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60th

rn (n ∈ N)
r

rn(x) := r(2nx) (x ∈ [0, 1), n ∈ N),

r(x) :=

{
1, x ∈ [k, k + 1

2 ), k ∈ Z,

−1, x ∈ [k + 1
2 , k + 1), k ∈ Z.

wm =
∞∏

k=0

rmk

k , m =
∞∑

k=0

mk2k, mk ∈ {0, 1}.



wm (m ∈ N)

〈f, g〉 =

1∫
0

f(t) · g(t)dt.

wm (m < 2N )

[f, g]XN
=

1
2N

∑
x∈XN

f(x) · g(x),

XN

XN =
{

k

2N
: 0 ≤ k < 2N

}
.

f : XN → R

cn(f) = [f, wn]XN
(0 ≤ n < 2N ) O(N ·2N )

f : XN → R

I R A : I → I
y ∈ I x1, x2 ∈ I, x1 �= x2

A(x1) = A(x2) = y.



ϕ(1),
[
ϕ(0)

]
[even] A

A(x′) = A(x′′) = y x′ �= x′′

ϕ(j)(x′) = (−1)jϕ(j)(x′′) (j = 0, 1).

A0(x) := x, An+1(x) := A(An(x)) (x ∈ I, n ∈ N).

An : I → I 2n

ϕ
(1)
n (x) := ϕ(1)(An(x)) (x ∈ I, n ∈ N)

A
ϕ(1)

r

φn = {ϕ(0)
n , ϕ(1)

n }, n = 0, 1, . . . , N − 1.

Φ� :=
N−1∏
k=0

ϕ
(�k)
k , � =

N−1∑
k=0

�k · 2k

ϕ
(0)
m = 1

ϕ
(1)
m = rm

Φ� (0 ≤ � < 2N − 1)

φn (0 ≤ n < N − 1)

Ψ� (0 ≤ � < 2N − 1)

Υn = {ψ(0)
n , ψ(1)

n } (0 ≤ n < N − 1).

D2N (s, t) :=
2N−1∑
�=0

Φ�(s)Ψ�(t).



D2N (s, t) =
2N−1∑
�=0

Φ�(s)Ψ�(t) =
2N−1∑
�=0

N−1∏
k=0

ϕ
(�k)
k (s) · ψ(�k)

k (t) =

=
N−1∏
k=0

(
ϕ

(0)
k (s) · ψ(0)

k (t) + ϕ
(1)
k (s) · ψ(1)

k (t)
)

.

φn = {ϕ(0)
n , ϕ(1)

n }, ϕ(j)
n (x) := ϕ(j)(An(x)) (j = 0, 1, x ∈ I).

YN := {x ∈ I : AN (x) = x0} = {xN
k : k = 0, 1, · · · , 2N − 1}

Φ� (0 ≤ � < 2N )
φn = {ϕ(0)

n , ϕ
(1)
n } (0 ≤ n < N) ϕ(0)(x) �= 0

ϕ(1)(x) �= 0 x ∈ YN

Υ := {ψ(0), ψ(1)} =
{

1
ϕ(0)

,
1

ϕ(1)

}
.

Ψ� (0 ≤ � < 2N − 1)

Υn = {ψ(0)
n , ψ(1)

n } (ψ(j)
n (x) = ψ(j)(An(x)), x ∈ I, 0 ≤ n < N − 1),

Ψ� :=
N−1∏
k=0

ψ
(�k)
k , � =

N−1∑
k=0

�k · 2k.

{Φ�, 0 ≤ � < 2N − 1}
{Ψ�, 0 ≤ � < 2N −1}

YN

[Φ�,Ψm]YN
= δ�m (0 ≤ �, m < 2N ).



D2N (s, t) :=
2N−1∑
m=0

Φm(s) · Ψm(t) (s, t ∈ YN ).

D2N (s, t) = 2Nδs,t (s, t ∈ YN ).

D2N (s, t) =
2N−1∑
m=0

Φm(s) · Ψm(t) =

=
N−1∏
k=0

(
ϕ

(0)
k (s) · ψ(0)

k (t) + ϕ
(1)
k (s) · ψ(1)

k (t)
)

=

=
N−1∏
k=0

(
ϕ

(0)
k (s) · 1

ϕ
(0)
k (t)

+ ϕ
(1)
k (s) · 1

ϕ
(1)
k (t)

)
.

s = t

ϕ(0)
m (s) · 1

ϕ
(0)
m (t)

= ϕ(1)
m (s) · 1

ϕ
(1)
m (t)

= 1

m (0 ≤ m < 2N ) D2N (s, s) = 2N

s �= t x p (0 ≤
≤ p < N)

x′ = Ap(s) �= Ap(t) = x′′,

x = Ap+1(s) = Ap+1(t)
ϕ(0) A ϕ(0)(x′) = ϕ(0)(x′′)

ϕ(1) A ϕ(1)(x′) = −ϕ(1)(x′′)

ϕ(0)
p (s) · 1

ϕ
(0)
p (t)

+ ϕ(1)
p (s) · 1

ϕ
(1)
p (t)

=

= ϕ(0)(Ap(s)) ·
1

ϕ(0)(Ap(t))
+ ϕ(1)(Ap(s)) ·

1
ϕ(1)(Ap(t))

=

= ϕ(0)(x′) · 1
ϕ(0)(x′′)

+ ϕ(1)(x′) · 1
ϕ(1)(x′′)

= 1 − 1 = 0.



D2N (s, t) = 0 s �= t �

Smf :=
m−1∑
n=0

[f,Ψn]YN
Φn

m f : I → C

S2N f f
YN

(S2N f)(x) = f(x), x ∈ YN .

x ∈ YN

SNf(x) =
2N−1∑
m=0

[f,Ψm]YN
φm(x) =

2N−1∑
m=0

⎛⎝ 1
2N

∑
y∈YN

f(y)Ψm(y)

⎞⎠φm(x) =

=
1

2N

∑
y∈YN

f(y)
2N−1∑
m=0

φm(x)Ψm(y) =
1

2N

∑
y∈YN

f(y)D2N (x, y) = f(x).

�

O(N ·2N )

O(22N )

φ



γ : [0, 1) → [0, 2)
γ1(x) := {γ(x)} {a} a

γ1 γ1(x) = γ(x) 1
γ1 : [0, 1) → [0, 1) I = [0, 1)

γ γ1

ϕ(0) ϕ(1) γ1

ξ ∈ [0, 1) γ(ξ) = 1 I1 [0, ξ) I2

[ξ, 1) ϕ(0) ϕ(1)

I1

I2

ϕ(0)(x) = 1

ϕ(1)(x) :=

⎧⎨⎩ 1 0 ≤ x < ξ,
−1 ξ ≤ x < 1,

0 otherwise

γ(x) = 2x γ1

•



I YN

I
γ1 γ

ξ >> 1
2 I2

YN I1 I2

γ : [0, 1) → [0, 2)
γ1(x) := |γ(x) − 1|

γ γ1

φ

• γ(x) = 1 − 2x γ1(x) := |γ(x) − 1|
(0, 1] γ2 := 1− γ1 B1

γ(x) = 1 − 2x γ1(x) γ2(x) = B1(2x)



I = (−1, 1) A(x) = 2x2−1 I
ϕ0(x) = 1 ϕ(1)(x) = ϕ(x) = x

T2(x) = 2x2 − 1

ϕk(x) = ϕ(Ak(x)) = T2k(x) = cos(2k arccos x).

Ψm

ψk =
2ϕk

ϕk+1 + 1

Φm ϕk

XN

ψ(0) = 1 ψ(1) = 1
ϕ(1)

2 cos2(2k arccos x) = cos2(2k arccos x) − sin2(2k arccos x)+

+ cos2(2k arccos x) + sin2(2k arccos x) =

= cos(2 · (2k arccos x)) + 1,

ψ
(1)
k (x) =

1
ϕk(x)

=
1

ϕk(x)
=

1
cos(2k arccos x)

=
2 cos(2k arccos x)
2 cos2(2k arccos x)

=

=
2 cos(2k arccos x)

cos(2 · (2k arccos x)) + 1
=

2ϕk(x)
ϕk+1(x) + 1

.



I

a z

a, z ∈ C |a| < 1, |z| = 1.

Ba(z) =
z − a

1 − az

t ∈ R Ba

Ba

(
eit
)

= eiβa(t),

βa(t) = φ + γs(t − φ), s := log
(

1 + r

1 − r

)
, (a = (reiφ) ∈ B, t ∈ R)

γs(t) := 2 arctan(es tan(t/2)) βa : [0, 2π] → [0, 2π]
Ba(z) T

Ba1(z) Ba2(z) z = eit

Ba1(z) · Ba2(z) = ei(βa1 (t)+βa2 )(t) = eiβ(t),

β : [0, 2π] → [0, 4π]

β1(t) := β(t) 2π β1 : [0, 2π] → [0, 2π]

β(x) β1(x)

A = eiβ1(t)



2n An

A
a1, a2, . . . An = an ◦ an−1 ◦ · · · ◦ a1

m > 1, m ∈ N

φn = {ϕ(0)
n , ϕ(1)

n , . . . , , ϕ(m−1)
n }, n = 0, 1, . . . , N − 1.

Φ� :=
N−1∏
k=0

ϕ
(�k)
k , � =

N−1∑
k=0

�k · mk

m = 2 ϕ
(0)
n = 1 ϕ

(1)
n = ϕn

{Φ�, 0 ≤ � < mN − 1}
{φn, 0 ≤ n < N} {Ψ�, 0 ≤ � < mN − 1}

{Υn = {ψ(0)
n , ψ

(1)
n , . . . , ψ

(m−1)
n }, 0 ≤ n < N}

DmN (s, t) :=
mN−1∑

�=0

Φ�(s)Ψ�(t).

DmN (s, t) =
mN−1∑

�=0

Φ�(s)Ψ�(t) =
mN−1∑

�=0

N−1∏
k=0

ϕ
(�k)
k (s) · ψ(�k)

k (t)

=
N−1∏
k=0

m−1∑
j=0

ϕ
(j)
k (s) · ψ(j)

k (t)




