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DISTRIBUTIONS OF ARITHMETICAL FUNCTIONS.
SOME RESULTS AND PROBLEMS

I. Katai (Budapest, Hungary)

Dedicated to my friends, Professors Ferenc Schipp and Péter Simon
1. Introduction

1.1. Notations

N = set of positive integers; Ng = NU {0}; Q,R,C the sets of rational,
real, complex numbers, respectively. P = set of primes; w(n) = number of
distinct prime factors of n; Pp = {n | w(n) =k}; Q(n)= number of prime
power divisors of n; N :={n | Q(n) = k}.

Let mp(x) = #{n < z | wn) = k}, Ni(z) = #{n < z | Qn) =
=k}, w(x)=m(x).

1.2. Definitions

Let ¢ > 2 be an integer, A, = {0,1,...,¢—1} (= set of ¢ — ary digits),
and let ¢;(n) be the digits in the ¢ — ary expansion of n:

(1.1) n:ZEj(n)qj, gj(n)e Ay (1=0,1,2,...).
§=0

It is clear that the right hand side of (1.1) is a finite sum.
A, = set of g-additive functions. We say, that f : Ng — R belongs to A,
if f(0) =0, and

F) =3 Feim))

Jj=0

holds for every n € N.
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Special g—additive functions: a(n) = > g;(n); fi(n) :=#{j | g;(n) =
3=0
=1} defined for Il =1,...,q—1; f(n)=cn.
This notion was introduced by A.O. Gelfond [24].

M, = set of g¢-multiplicative functions. We say, that g : Ng — C belongs to
My, if g(0) = 1, and g(n) = ] g(¢;(n)¢’) (n € N). Furthermore let M, =
§=0

={g€ M, |gn)]=1 (n€N)} One can see easily, that g(n) = 27" ¢
eMyif fe A, zeC.

A = set of additive arithmetical functions.

f N — R belongs to A, if f(1) =0 and

(1.2) f(mn) = f(m) + f(n)

holds for every coprime pairs of integers m,n.

A* = set of completely additive arithmetical functions.
We say that f € A* if f € A, and (1.2) holds for every m,n € N.

We say that f is strongly additive if f € A and f(p*) = f(p) for k €
eN, peP.

M = set of multiplicative arithmetical functions. g : N — C belongs to M
if g(1) =1 and

(1.3) g(mn) = g(m) - g(n) for every coprime pairs of m and n.

M* = set of completely multiplicative arithmetical functions. g € M*, if
g € M and (1.3) holds for every m,n € N.

Furthermore, let M ={g|g€e M, |g(n)]=1 (ne€N)}.

Let {e,}52; be a sequence of real numbers. We say that it has a limit
distribution, if

(1.4) lim 0 < | en <y} = Fly)

exists for almost all y, and F is a distribution function.
1.3. Classical theorems in probabilistic number theory
(E-W): Erd8s-Wintner theorem [1]: If f € A, then it has a limit

distribution, 1i.e.
limz'#{n <z | f(n) <y} = F(y)
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exists for almost all y, where F is a distribution function, if and only if the
following three series

2
(1.5) 3 ) T ) v oL
i<t P i< P s P

converge. If this condition is satisfied, then ¢(7), the characteristic function of
F' can be written as

(1.6) o(r) =] (1 - ;) (1 +Y° pim exp(in(pm))> .

In (1.5), (1.6) p run over P.

(E-K): Erdés-Kac theorem [2]: Let f(n) be a strongly additive func-
tion, such that |f(p)] <1 (p € P). Let
Al) =Y fp)-p~" Ba)=) ff)-p' (09)B@) -0 (z— o0).

p<z p<z

Then

(1.7) lim 4 {n <z ’ fln) = Alw) _ y} — ®(y),

T—00 I

® = standard normal law.

(T-K): Turn-Kubilius inequality: Let f € A,

Then

Here ¢ is an absolute constant, ¢ = 32 is appropriate (see [4], Ch. IV, p. 147).
(D): Delanges’s theorem [3]:

1. Let g € My, mj:% > gleq?). Then
beA,

. 1 _
ngroloat Z gn)|=a
n<x
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always exists, it is nonzero, if and only if m; # 0 (j =0,1,2,...) and
(0 <)>"Re(l —mj) < co. Furthermore,

(1.8) lim 27t g(n) = M(g)

n<z

exists, and M(g) # 0, if m; #0 (j = 0,1,2,...), and > (1 — m;) is
convergent. If these conditions hold, then

(1.9) M(g) = [ m;.
j=0

2. Let f € Ay. f has a limit distribution, i.e.
lim 27 '#{n <z | f(n) <y} = F(y) a.a.

if and only if both of the series

(1.10) SN rod), DD £Ad)
j=0beA, j=0beA,

are convergent. If X; are independent random variables,
(1.11) P(X; = f(bg?)) =1/q if be A,
then

Fly)=P (> X;<y

=0

The following assertion is an almost immediate consequence of known
theorem for the sum of independent random variables:

Theorem 1. Let |f(bg?)] <1 (b€ Ay j€E€Ny), pj= %bg f(bg?),
€A,

271 N2 _ _ log x
1) o= ) - N=NG )
N N
(1.13) E(z)::Z,uj; D*(z) =) o7
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Assume that D(x) — oo (x — 00). Then

limz ' # {n <z W < y} = ®(y).

2. Distribution of ¢g-additive functions on some subsets of integers

The analogous of Theorem D and 1 are considered for the following subsets:
the set P,

the set P(N), where P is a polynomial over Z,

the set P(P),

on the sets Py, Ny.

Ll

Let B be an infinite sequence of non-negative integers, Ap(z) := #{n <
< z | n € B}. For some collection of (0 <)l; < ... <[, (<N), N=N(z)=

_ [logr} . bi,... by € Ay, let

log q

Ag(x|é) =#{n<z|nebB, eg;n) =0b;, j=1,...,r}h

It is clear that

ZANO (C]N | é) = An, (q"),
b

and a similar relation with some error holds by z instead of ¢”, uniformly in
I,b. One can hope that such kind of relation holds for Ag (m|%) for a large

class of sequences B.
2.1. Distribution of f € A, on the set P(N) and on P(P)

In a joint paper of N.L. Bassily and myself [5] the following assertion has
been proved.

Theorem 2. Let P(z) € Zlx], with positive leading term, r = deg P.

Let f € A,, such that sup max|f(bg?)| is finite. Assume furthermore, that
j€Ng bEAq

D(x) - (logz)™'/? - 00 (z — o). Then

(2.1) lim ©# {n <z ‘ f(P(Tg) BE) y} = o(y),

oo (@)
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f(P(n) — E(z")
D(zm)

(2.2) lim %# {p<az‘ <y} = a(y).

r—0o0 T\

Here E(x) and D(x) is defined in (1.12), (1.13).

Remark. The proof is based upon theorems of I.M. Vinogradov and L.
K. Hua for exponential sums. By using appropriate estimates we deduced that
for every fixed h,

(2.3) Apa (z | o l) = qih +O(z - (logz)™)
and
(2.4) A x| ) = riz) +O(x - (logz) ™)

. P(P) bt ) T T gh )

log x

whenever N = [loiq},
(2.5) NY3<li<ly<...<l,<rN-—N'/3
and bq,...,b, € Ay. Here X is an arbitrary constant. By using these estimates

one can deduce that the moments ay(x), bg(z) are close to ci(x), where

-2 ()

n<z

p<z D(a")

Since lim c¢g(z) = lim ax(x) = lim bg(z), and limeg(x) = pg, pr = k-th
moment of ®, by using the Frechet-Shohat theorem the proof will be finished.

Theorem 3. Let f € A,, assume that both series in (1.10) are convergent.
Let P € Zx], with positive leading term. Then the sequences f(P(n)) (n € N),
f(P(p)) (p€P) have limit distribution.



Distribution of arithmetical functions 245

Remarks. In [6] it is proved that for f € A,

(26) LS P B < D¢
and
27 5 PO ~ B ) < oD (4

hold, if z > zy. Here c1, co are absolute constants, N = ngﬂ , d>0isa

constant defined so that max P(y) < ¢"Nte if 2 > x.
Yysx

Furthermore, the quantity of integers n < ¢V for which P(n) = a
(mod ¢™), and similarly, the number of primes p < ¢~ for which P(p) = a
(mod ¢™) can be estimated quite well if M = [log N], say. Using this, and the
inequalities (2.6), (2.7), Theorem 3 can be deduced easily.

In [7] we proved that the convergence of the series in (1.10) are necessary
for the existence of the limit distribution in the case f(p).

The necessity of the convergence of the series’ in (1.10) is not known in
general for P(n), P(p) if deg P > 2.

2.2. Distribution of f € A; on the set of primes

As we mentioned in § 2.1, the convergence of the series (1.10) are necessary
for the existence of the limit distribution of f(p) (p € P). We proved in [§]

o0 .
Theorem 4. Let f € A,. Assume that > > f?*(bg’) < oo. Let

j=0bEA,
1 .
By ==Y fbg').
150 vea,
Then )
llggo m#{p <z | f(p) - EN(x) < y} = F(y)

exists for a.a. y, F is a distribution function. Here N(x) = Bziﬂ

Other hand, assume that there exists a function a(x) for which

lim ——#{p <z | f(p) — a(z) <y} = G(y)

)
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exists for a.a y, where G is a distribution function, then > > f2(bg?) < oo,
7 beA,
furthermore a(x) — En(y) — ¢ (v — 00).

2.3. Distribution of g-additive functions on the set of integers having
k prime factors

In our paper [9] with L. Germén we proved the following theorems.

Theorem 5. Let [ € A, sup |f(bg?)| < 1. Assume that
jeNo,bEAq

D(x)(logz)~ /3 — 0o, Let 1 < B < z'/? (B,q)=1. Then

i v | £(Bp) - B)
ials v o) | T (B) <5 gy <o) -ew] <)

where T(x) — 0 as © — oo.

Theorem 6. Let f € A, and that both series in (1.10) are convergent.
Let &o,&1, ... be independent random variables, P(&; = f(bg?)) = 1/q if j >
>1, be Ay, and P(§ = f(b)) = ﬁ if (b,q) =1, and 0 if (b,q) > 1.

Let 0 = Y &. (The right hand side is clearly convergent according to the
1=0

3 series theorem of Kolmogorov.)
Let F(y) :=P(0 <vy). Let BEN, (B,q) =1, and

Fyp(y) == )# {P < % : f(pB) < y}

Then
max sup |Fy g(y) — F(y)| < dq,
y

1<B<zl/3
(B,q)=1

0 — 0 (z— o0).
Let J, := [1,d(x)loglog z]|, where 6(z) — 0 (z — oo) arbitrarily slowly.

Theorem 7. Assume that f satisfies the conditions stated in Theorem 5.
Then

ﬂkl(x)#{ngx,nepk W<y}—@(y)‘—>0

sup sup
keJ, yeR
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as x — 00, and

‘ 1 f(n) — E(x) _ .
up gy {n < e | Pt <o - o] -
as r — OQ.

Theorem 8. Let f € A;, F be defined as in Theorem 6. Let

HP (y) := Wkl(x)#{n <x,n€ Py f(n) <y},
G (y) = ﬁm#{n <z,n €N, f(n) <y}

Then
lim sup |H3(ck)(y) - F(y)| =0,

T—00 pe g

lim sup |G§c’“)(y) - F(y)=0,

T—O ked,

at every continuity point y of F.

Remark. As it is known, F is continuous if > P(§; # 0) = oo, ie., if
there is a sequence j; < jo2 < ... and by, b, ... € Ay, such that f(b,q7) # 0.

3. Linear combinations of ¢g-additive functions

Let (1 <)a; < ag < ... < ag(< ¢) be mutually coprime integers, each of
which is coprime to ¢ as well. Let fi,...,fr € Ay  91,..., 9% € Mg, and

(3.1) I(n):= filan) + - + fr(agn),

(3.2) t(n) == g1(ain) - - - gr(agn).

We say that a sequence e, (n = 1,2,...) of real numbers is ,,tight”, if
there is a sequence Ay such that limsup ¢ V#{n < ¢ | |I(n) — Ay| > K} :=

N—oo
:=C(K) — 0 as K — oo. We say that e, is ,,bounded in mean”, if C(K) — 0
at the choice Ay =0 (N €N).
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We investigated the existence of the distribution of I(n) and the mean
value of t(n) in our papers [10], [11], [12]. In [11] we proved

Theorem 9. The sequence l(n) defined in (3.1) is tight if and only if
there exist suitable real numbers 1, ...,y such that for the functions ¥;(n) :=
:= fi(n) — v (n), the relations

(3.3) D} = > 4i(bg’) < o0

j=0beA,
are satisfied.
Let
LNl }
(3.4) AQD == di(bg?),
1520 vea,
k
(3.5) Ey =) 4A.
1=1

Theorem 10. Assume that the conditions of Theorem 9 are satisfied.
Then

(1)
limg™"#{n <" [1(n) - Ex <y} (= F(y))
exists for a.a. y. Eyn is defined by (3.5);

(2) the sequence l(n) has a limit distribution if additionally Ex has a finite
limit as N — oo.

Let
1 k
() = =" fileg"), plu)=> mu),
q cEA, =1
1 u+1 .
mulcr, .oy ck) = prres #{n <q""" |eulajn) =¢;, j=1,...,k},

Ty = Z (filerq®) + -+ + fa(erg) — p(w)*muler, . . ),

C1,...,ckEA,

k
A=Y £ (bg).
Jj=1beA,
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We proved in [11] that for v > 2 diA, < 7 < do, holds with positive
constants di, ds, which may depend at most on gq.
-1
Theorem 11. Let ay,...,a; and l(n) be as earlier. Let 0% = > T,.
u=0

Assume furthermore that

M
max maxMﬁO as M — oo.
l=1,...,k ceA OM

Then
1
lim —# {n <z ‘
T

log q

N—-1
where (N =)N, = [bﬂ - F(N)= % plw).

4. Linear combinations of g-additive functions over P

We keep the notations introduced in §3. In [13] the following assertion is
proved.

Theorem 12. We have
(1) over the set P is tight if and only if it is tight over N;
(2) has limit distribution over P, if it has a limit distribution over N.

We can prove furthermore the following

Theorem 13. Assume that the condition stated in Theorem 11 holds
true. Let Ky = [logN], N = N,. Assume that o% /o3 — 0, (0% —
—0%_ky)/0% — 0 as N —oco. Then

lim L {p<x‘l(p)_F(N)<y}=q)(y)7

z—oo () oN
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5. Mean-value of products of g-multiplicative functions having
absolute value 1

Let t(n) be as in (3.2), assume that g; € M, (j = 1,...). Let t;(n) =
=t(ng’), Mj;(x)= 3 tj(n), m;(N)=q VM;(g"

)
n<x

a; = liminf[m;(N)|,  5; = lijffﬂsup|mj(N)|-

We proved the following assertion in [10].
Theorem 14.

(1) We have oi; = ; (j=1,2,...). If B; > 0 for some j, then 5 — 1.
(2) The relation B — 1 holds, if there exists an integer j, and 71, .

e ER
such that ‘
¢ (a1y1 + ... + agyk) = integer,
and
Z Z Re(1 — g;(bg®)e(—vibg®)) < o0
s=0 beA,

holds for 1 =1,...,k. Here e(a) := exp(2mic).

6. Distribution of g-additive functions on the set of integers charac-
terized by the number of given digits

In [14] we proved the following Theorem 15.

Theorem 15. Let f € A,, the series in (1.10) be convergent. Let r™) =

= (rgN), e ,1"((112) be such a sequence for which
gry)
—— -1 <é j=1,...,N—1
N < ON (J ’ ) )7

where dy — 0 (N — o00). Let

SyM)y={n<¢" | Bn)=r™, 1=1,...,¢—1},
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My (™) = #Sy (™).
Then

Jim s n € Sy () | fn) < v} = P

for almost all y, where F(y) := P(>_ X, <vy), X; are defined in (1.11).

Theorem 16. Let f € As, such that Y f(27), > f2(27) are convergent.
Let &,&1,&2, ... be random variables, P(§, = 0) =1—n, P& = f(2V)) =
=n, 0,=>&, F,(y)=P0,<vy). Then

1
lim max |——#{n <2 an)=k f(n) <yl —Fx =0
Jim e () = k. f() < 0} = Fy (9)
for almost all y. It holds for all y € R if f(2") # 0 holds for infinitely many v.

Theorem 17. Let f € Az, |f(27)| be bounded. Let hy € Ay be defined
N-1
by hy(27) := £(27) — A% where Ay = 3. f(27). Let

N
Jj=0

N-1

o (n) = (L—mn Y Wy (29).

=0

Assume that 0%,(1/2) — oo (N — o). Let 6 > 0 be an arbitrary constant,
0 <1/2. Then

lim sup  sup
N=00 kc[5,1-6] yeR

n) —
—0(y)| = 0.
In [15] we proved

Theorem 18. Let f € Ay. Assume that there exists some & € (0,1) and
a sequence ky of integers such that ky /N — & (N — o0) and

Lt <oV Ja(m) = kn f(n) <y} — Gly) (N — o)

(1)

for a.a y, where G is a distribution function. Then G(y) = Fe(y) (defined in
Theorem 16) and both series in (1.10) are convergent.
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7. On ¢g-multiplicative functions taking a fixed value on the set of
primes

In [17] we proved

Theorem 19. Let g > 2 be fized. Then there exists a constant ¢ = c(q)
such that for every ¢ € My for which g(p) =constant if p runs over P, then
there exists k € [1,c] such that g¥(nq) = 1 holds for every n € N.

In [18] the following assertion has been proved.

Theorem 20. Let ¢ > 2, B(> 1) be an arbitrary constant. Then there
exists a constant ¢1 := ¢1(q, B) with the following property.

Let g € M, for which there exists a sequence Ny < Ny < ... of integers
and a sequence k, € [1,Blogn,], k, € N and o, such that

T =«a, if TWE N”,4 Ny
(7.1) g(m) f [g, 4q7]
and w€ Py,

where Py, is the whole set of integers with exactly k prime factors.
Then there is an integer r € [1, ca], such that g"(nq) =1 (n € N).

8. Mean value of g € M, over P

Then main problem we are interested in is to investigate the sum

(8.1) P(z):=> g(p).

p<z

Let

(8.2) S(z | a):= Z g(De(la) (e(B) = exp(2mif)).
(et

We would like to give necessary and sufficient conditions for g to satisfy

(8.3) -0 (z— o0).
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One can see easily that (8.3) implies that
(8.4) 1Sz |r) =0 (z— 00)

holds for every r € Q.
In [19] we formulated our
Conjecture 1. (8.2) holds if and only if (8.4) holds for every r € Q.
Conjecture 2. If ge M,, |g(n)] <1, and

lim % D alp) (= M,)

p<z

exists, and My # 0, then

(8.5) Z Z (1 —g(aq’)) is convergent,

j a€Ay
1 o )1
(8.6) My =4 —— g(a) =Y glag’)
pla) o il K

Presently we can prove only the following weaker assertion.
Let Y (z) be a monotonically increasing function such that Y (x) — oo and

% — 0as z — oo. Let Ny := {n < z,p(n) > Y(x)}, where p(n) is the

smallest prime factor of n. Let N(z) = #(Ny).
Let L be the strongly multiplicative function such that

{p; if p>2 and p/gq,

0 otherwise.

In [20] the following assertion has been proved.
Let

(8.7) Ux)= Y g(n),

nGNx
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where g € Mq. Then

d—1

U(z) |? L(d) 2
5l < *; > Jos (|5 +
(8.8) () d<D a=0
1
— 2 (1
where M is an arbitrary integer, for which ¢™ € [~ 24, q2'/4], ¢ = c1(q)

is a positive constant, the constant implicitly standing in 0, (1) depends only on

the choice of Y(z) (and does not depend on g). D > 0 is an arbitrary number.

Remark. (1) (8.8) shows that the fulfilment of (8.4) (for every r € Q)
implies that

U(x)

N(z)

-0 (r— ).

(2) We are able to prove that Conjecture 1 follows from Conjecture 3.
Let

Tl(l lg) Tll,lz -
=#{p1,p2 €P, po—pri=lo—11, pr=l (mod ), p <z}

Conjecture 3. There exists a constant 0 < § < i such that for M =

=[6N], N = {logw} we have 2

log g
8.9 T(M)—#Hl -l < ()zq
®9 2 [k g M ] < Tioga)
%l’rﬁq}:l
l1#l2

with a suitable function e(z) — 0 (z — o0), where

H(d) =] (1 + 12>

pld
pla
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9. Distribution of additive functions on the set of shifted integers
the number of prime factors of which is fixed

Kétai proved in [21] that f € A has a limit distribution on the set {p+1 |
p € P}, ie.
: 1 ~
(9.1) lim ——#{p <a|fp+1) <y} =F(y),

roe 7(2)

exists for a.a. y, and F is a distribution function, if the series in (1.5) are
convergent.

A. Hildebrand proved twenty years later in [22] that if (9.1) holds, then
the series in (1.5) converge. L. Germén proved the following assertion.

Theorem 21. Let f € A, 2 < k < e(x)yloglogz, e(xz) — 0 as
T — oo. Let

1

Tk ()

Fio(z) = #{n<z|nePyfin+l) <z}
Assume that there is a sequence k = k, and a distribution function F such that
Fy, o = F. Then the 8 series in (1.5) are convergent.

Conversely, assume that the series in (1.5) are convergent. Then, with a
distribution function G(y),

max [Fra(y) —Gy)| =0 (2 —o0)
2<k<e(z)4/loglog x

if y is a continuity point of G. Consequently FF = G. The characteristic
function o(t) of F(y) is given by

10. Distribution of additive functions over P, N}

In [16] we proved the following theorems.
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Theorem 22. Let f € A, and assume that the series in (1.5) are
convergent. For n € (0,2) let £ = &,(n) be the random variable distributed

by P(&, = f(p®)) = (1 — %) (%)a, Assume that §, (p € P) are completely
independent, 0(n) := > &,(n). Let F(y) :== P(6(n) <y). Let furthermore
peP

(10.1) Grz(y) == #{n <z,neNg,f(n) <y}

1
Ni(z)

Assume furthermore that

(10.2) > 1/p=oc.
f(p)#0
Let €re = ptogzr 0 <8 <1/2. Then

10.3 li Gra(y) — F, =0.
(10.3) Jim gmrg[gg_ﬂr;lgg\ koY) = Fep, ()]

If (10.2) does not hold, then

10.4 I Gra(y) = Fe. (y)| = 0
(10.4) S max Gha(y) — Fe. ()

for every y which is a continuity point of Fy(y).

Theorem 23. Let f be as in Theorem 22. Assume that f(2%) =0 (o=
=1,2,...). Let § >2, A >2+0 be constants. Then

’3—’°0£k,me[2f5,,4]‘ ka(y) — F3 ()]

for every y, which is a continuity point of Fy. Here Fy(y) = P <Z &(2) < y) .
p>2

Theorem 24. Let g € M, and assume that
Z 1—g(p)
p p

is convergent. Let 6 > 0 be fized, 0 < n < 2,

ep(n)z(l—D (1+g(§)77+9(1;?772+...)7
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M,(g) = 1;[ ep(n).
We have

1
lim max
z—00 &, ,€[6,2—3] | Ni ()

3" g(n) — Mg, ,(9)] = 0.

n<xz
neN

.k
Here &g 0 = Toglogz -

Theorem 25. Let g be as in Theorem 2. Assume furthermore that
g(2%)=1 (a=1,2,...). Let 0<d, A>2+7 be constants. Then

1
lim max —_—
z—00 ¢y €246,4] | Ni ()

> g(n) — Mz (g)| =0,

n<z

neNy

where

M;(g) = [T en(2

Theorem 26. Let f € A, f(p*) = OQ1), if p € P. Let A, =
=5 1) f* € Ais defined on prime powers p® by f*(p®) = f(p*)— GLE:

e p loglogx *
Let B2 =Y %(f*(p))Q. Let B, — oco. Then
p<z
1 fr(n)
max, max | ——— nSJ;’7< nNEN, — — 0
k Nk(x)#{ Bovis Y k} (v)

as © — oo. Here § > 0 is an arbitrary constant.

Theorem 27. Let f, f*, A;, B, be as in Theorem 26. Let 0 < 6, A >
> 240 be constants. Then

maxj; max
246<Er o <A YER

#{néx‘ f7(n) <y}—‘1>(y)‘—>0 (z — o0).

1
Ni(z) B,V?2
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