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Abstract. In this paper are presented results connected to the voice
transform of the Blaschke group generated by a representation of the group
on the weighted Bergman spaces H™(ID). These results are generalizations
of the results obtained in [15] which are in connection to the Bergman
space. Sections 1 and 2 contain the basic notations, definitions and results.
In Section 3 we give a representation of Blaschke group on the weighted
Bergman spaces H" (D), we compute the matrix elements of the repre-
sentation. It is proved that the representation is irreducible on H™ (D).
Using the representation U, we construct a rational orthonormal wavelet
system and we prove that the weighted Bergman projection operator can be
expressed using the voice transform and the wavelet system. The analogue
of the Plancherel formula is proved and the square integrability of the
representation is studied. Sections 4 contains the proofs.

1. The voice transform

In this section are included the basic notations, definitions and results
connected to the general theory of the voice transform (see [5], [6], [7], [8], [10],
[16]).
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In signal processing and image reconstruction the wavelet and Gébor trans-
forms play an important role. H. Feichtinger and K. Grochening unified the
Gébor and wavelet transforms into a single theory. The common generalization
of these transforms is the so-called voice-transform (see [5], [6], [7], [8]).

In the construction of the voice transform the starting point will be a
representation of a locally compact topological group (G, -) on the Hilbert space
H. Tt is known that every locally compact topological group has nontrivial left-
and right-translation invariant Borel measures, called left invariant and right
invariant Haar measures. Let m be a left-invariant Haar measure of G. Let
f : G — C be a Borel measurable function which is integrable with respect
to the left invariant Haar measure m, the integral of f will be denoted by
[ fdm = [ f(z)dm(z). Because of left-translation invariance of the measure
G G

m it follows that

/f(as) dm(z) = /j"(cf1 ~z)dm(z) (a € G).
G G

There exist groups whose left invariant Haar measure is not right invariant. If
the left invariant Haar measure of G is in the same time right invariant then we
say that G is unimodular. Such measure will be called Haar measure of G. On a
given group, Haar measure is unique only up to constant multiples. It is trivial
that the commutative groups are unimodular. Furthermore it can be proved
that if the left Haar measure is invariant under the inverse transformation
G >3z — 2~ € G, then G is unimodular.

In the definition of the voice transform a wunitary representation of the
group (G, -) is used. Let us consider a Hilbert-space (H, (-,-)) and let U denote
the set of unitary bijections U : H — H. Namely, the elements of U are
bounded linear operators which satisfy (Uf,Ug) = (f,g) (f,9 € H). The set
U with the composition operation (U o V)f := U(Vf) (f € H) is a group
the neutral element of which is I, the identity operator on H and the inverse
element of U € U is the operator U~!, which is equal to the adjoint of U :
U~! = U*. The homomorphism U of the group (G,-) on the group (U, o)
satisfying

i) Upy=Uz0U, (z,y€G),

(1.1) 1) Gox — U,f € H is continuous for all f € H

is called a unitary representation of (G,-) on H.
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The voice transform of f € H generated by the representation U and by
the parameter p € H is the (complex-valued) function on G defined by

(1.2) (Vo)) :=(f,Usp) (z€G,f,peH).

For any representation U : G — U and for each f,p € H the voice transform
V, f is a continuous and bounded function on G.

The set of continuous bounded functions defined on the group G with the
supremum norm form a Banach space and V,, : H — C(G) is a bounded linear
operator. From the unitarity of U, : H — H follows that, for all z € G

(Vo) (@) = [, Uep)| < I FITzpl = £ 1[1loll,

consequently ||V, || < |lpl.

The invertibility of V,, is connected to the irreducibility of the representa-
tion U.

A representation U is called irreducible if the only closed invariant sub-
spaces of H, i.e. closed subspaces Hy which satisfy U, Hy C Hy, are {0} and
H. Since the closure of the linear span of the set

(1.3) {Upp:2€G}

is always a closed invariant subspace of H, it follows that U is irreducible if
and only if the collection (1.3) is a closed system for any p € H, p # 0.

The property of irreducibility gives a simple criterion for deciding when a
voice transform is one to one:

Theorem 1 [10], [16]. A woice transform V, generated by a unitary
representation U is one to one for all p € H\{0} if and only if U is irreducible.

The function V,f is continuous on G, but in general is not square
integrable. If there exists p € H,p # 0 such that V,p € L2 (G), then the
representation U is called square integrable and p is called admissible for U.
For a fixed square integrable U the collection of admissible elements of H
will be denoted by H*. Choosing a convenient p € H* the voice transform
V, : H — L2 (G) will be unitary. This is a consequence of the following
theorem:

Theorem 2 [10], [16]. Let be Uy, (x € G) an irreducible square integrable
representation of G in H. Then the collection of admissible elements H* is a
linear subspace of H and for every p € H* the voice transform of the function
[ is square integrable on G, namely V,f € L2 (G), if f € H. Moreover there
is a symmetric, positive bilinear map B : H* x H* — R such that

[Vp1favng] = B(plap2)<fag> (p17p2 S H*?fag € H)
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for all f,g € H and p1,p2 € H*, where the inner product [-,-] is the usual
inner product in L2 (G). If the group G is unimodular then B(p,p) = c||p||?
(p € H*), where ¢ > 0 is a constant. In this case if we choose p so that
(p,p) =1/c, then

[fovvﬁg} = <f7g> (fvg S H)

In the next sections we will construct a voice transform using so called
multiplier representations generated by a collection of multiplier functions
defined in the following way: F, : G — C* := C\ {0} (a € G) is a collection of
multiplier functions if

Fo=1, Fu .0,(x) = Fy, (a2 -2)F,,(z) (a1,a2,2 € G),
where e is the neutral element of G. It can be proved that

(Uaf)(@) = Fymr (2)f(a™" - @) (a,2 € G)

satisfies
Uay, ©Uay = U,y (alv az € G)?

so is a representation of G on the space of all complex valued functions on G.

If F, is continuous and bounded for every a € G, then L2 (G) is an invari-
ant subspace and U,, a € G is a representation on L2 (G). The representations
obtained as below are named multiplier representations (see [18]).

Taking as starting point (not necessarily commutative) locally compact
groups we can construct in this way important transformations in signal
processing and control theory. For example the affine wavelet transform and
the Gébor transform are all special voice transforms (see [5], [6], [7], [8], [10],
[16).

In this paper results connected to the voice transform generated by a
representation of the Blaschke group on the weighted Bergman spaces H™ (D)
are presented. These results are generalizations of the results obtained in [15]
which are in connection to the Bergman space.

2. The Blaschke group and the weighted Bergman spaces H™ (D)

2.1. The Blaschke group

The affine wavelet transform is a voice transform of the affine group
which is a subgroup of the Mdbius group (i.e. the group of linear fractional
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transformations with the composition operation). In this section we will present
another subgroup of the Mobius group, namely the Blaschke group (see [3], [9],
[16]).

Let us denote by

(2.1) Bﬂaﬁqf_ﬁ (2€C,a=(be) cB:=DxT,bz#1)

— bz

the so called Blaschke functions, where
(2.2)
Dy =D:={z€C:|z|<1}, T:={2€C:|z|=1}, D_:={z€C: |z > 1}.

If a € B, then B, is a 1-1 map on T, D and D_, respectively. The restrictions of
the Blaschke functions on the set D or on T with the operation (B, 0B, )(2) :=
:= Bg, (Ba, (7)) form a group. In the set of the parameters B let us define the
operation induced by the function composition in the following way: B,,0B,, =
= By, 0a,- The group (B, o) will be isomorphic with the group ({B,,a € B}, 0).
If we use the notations a; := (bj,¢€;), 7 € {1,2} and a := (b, €) =: a; o az, then

bi€z + by _ €9 + b1by
23) b= —"—=-=DB_ biéx), e=eg————=DB, , & €9).
( ) 1+ b1bgés ( b2’1)( ! 2) 1 1+ e3b1by (7b1b2,61)( 2>

The neutral element of the group (B,o) is e := (0,1) € B and the inverse
element of a = (b,e) € B is a™! = (—be,€).

The integral of the function f : B — C, with respect to the left invariant
Haar-measure m of the group (B, o), is given by

(2.4) /fcm //1—W dby dbsdt,

where a = (b,e®) = (by + ibe,e) € D x T.

It can be shown that this integral is invariant with respect to the left
translation @ — ag o @ and under the inverse transformation @ — a~?!, so this
group is unimodular.

We will study the voice transform of the Blaschke group. In the construc-
tion a unitary representation of the Blaschke group on the weighted Bergman
spaces H™ (D) will be used.
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2.2. The weighted Bergman spaces H" (D)

In this section we summarize the basic results connected to the weighted
Bergman spaces (see [3], [9]). Let us denote by A the set of functions f : D — C
which are analytic in D . Let us denote by

-1
dAn,(2) == mT(l — |z 2 dady, z=x+iy

the weighted area measure on D. For all m € N, m > 2 let us consider the
following subset of analytic functions:

(2.5) H™(D) = f eA:/\f(z)|2dAm(z) <o
D

The set H™ (D) is the weighted Bergman space. This space with the scalar
product

(2.6) (Fo g = / F()9E)d A ()

is a Hilbert space. In the special case when m = 2, H?(D) is the so called
Bergman space (see [3], [5]). It can be proved that the function

(2.7) f(z):= chz" (2 eD)
n=0

from A belongs to the set H™ (D) if and only if the coefficients satisfy

oo

Z len] A < oo,

n=0

where
1

Alml .= /(1 —rym=2p2ntlgr (m >2.n € N).
0

The weighted Bergman space H™ (D) is a closed subspace of L*(ID,dA,,).
For each z € D the point-evaluation map

= H"D) = C, 7(f) = f(2)
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is a bounded linear functional on H™ (D). Each function f € H™(D) has the
property
lf < CliflHmm) (2 € D).

From this inequality it follows that the norm convergence in H™(D) implies
the locally uniform convergence on D. Therefore, by the Riesz Representation
Theorem there is a unique element in H™ (D), denoted by K(., z), such that

F2) =7 (f) = (. K (s 2))m = / FEORE 2)dA©),
D

(f € Hm(D)’ 6 = 51 +i€2a z € D)

The function
K:DxD—C with K(.,z)¢cH*D)

is called the weighted Bergman kernel for D.

For any orthonormal basis {¢,, n = 0,1,2,...} in H™(D) the kernel
function has the representation

(2.8) K& 2) =Y on(©pn(2), (£,2) €D xD,

with uniform convergence on compact subsets of D x D. The functions

T'(n+m)
QDn(Z> = T(m)z", (ZE]D7 n:0,1,2,...)

form an orthonormal basis in H™ (D), consequently

1

2.9 K z2)= ———.
(29) €9 = T3
The explicit formula for the kernel function shows that

m—1

f(z) =

™

1 _ 2\m—2 m P
D/ FO gL~ " Pdades, (€ HP(D), 2 D).

Since H™(D) is closed subspace of L?(ID,dA,,) there is an orthogonal
projection operator
P, : L*(D,dA,,) — H™(D).
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P,, is a bounded Hermitian operator of the norm 1 which satisfies P,,f = f
for f € H™(D), this is the so called weighted Bergman projection. Thus the
weighted Bergman projection can be expressed by integration with respect to
the Bergman kernel in the following way:

(2.10) (Pmf)(2) = (f, K(.,2) ( |§| )" 2d§1d§2

]__

(fe LQ(D7dAm)a = fGD, gzgl +Z€2)

The projection operator can be extended on L'(D,dA,,) mapping each f €
€ L'(D,dA,,) to a function analytic in D. Since (2. 10) is a pointwise formula
and H™(D) is dense in H1(D) ={f: D —>C, f € A(D f|f ) dA () < oo}

it follows that

; :mfl 1 2y 2de, dey
1) =" / FO) g (1~ )™ e

(fEHl(]D))? 2, 56]1)), §:£1+Z€2)7

and the integral converges uniformly in z in every compact subset of D (see [5],
p. 6).

3. New results

3.1. The representation of Blaschke group on the Hilbert space
H™ (D)

In this section we will extend the results obtained in [15] to the case when
the representation of the Blaschke group is on the weighted Bergman spaces.
Let us consider the following set of functions

(1 —1b[*)

(3.1) Fo(z) = 1—b2

(a = (b,e) € B,z € D).

For every power m (m > 2,m € N) F, induce a unitary representation of
Blaschke group on the space H™ (D). Namely, let us define

(32) UMf:=[F,1]"foB,' (a€B, meN, m>2 fcH™D)).
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It can be proved the following

Theorem 3. For allm € N;m > 2 UM (a € B) is a unitary representation
of the group B on the Hilbert space H™ (D).

3.2. The properties of the voice transform induced by representation
ug

In what follows we will compute the matrix elements of the representation
(3.2). We will prove that the representation U, := U™ is irreducible, using this
we prove the analogue of the Placherel formula. Using the properties of this
matrix elements we will give an addition formula and we will give classes of
admissible elements for the representation U, .

The representation has the following form

m — i%(1_|b\2)% ol z—b a= (b e
(33) (UM S)E) =e (1_bz)mf< D) a=ev e

and is unitary with respect to the scalar product

(3.4) (f.9) = (. ghm = / F(2)9(2) dAnm(2).

The voice transform induced by representation U, by definition is

(3.5) (Vof)(@™ ) = (f,Us-1p)m (a=(be”) €B, f,p € H"(D)).

The matrix elements of the representation in the base h,(z) := 2" (n €N,z €
€ D) are defined by the following formulae

(3.6) Vkn(a™h) 1= (hi, UM by =

iy 2z m— 1 (Z=0)" \ ki 2ym—2
= V(1 - by BT /((1_bz)n+m)z (1= |22)™2 dady.

Theorem 4. The matriz elements of the representation (3.3) have the
following form

(3.8) Ven(a™Y) = (1 — ) F e F5Wemin=Req, (1) (k,n e N),
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where agn(r) can be expressed using the Jacobi polynomials in the following
way:

(3.9) Qen (1) := C(k,m,n)r" =" [(1 — w) ke 1](ﬂ+m 1) 7

u=r?

and
2m_1(m - 1!

(n+m— 112k +2)(2k+4)...2k + 2m — 2)°

C(k,m,n) =
The radial part ag, (1) satisfies the following relations

(3.10) an(r) = (=1)" Fanp(r).

It is known that the matrix elements of the representations in general
satisfy the following so called addition formula (see [18]):

Ugn (a1 o az) E vge(ar)ven(az).

From this relation we obtain the following addition formula:
(3.11) (1 =125 e it 3Wein=Feq, (r) =

Z(l , )m —i(l+ %)y 72(£ k)cplaké(rl)(l r )m —i(n+ ’")v,bQ z(nff)wgazn(TQ)’
4

where a; := (r;e'%i,e™i), j € {1,2} and a := (re'?,e') = ay 0 as.

Theorem 5. The representation U, (a € B) is irreducible on the space
H™(D).

From Theorem 1, Theorem 2 (see [10], [16]), Theorem 3 and Theorem 5 it
follows

Consequence 1. The voice transform generated by representation Uy,
a € B is one to one.

Consequence 2. If H™(D)* denotes the set of admissible elements from
H™ (D), then there is a symmetric positive bilinear map

B:H™D)* x H™(D)* — R

such that
(3.12)]

[VplflavpzfQ] = B(plap2)<flvf2>m (fl;f2 € Hm(D)7 pP1,p2 € HQ(]D))*)v
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where

[F,G] = /F(a)G(a) dm(a)
B

and dm(a) is the Haar measure of the group B.

For the special case m = 2 in paper [15] we gave a direct proof of this
result, from which it turns out that every p € H?(D) is admissible and the
voice transform induced by U, = U2 satisfies

(3'13) [Vplfv Vﬂzg] = 47T<p1;p2> <fa g> <f>gap17p2 € HZ(D»

Theorem 6. Every p, = 2" (n € N) is admissible, namely

/|Vnpn(a)l2dm(a) < 0.
B

Theorem 7. Every element p € H*®(D) is admissible, namely

[ Wasta)Pam(a) < .
B

3.3. Construction of orthogonal rational wavelets in the weighted
Bergman spaces

In this section we give an orthogonal rational wavelet system, and we show
that the Bergman projection operator can be expressed with this system and
the voice transforms with the parameters of the functions of the system. Let
us consider the shift operator

(3.13) (S0)(2) = zp(2) (€ H™(D)).
Denote by
(3.14) pan(z) = 1| L2 (L 5m0) ()

n!T'(m)

(a=(be)eB, meN, m>2, e H"(D), neN).
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If we consider as mother wavelet ¢ =1 € H™(D), then the corresponding
rational wavelets are

(3.15) an(z) = T'(n+m)[e(1—|b]*)]% (e(z—b)>n7 o

n!l'(m) (1 —bz)™ 1—bz

Taking into account the unitarity of the representation U, it follows that they
form an orthonormal system in H™ (D), for every a € B.

We observe that if we consider the neutral element of the group a = e =

= (0,1) € B then we reobtain the classical orthonormal basis in H™ (D

F(n+m)z" n € N.

Pn(2) = @en(2) = T(m) )

Theorem 8. For all z € D and a € B the weighted Bergman projection
operator P, : L*(D,dA,,) — H™(D) can be written in the following way

(3.16) Pnf(2) = Vo, f(@)pan(z) (acB).
n=0

Consequence 3. Every f from H™(D) can be represented as

F(2) = Vi, f(a)pan(z) (a€B, zeD).
n=0

Consequence 4. For every a € B the functions

(317) pun(z) = oLt m) [l = [P)]% (e(z—b)

’I’L'F(m) (1 _ BZ)"” 1—bz > (Z eD,ne N)

form an orthonormal basis in H™ (D).

From Consequence 3 we can deduce the following characterization of the
poles.

Consequence 5. Let F' analytic continuation of the function f € H™(D).
Then F' has n-tuple pole at % outside of the unit disc if and only if for a =
= (b,e) € B

V.

Pn

f(@') #0, and for all k, k >n, V,, f(a™')=0.
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4. Proofs

Proof of Theorem 3. The set of functions (Fy,a € B) defined by (3.1)
satisfies the following relation

(4.1) F,, 0Ba,  Fo, = Fojoa, (a1,a2 €B).

To prove this we will use the identity

1+ bybaEa| /1 — [B2 = \/\1 4 biboEa|? — [byEs + bal2 = /(1 — [b1[2)(1 — [ba]2).

Using this we obtain that

1 1
Fuy(Bay(2)) - Fay(2) = Verea(1 = [b12)(1 = [b2]?) I beib 15
— 01€2 Bz 1-— b2Z

1—
_ Veaed - [pP)[1+bibe| 1

1+B1b262 1—bz -
1
=e(l— |b|2)m = Fuyoa,(2)-

From this it follows that

Uy Uay f) = Ug}([Fagl]m'foBil) = [F, *1]m'[Fa;1 OBafl]m'fOBaizloBil =

as a; ay

= [F(aloag)*l]m . (f © B(;llollg) = U:z?oagf'

In what follows we will show that the restriction of linear application U)" on
the Hilbert space H™ (D) is unitary with respect to the inner product defined
by (2.6) which implies that if f € H™ then U f € H™. To prove this we
will use the following result: if ¢ : D — D is an analytic bijection, then the
determinant of the corresponding Jacobi matrix is equal to |¢’(2)|* and making
the change of variables w = p(z) we get the following integral transformation
formula

/F(w) dudv = /F(cp(z))\go’(zﬂz dedy (w=u+iv,z=x+iy D).
D D
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In the special case when ¢ = B, then

1—[bf?

(=22 [Fa(2)]* (a=(be) €B).

Bl (z)=¢

We want to show that U" is unitary, namely

<U;nf7 U:zng>m = <f,g>m (fvg € Hm(D))

Indeed, making the change of variable w = B,(z) in the integral on the left
hand side we obtain that
U, U"g)m =

_m-l / Fums ()P £ (B (w))g(Be (@)1 — w2 dudy =
D

)| Famr (Ba(2) P £(2)g(2) |1 — | Ba(2)[?|™ 2 dady.

From (2.1) it follows that

_ a2 _ 12 _ 2 _ 2
|1_|Ba(2)|2|: |1 bZ| 7‘2 b| — (1 |b| )(} |Z| ) —_
1 — bz|? [1—bz|?

= |Fa(2) (1 = [2),

and using (4.1) we obtain that

<U¢;nfu U;ng>m =

()P [Fum1 (Ba(2)) ™ f(2)9(2) (1 = |2*)" 72 dxdy = (f, g)m-

D

Proof of Theorem 4. The matrix elements by definition are equal by

Vpn(a™t) = (hiey U s by, =

; m m —1 _ b\
= 6—1(7L+7)1/)(1 _ ‘b|2)7 m /(( (Z - b) )Zk(l o |z|2)m—2 dzxdy.
™
D

1 — bz)ntm

Let us denote by z = pe’, b= re? (t,p € I) and in the last integral replacing
t by t + ¢ we obtain that
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m—1 (ijbz:_:_m Zk(1—|Z|2)m_2d$dy:
™ J (1-052)
m — 10/1
—T)n

1
m—1 ‘
,znlﬁ’ k1 ikt  ovmea _
/‘ l—rm2@¢WHmp e™ (1 = p*)" 2 dpdt
0

—T

—reT )" ke 2\ m—2
1-— m=2 dpdt =
1 — rpe- i(t— ))ner P (& ( 1Y ) P

T

™ .
—i(t—

1 =
1 )
_ efz(n k) M — // o Zt n+m pk+1€zkt(1 _ p2)m72 dpdt _
0 —m

-1 ,
= k) k41 —ikt(1 _ 2ym—2
— emitnhp L2 // I 7p7,en n+mp e " (1= p7)" " dp.

Let us denote by

U

-1 —1 m—
Qn (T // T rpe“‘ n_m p’”le FH 1 — p?)™=2 dpdt.

We will show that oy, (r) can be expressed using the Jacobi polynomials
in the following way:

akn(T) = C(kj’ m, ’I’L)’r"_k [(1 u)n k+m— 1] (n+m—1) 7

u=r2
where

9m=1 (1 — 1)

C(k,m,n) = (n+m — D)2k + 2)(2k + 4)...(2k + 2m — 2)°

Indeed, if we substitute e* by (, on the base of Cauchy integral formula we
obtain that

1
om—1 [ (p=rQ" -
ol 2051 (1 QO / mAk—1 grd, —
ountr) = [ 2 e R
0 T
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(n+m—1)!

n k+m—1 (n+m—1)
X <1 — Tz) <rz> dp.
P P

Z=Tp

1
:/ 2(m —1) 2hntm (] p2ym—2 —k-mly
0

Denoting by u = %, from this it follows that

1
n m— (n+m—1) m—1 ’f‘n_k m—
arn(r) = [(1—w)" a1 10 En +m)_ ol / 207 (1 = p*)" 2dp.
0

Let us denote by

1
Cltm,n) = 2D [ oo 2ym=2ap.

(nm— 1)/

Using partial integration m — 2 times we obtain that

2m=1(m —1)!
(n+m— 112k +2)(2k+4)...2k +2m — 2)°

C(k,m,n) =

To show i) let us use the following relation

Vpn(a™) = (hp, Ug—1hp) = (Ug-1hp, i) = (b, Ushi) = vpr(a) (m,n € N).

Taking into account that a=! = (be’(*+™) e=)  then for a = (r,1), namely
when ¢ = 1) = 0 we obtain that

(1= 7%)akn(r) = vkn(a) = var(a=?) = (=1 (1 = r*)anu(r)

which implies that i) is true.

Proof of Theorem 5. It can be proved that this representation is
irreducible on the Hilbert space H™ (D). Let us consider the power functions
hn(z) == 2" (2 € C,n € N). First we take the images of these functions under
the representation

= (z—0)"

b_> Uah/n = (n+%)w 1-— b2 B —————
(a2 = 00—y D
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(a = (b,e™) €B, b= by +iby € D),

and we compute the partial derivatives with respect to the variables b; and bo,
and we take the values of these partial derivatives in e = (0,1) € B. An easy
computation gives that

0

7Uehn = -—nhp_1 + (TL + m)hn+1a
ob

0 ) .
—Uchy, = —inhy—1 —i(n+m)hp1.
Obo

From this we obtain that

o .0 o .0
<8b1 + Zab2> Uehn = 2(n + m)hn+1, (8[)1 - Zab2> Uehn = 27’Lhn71.

From the definition of U, follows that for the one parameter subgroup «(t) =
= (0,e") (teR) of B

Uniyhn = " )h, (n €N, t €R),

which means that the subspace wrapped by the function h, is an invariant
one dimensional subspace of the representation. It is known that any invariant
subspace of the representation can be written as the direct sum of this kind
of subspaces. From these it follows that the representation U, (a € B) is
irreducible. Indeed let H be at least one dimensional closed invariant subspace
of the representation. This is also invariant subspace of the representation U,,
for a = (0,¢') (t € R), consequently it contains one of the power functions h,.
On the base of the definition of invariant subspaces it is evident that

1

1
by (U(bl,l)hn — U(O,l)hn) € H, f(U(ib%l)hn — U(071)hn) eEH (bhbz S R).

ba

From the closeness of the subspace it follows that the limit of this expression
when by — 0,by — 0 is also in H, namely

(8 + ia> Uchyp =2(n+m)hy41 € H,

0by  0Oby
o .0
(abl — Zabz) Uehn = 27’Lhn_1 € H.

From this evidently follows that hy € H, if Kk > n, and hy € H,if k < n
and k > 0. This implies that H = H™(D), and the irreducibility of the
representation U, (a € B) is proved.
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Proof of Theorem 6. To prove the admissibility of p,, = 2™ we have to
show that

/|V"pn(a)|2dm(a) <o
B
Using (3.8) we obtain that

/wq%mwmmw=
B

1
1 . m : r
—i(n+B ) ,—i(n— 2 —
%///| 1_7« 26 i(n+13) e i(n n)sﬂann<r)| md¢d@dr_
0

1
= 277/(1 — 72720 | (1) [Pdr < 00 for m > 2.
0

Proof of Theorem 7. Using the definition of the voice transform and
the unitarity of the representation U we obtain the following estimation for the
absolute value of the voice transform

1—|z]?)m= 2dxdy
|1 — bz|™

(v, x>ww<ampn<ﬂ—w>ﬂmﬁwmm;1/(
D

The integral which appears in this estimation is a special case of the integral
operators which involve the power of the Bergman kernel, see [9] p. 7, where
it is showed that

1 [ (1—|z]>)™ 2dxdy 1 _
Inonollt) = 2 [ S s g e

Using this we obtain that

/uwmmwmmm$

B

12

1
1— 5™ oy | Im—2,0(|b])|" =55 db1dbadyp <
s | [ (0= B ol o el ) =i

I D
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<(m = 1)?[1pll3 ) /(1 = [b*)™ 72| L —2,0(|B]) [P dbrdbs =

D
—m = Ul [ = Y sl bt
U(0,1—¢)
+(m = 1)%| pll3 o) / (1= BI*)™ [ Lin—2,0(|b])|*dbrdbz <
U(0,1—e¢,1)

<(m =12l o) / (L= [BP)™ 2 Ln—o.0([b) Pdbrdbs-+
U(0,1—e)

+Clm =12l o) [ (1= 6" 1ot g b
D

Let us denote by

= (m = 12|pll~ ) / (L= [BP)™ 2| L—o.0([b]) P dbydbs,

U0.1—e)
and
Ta = Clm =17 ol o) [ (1= )2 10 i Py,
D
Using the inequality
1 2

— <
o5 s1-pp e

we obtain that J; is finite. To prove that J; is finite first we use twice the
partial integration, then the L’Hospital rule and we obtain that

1

/(1— o) ~2]1og - ‘b|2| by b —277/(1 r2)m=2 1062 (1 — r2)rdr —
D 0

1
2

7T/].—{Em % 1og? (1—x)dx—m<oo.

0
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Consequently
[ 1Wap)@)Pamia) < 3+ 2 < o,
B

which means that every element from H*°(D) is admissible.

Proof of Theorem 8. Let consider the following infinite series

oo

I'(n+m)
Z — = Pa,n(Y)Pam(2)-
T ; :
— nll'(m)
Since
- (1—r2)m r+r or+ry \"
<
[Pan(¥)pan(z)l < (I=rir)™(1 —ror)™ \ 1+ 717 1L+ 71or
(z=mre", y=mre €D, a=(re'?e")eB),
and {L?T <1, {ITT;T < 1 we obtain that for a fixed z € D and for a fixed

a = (re’#,e'¥) € B the series converges absolutely and uniformly in y € D.
This permits the interchange of summation and integration in the following

expression
oo

Y Ve )@ )pan(z) =

n=0

=3 < f,Us10n > Pan(z) =

n=0
= /f(y) Z mwa,n(y)(pa,m<z)di4m(y>'
D n=0
Using that
“T(n+m)— , B 1 s
; Wy V= Ao Y ED)
we obtain that .
Z Lot m) Pan(Y)Pam(z) =

I ¢ S LU ~L(n+m) (ely—b)\" (e(z=0)\" _
_(1—b§)m(1—Bz)mz% n!T'(m) (1—by> (1—bz> -

n=
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(1 —[pP)™ 1

(1 —by)™(1 — bz)™ <

—
i
gle
N———
T‘N
|
Tl
\—/
3
3

1
Consequently
o) . B 9 B
;(V%f)(a )an(2) = ]D/f(y)(lyz)mdAm(y) = (Pnf)(2).

Theorem 3, Theorem 5 and Theorem 7 are valid also when we suppose

just that m > 2.
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