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Abstract. The main aim of this paper is to prove that there exists
a martingale f € H1/2 such that the maximal Fejér operator and the
conjugate Fejér operator does not belong to the space L1/2.

1. Introduction

The first result with respect to the a.e. convergence of the Walsh-Fejér
means o, f is due to Fine [1]. Later, Schipp [6] showed that the maximal
operator o* f is of weak type (1, 1), from which the a.e. convergence follows
by standard argument. Schipp’s result implies by interpolation also the
boundedness of ¢* : L, — L, (1 < p < oo). This fails to hold for p = 1
but Fujii [2] proved that ¢* is bounded from the dyadic Hardy space H; to
the space Ly (see also Simon [7]). Fujii’s theorem was extended by Weisz [9].
Namely, he proved that the maximal operator o* f and the conjugate maximal
operator 5@ f is bounded from the martingale Hardy space H,(G) to the space
L,(G) for p > 1/2. Simon [8] gave a counterexample, which shows that this
boundedness does not hold for 0 < p < 1/2. In the endpoint case p = 1/2
Weisz [11] proved that o* is bounded from the Hardy space H;/o(G) to the
space weak-Lj /5(G). In [4] (see also [3]) the author proved that the maximal
operator o is not bounded from the Hardy space H 2(G) to the space Ly /2(G).
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In this paper we shall prove a stronger result than the unboundedness of
the maximal operator from the Hardy space H/5(G) to the space Ly /5(G) in
particular, we prove that there exists a martingale f € Hy/o(G) such that

lo* fll1/2 = +o0

and
~(t
15 fll1 /2 = +oc.

2. Definitions and notation

Let P denote the set of positive integers, N := P U {0}. Denote Z5 the
discrete cyclic group of order 2, that is Zy = {0, 1}, where the group operation
is the modulo 2 addition and every subset is open. The Haar measure on Z5 is
given such that the measure of a singleton is 1/2. Let G be the complete direct
product of the countable infinite copies of the compact groups Zs. The elements
of G are of the form = = (xg,z1,...,Tk,...) with z, € {0,1} (k € N). The
group operation on G is the coordinate-wise addition, the measure (denoted
by p) and the topology are the product measure and topology. The compact
Abelian group G is called the Walsh group. A base for the neighborhoods of
G can be given in the following way:

IO(I) = Ga

In(@) o= In(2o, ..., an—1) ={y € Gy = (T0,-- -, Tn—1,Yn, Yn+1,-- )}
(x € G, neN).
These sets are called the dyadic intervals. Let 0 = (0: ¢ € N) € G denote the
null element of G, I, := I,,(0) (n € N). Set e, := (0,...,0,1,0,...) € G the
n-th coordinate of which is 1 and the rest are zeros (n € N). Let I,, := G\I,,.
For k € N and = € G denote

rp(z) = (—=1)" (x € G,keN)

oo .

the k-th Rademacher function. If n € N, then n = Y n;2', where n; €
i=0

€ {0,1} (i € N), i.e. n is expressed in the number system of base 2. Denote

|n| := max{j € N : n; # 0}, that is, 2/"| <n < 2l7+1,
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The Walsh-Paley system is defined as the sequence of Walsh-Paley func-
tions:

wa(@) = [[ (@)™ = ry(a)(~1) i= (x€G, neP).

k=0

The Walsh-Dirichlet kernel is defined by
n—1
Dy(z) = > wi(x).
k=0

Recall that

" if x € I,
1) mwmz{

0, ifzel,.

The partial sums of the Walsh-Fourier series are defined as follows:

where the number

is said to be the i-th Walsh-Fourier coefficient of the function f.
The norm (or quasinorm) of the space L,(G) is defined by

1/p

o= | [1@Pau@) | 0 <p <400
G
The space weak-L,(G) consists of all measurable functions f for which
Hf”wcakap(G) = iulé )‘:u(|f| > )\)1/1) < +o0.
>

The o-algebra generated by the I;, dyadic interval of measure 2~% will be
denoted by Fy, (k € N).
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Denote by f = (f(™),n € N) the martingale with respect to (F,,, n € N)
(for details see, e.g. [10]). The maximal function of a martingale f is defined
by
f* = sup [f].
neN

In case f € L1(G), the maximal function can also be given by

£*(x) = sup —

I ()

For 0 < p < oo the Hardy martingale space H,(G) consists of all
martingales for which

£z, = 11F*]lp < o0

If f € L1(G) then it is easy to show that the sequence (Sonf : n € N) is a
martingale. If f is a martingale, that is f = (f(©, f() . .)) then the Walsh-
Fourier coeflicients must be defined in a little bit different way:

Fi) = Jim [ 19 (@ywi(@)du(a).
G

The Walsh-Fourier coefficients of f € Li(G) are the same as the ones of
the martingale (San f : n € IN) obtained from f.

For n =1,2,... and a martingale f the Fejér means of the Walsh-Fourier
series of the function f is given by

n—1
A Si(f;x).

j=

3=

onf(z) =

For a martingale
oo

F > (fn = fumr)

n=0

the conjugate transforms are defined by the martingale

fN(t) ~ Zrn(t)(fn - fn—l)v
n=0



Maximal operators of Fejér means of Walsh-Fourier series 197

where t € [0,1) is fixed. Note that ]?(0) = f. As is well known, if f

is an integrable function then the conjugate transforms f(t) do exist almost
everywhere, but they are not integrable in general.

Let
po =To, Pg =Ty, if 2(n=1) < | < on,

Then the n-th partial sum of the conjugate transforms is given by
" n—1
SV f() =Y pe(®)f(k)w(x).
k=0

The conjugate Fejér means of a martingale f are introduced by

n—1

50 fr) = - S8 f() (L€ 0.1): neP).

n -
J=0

For the martingale f we consider maximal operators

o* f = sup |onf(2)], ﬁ,g)f = sup |E7(f)f(a:)|.
nepP neP

The n-th Fejér kernel of the Walsh-Fourier series is defined by

n—1

Ko(z) = % 3" Di(a).
k=0

A bounded measurable function a is a p-atom, if there exists a dyadic
interval I, such that

(a) [adp=0;
I

(b) flalles < p(1)=1/7;
(c) supp a C I.
The basic result of atomic decomposition is the following one.

Theorem A (Weisz [10]). A martingale f = (f™ :n € N) is in H, (0 <
< p < 1) if and only if there exists a sequence (a, k € N) of p-atoms and a
sequence (pg, k € N) of real numbers such that for every n € N,

2) S pSanay, = F,
k=0
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o0
S luell? < .
k=0

Moreover,
%) l/p
1/ |z, ~ inf (ZIMkI”) ;
k=0

where the infimum is taken over all decompositions of f of the form (2).
3. Formulation of main result

Theorem 1. There exists a martingale f € Hy,5(G) such that
lo* fllrj2 = +oo
and
~(t
137 £l 2 = +o0
forallt € G.

4. Auxiliary propositions

Lemma 1. ([5]) Let 2 < A € P and qa := 224 + 22472 ¢ 422 4 20,
Then
qA71|KqA71(33)| > 22m+2s—3
for © € Iox(0,...,0,29, = 1,0,...,0,20s = 1,29641,...,Z24-1), M =
=0,1,...,A-3, s=m+2,m+3,...,A—1.

5. Proof of the theorem

Proof of Theorem 1. Let {my, : k € P} be an increasing sequence of
positive integers such that
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=1
(3) > i <o
k=1 My
( ) k—1 24ml 24771;c
4 )
=0 my mp
k24mk,1 22mk
(5) — <
mE—1 my,
Let
fA(z) = Z YN
{k: 2m <A}
where )
)\k = —
my,
and

Qg (l‘) = 22mk (D22mk+1 (.Z‘) — D22mk (1‘))

It is to show that the martingale f := (f(O, fM ... fA) ) € Hy )o(G).
Indeed, since

F (@) =" AeSpaax(x)
k=0

from (3) and Theorem A we conclude that f € Hy/o(G).

We write
1 T T
6)  0g,, flx)= > Sif(a)+ N Sif(x)=1+11.
dm i=0 Amy, . 5,
J= j=2%mk
Let j € {22mx ... 22m+1l _ 1} for some k = 1,2,.... Then it is evident
that
=~ lim FOD(4 22mk
1) = fim fDG) =

and f(j) =0, if j & {22ms .. 22mstl 1} k=12, ...
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Consequently, for 22+ < j < g,,,, we can write

22mE—111_q j—1
Sif(x)=" Y flw(z)+ (v)wy (z) =
v=0 v=22mg
k—12%mitl_q j—1
=> Y fw@)+ Y Fo)w(x)
m o
k—12%m™itl g o2m 92my, 1
= wy () + wy(z) =
=0 ¢p=22m Mk p=22mp
k—1 22m1 22mk
= (Dyzmi+1(x) = Doz (2)) + “—(Dj(x) — Dy ()
= U my

Applying (7) in II, we have

e — 22mk k-1 92my
I = (q k Z - Dzzm,l+1 (:17) — Dy2m, (x))Jr
(8) o2my A
+ (Dj (%) — Dyomy, (x)) = 111 + I15.
qumk j:22m’k

Since
Djyormi (€) = Dozmy () + woemy (2) D; ()

for 115, we write

92my Gmj—1—1
qumk .
7=0
) g2 1
= Wo2my, (T D;(x)| =
Qo 22 k( ) Z J( )
=0
22mk qu71
= ’Kka—l(‘r)‘ .

mg  Qmy

Since
DQn (.’E) S 2”,
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from (4) we can write

24ml 24mk,1
10 I <e¢ .
(10) [111] Z —
Combining (8)-(10) we get
c €241
11 II>—m_’K ’,7.
) 1112 1 [ Ky (@] = S

Let j < 22"k, Then from (4) we can write

92mp_1t1_q

Sif@)l < > fw)l<e

v=0

94my—1

)
mEg—1

2my, _
92mpE_1 24mk71

> 5@l <e—.

mE

(12) I<c

Combining (6), (11) and (12) we get

C
(13) 90, S @) 2 ot | Ko, ()]~

Let © € I9, (0,...,0,29p = 1,0,...,0,22s = 1,Z9541,-..,%T2m,—1), for
some | = [my/2], [mi/2]+1,...,mr—3, s=1+2,14+3,...,mp—1, then from
Lemma 1 and (5) we have

dmp_1
|qu f($)| > L221—"_28 — 2 > i22l+28—1.
’ Mk ME—1 mp

Hence we can write

J/|a F@)2dula) t/Wa@mk (@) 2du) >

DS

=lme/2) 5=l g (0,0,0,221=1,0,.,0,20=1,2 25412y —1)

1T, (@) Pdpa() =

my — k—1
l
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mi— 3 Mk L gom, —2s

> Y. Y ettt
my,

I=[my /2] s=I
> C 2 > 1/2 K
= ﬁ Z Z ? Zcm, — 00 as — 0Q,

lo* fll1j2 = +oo.
From the simple calculation we obtain that

k—1 92my

St f(x) =3 rom, (t)legzmﬂ — Doy (2))+
1=0
22mk )
+7om, (t)mik(DJ(x) — Dy2my () for 2my < j < gm,
and
0wl ST < B o <
55| < > )< et for j<2m
Then the estimation of Gf)f(z) is analogous to the estimation of |o* f(x)|

and we have
~(t
159 £11 /2 = +o0.

Theorem 1 is proved.
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