < Cs (Zﬂ n— D)[h(m )I2> =

(22)  =Co Y _(B(my—1) = B(mn_y = 1)) > [h(my — 1)+
n=2 k=n

oo 1/2
+ CsB(mq) Z (mg — 1)] 1/2 (Zu ) .
k=1

n=1
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Using (6) and Corollary 2, we finish the proof of 1).
2) Since |lgll1 < |lglla < C7||f]lp for all p > 1, from Lemma 5 we obtain

wp (N z w1 (Hr = P [A(my, = 1)* and |l¢(h) |3 < Cs Z_:lﬂ(n)wi(h)H
(see (22)). Using (6) and Corollary 2 we prove 2). The theorem is proved.

Theorems 3 and 4 show that Theorems 1 and 2 are sharp in a certain
sense.

The last theorem gives a criterion of f € Bj, = B(p,0,t=71) for
functions f with generalized monotone Fourier—Vilenkin coefficients. One can
find trigonometric analogs of the Theorem 5 in [15] for decreasing Fourier
coefficients and in [11] for cosine and sine coefficients from the class RBV'S.

Theorem 5. Let 1 <p<oo,0>1,r>0 and f € L?[0,1) be such that
either {f(k)}32, € Ar, T € R, or {f(k)}32, € RBVS. Then f € By 4 if and
only if

J = Z |f(n)|0nre+‘9_9/p_1 < 00.
n=1

[e.°]
Proof. According to Corollary 2 we can consider Y. m"?w!(f), instead
n=1

1
of [t7"97 WO (f,t),dt. By Lemma 6
0

Y mlun(f)y <1 (Z mp TP fm) |+
n=1

n=1

o) oo 0/p
+2 m ( > |f<z'>|w-2) = Ci(L + D).
n=1 =My,
If either {f(k)}2, € Ay, 7 > 0, or {f(k)}32, € RBVS, then f(m, 1) <
< ng(k'), my, < k < mpa1, and we obtain that the convergence of Iy is
equivalent to convergence of the series S |f(n)|?n"0+0=0/p=1 Tf {f(k)}22, €
n=1

A., 7 <0, then f(mn) < C’3f(k), my, < k < mpy1, and we obtain the same
conclusion. To estimate Is we must consider two cases. In the first case 8/p < 1
we use Jensen inequality and change the order of summation:

oo

o) 0/p 0o 0o
S omy (Z |f<mk>|pm£1> <SS VP f ) <
n=1 n=1k=n

k=n
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ro+0(1—1 r
<m0 fmy )P,

k=1
Similarly to the case of I;, convergence of the last series is equivalent to
inequality J < oco. In the second case 8/p > 1 the inequality Ir < oo is
equivalent to

o] 00 0/p
Iy=>» n"! (Z |f(i)|pip_2> < 0.
n=1 k=n

According to Hardy-Littlewood inequality [6, Theorem 346]

I < CoOY_(1f () Prr=2n)? = 04 Y | f(n) P00 00—/ = = 0y ).
n=1 n=1

Thus, the condition f € B} , follows from the finiteness of J in all cases.

Conversely, if f € B} ,, then the series Z mrwl (f), converges. By

n=1

Lemma 6 and by the conditions on f(i) we have

%) 0/p
i st (£ vore)

=Mn

(23)

o 0/p
>C’sz (Z f(mk)|pmz_l> .

k=n+1

In the case 6/p > 1 we obtain by Jensen inequality

Zmré 6 20753 i |f(mk)|0m2(1—1/20)m;9:
n=1

n=2 k=n+1

_ C’?ikz: 1 1/p) 7‘0 > C82| z(l—l/p)-‘ﬂﬂ7
k=

k=3

whence the ﬁnlteness of J easily follows. In the case 8/p < 1 we use Theorem
346 from [6] as follows

oo 00 9] 6/p
> o 3 (e s
k=n

n=ms n=ms

6/p
<CmZm <Z|f )PP 2) .

1=Mn

The last inequality and (21) imply j < co in the case /p < 1. The theorem is
proved.
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