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ON INVERSIVE CONGRUENTIAL GENERATOR
WITH A VARIABLE SHIFT
FOR PSEUDORANDOM NUMBERS
WITH PRIME POWER MODULUS

P. Varbanets and S. Varbanets
(Odessa, Ukraine)

Abstract.  The inversive congruential method for generating uniform
pseudorandom numbers is a particularly attractive alternative to linear
congruential generators which have many undesirable regularities. In the
present paper, a new inversive congruential generator with a variable shift
and prime-power modulus is introduced. Exponential sums on inversive
congruential pseudorandom numbers are estimated.

1. Introduction

Nonlinear methods of generating uniform pseudorandom numbers in the
interval [0,1) have been introduced and studied during the last twenty years.
The development of this attractive field of research is described in the survey
articles ([2, 8, 11, 21, 22, 27, 28, 30, 31, 32]) and in Niederreiter’s monograph
[29]. A particularly promising approach is the inversive congruential method.
The generated sequences of pseudorandom numbers have nice equidistribution
and statistical independence (unpredictability) properties ([3, 4, 6, 24, 25]).
Four types of inversive congruential generators can be distinguished, depending
on whether the modulus is a prime ([1, 11, 27]), an odd prime power ([33, 37,
38]), a power of two ([10, 12, 15]) or a product of distinct prime numbers (|5,
7,9, 10, 17, 19, 20]).
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In the works of Chou ([1]), Eichenauer and Lehn ([11]), Eichenauer and
Topuzoglu ([14]), Niederreiter ([26]) have been studied the problem of when
the sequence of pseudorandom numbers (generated by the pseudorandom gen-
erator) has the maximal period. Niederreiter and Shparlinski ([33]) considered
the special exponential sums on inversive congruential pseudorandom numbers
with prime power modulus and obtained nontrivial results concerning the
distribution of these numbers in part of the period. For surveys of results
and applications of inversive congruential numbers see [17], [29], [35].

In the case of an odd prime-power modulus the inversive congruential
generator is defined in the following way:

Let p be a prime, p > 3, m be a natural number, m > 2. For given a,b € Z,
(a,p) =1, b=0 (mod p), we take an initial value wo =w € Z, (w,p) = 1, and
then the recurrence relation

(1.1) Wny1 = aw, ' +b (mod p™)

generates a sequence wg,wn, ..., which we call the inversive congruential se-
quence modulo p™.

wo Wi
pmo p7m7 .
form a sequence of inversive congruential pseudorandom numbers with modulus

P

It is clear that the numbers .. belong to the interval [0,1) and

Such method of pseudorandom number generation was introduced in [14].
In practice, one works with a large power p™ of a small prime p. Surveys of
results of inversive congruential pseudorandom numbers see in [13], [18], [20],
[27], [29].

For the investigation of equidistribution and statistical independence of
the sequence {%}, k > 0, we shall apply upper and lower bounds for the

exponential sums

N-1

(1.2)  SD(hy,... hy) = epm (hwg + -+ + hawira—1) (d=1,2,...),
k=0

where N < 7, 7 is a least period length of the sequence wq,ws, ... considered

modulo p™, (hi,...,hq) € Z%, (hy,...,hq) #0 € Z¢. The sums S%(hy, ..., hq)
are considered in [21, 25, 33, 36, 37, 38].

The present paper deals with some generalization of the inversive congru-
ential sequence from (1.1) in such sense that we substitute a fixed shift b in
(1.1) by a variable shift by11 = b+ (k+ 1)cw.
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The organization of our paper is as follows. In the second and third sections
the auxiliary results are stated and the behavior of inversive congruential
sequences is discussed. Here also we construct two representations of wy: as
the polynomial on k£ and as the polynomial on w, and obtain condition for
maximal value of a least period length of the generated sequence wg. The main
results of the present paper are established in the fourth and fifth sections, in
which upper bounds are obtained for the exponential sums of type (1.2) and
upper and lower bounds found for the discrepancy of the sequence of the points

2% €10,1) and the points (;’,ﬁ;, “;’;;:1) € [0,1)? accordingly.

Notations. The letter p denotes a prime number, p > 3. For m € N
the notation R, (accordingly, R},) denotes the complete(accordingly, reduced)
system of residues modulo p™. We write ged(a,b) = (a,b) to note the greatest
common divisor of a and b. For z € Z, (2,p) = 1 let 2! be the multiplicative

inverse of a modulo p™. We write v,(A) = « if p*|A, p**1 JA. For real ¢

2

and natural g, the abbreviation e,(t) = e 4 is used and u - v stands for the

standard inner product u, v € R%.
2. Auxiliary results

We need the following three simple statements.

Lemma 1. Let ¢ > 1 be a natural number, a € Z. Then
a if dqla,
0 if qfa.

qg—1

;ax
§ :6271'17 —
z=0

Lemma 2. Let p > 3 be a prime, m € N, m > 2 and let f(x) = Ajx +
+Ax2% +p(Az23+- ) be a polynomial over Z, moreover, (A1, Aa,p) = 1. Then

0 Zf (Alap) = 17 p‘A27

; f(x)
z : e27rz o | —

TER,,

m

p2 if (Az,p)=1.

These lemmas are well-known.
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Lemma 3. Let f(x) = Ayx + Agx® + p(Aza® + --+) and g(x) = Bix +
+p(Baz? + - -+) be polynomials over Z, and let v,(As) = v > 0, vp(4;) > v,
j=3,4,...; (B1,p) =1. Then forv <m, m > 2, the following estimates

m+4v .
. f(x) pT Zf Vp(Al) Z v,
(2.1) P
TER, 0 else,

- f(x qm71 m

(2.2) S AT <t
TERY,

hold.

Proof. The relation (2.1) is a corollary of Lemma 2. In order to prove
22)weput x =y +p" 1z, y=1,....p" Y (y,p) =1, 2=0,1,...,p— 1.
Bearing in mind that

o =y + jp" 'y 2 (mod p™),
el =y — jp" Tty (mod p™), j=1,2,3,...
we get
f@) +9@™ ") =fy)+ W™ 2+ g(y™") — Bip™ly 2z (mod p™).

Hence, applying Lemma 1 we obtain

f@)tge”) S f) ey D)
§ : e2m P =p 2 : e2m P <

TERY, yeRy |
f1@+e (Y fo(w)taa(w™h
2y " 2y .
D > e =2 + > e P2 in the case (A),
YeERT o YyeERL o
o f3w+ezw™H k
pl > pme in the case (B),
yean72
0 in the case (C),
where

(A) the congruence A; — By

(mod p) has two solutions,

(B) the congruence A; — Byy~2 =0 (mod p) has one solution,

(C) the congruence A; — By (mod p) has no solutions.
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Now, by induction on m and by the estimate of the Kloosterman sum we
obtain the assertion (2.2).

3. Preparations

Let us consider the transformation ¥, defined on R;,:

a

(31) \I/k?-‘rl (w) = \I/k(W)

+b+ (k+1)c (modp™), k=0,1,2,...,

where p is a prime number, m € N, m > 3; a,b,¢c € Z, (a,p) =1, b=c =
=0 (mod p), vp(b) < vp(c), w € R, ¥p(w) = w.

In subsequent we shall write Wy (w) = wg, wp = w is the initial value. The
sequence {wy} defined by (3.1) can be considered as the generalization of the
inversive congruential sequence {ux}, was studied by H. Niederreiter and I.
Shparlinski in [33]:

(3.2) Upyl = ui +b (mod p™), ug € R},.
k

The parameter b is called naturally a shift of inversive congruential number
generator, which does not depend on k. But in our case wj has a variable
shift b + (k + 1)cw. We shall say that {wy} defined by (3.1) is the inversive
congruential sequence with variable shift. In order to show that the sequence
wy, is defined by the parameters a, b, ¢, w we shall denote it as Q(w, a, b, ¢; p™).
In this section we shall obtain two representations for wy € Q(w, a,b, ¢;p™):

the representation of wy as a polynomial on k modulo p™, wi = f.(k),

the representation of wy, as a polynomial on w and w™' modulo p™, wy,
_ -1
= Fip(w,w™).

Lemma 4. Let Uy be the transformation defined by (3.1) and let ¢" =
=0 (mod p™), r > 1. Then fork=0,1,2,...
(i) the transformation is a permutation of R},

AP + AP w4 AP
BM + BMw+ ..+ BH o

(’LZ) \Ifk(w) = Wk

(mod p™),
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where for » = 2 the following congruences mod p™ hold:

AéZk) +A(12k)w

\I’Qk(w) = B((]2k)+B§2k)w+B;2k)w27
(33) C((’zk+1)+C§2k+1)w+cézk+1)w2
Vopy1(w) = DD pERFD )
ACE = kakb + AT, AR = ok 4 kAP,
B — ok + B2, BM = kah =10+ BUV 8,
Bé%) = ka*~l¢;
(3.4) CEFY = ght1y 4 T g2
O — (k4 D)abb + O e
C’é%—H) = (k+ 1)aFc;
DY = pakb + DR,
DR — gk 4 kake + E?“”b?
A(Qik_')l =0 (mod c%), Aéik) =0 (mod bct),
(3.5) Bgﬁ)l =0 (mod bct™1), Béik) =0 (mod %),
. A(Qik_'tl) =0 (mod bct™1), Agkﬂ) =0 (mod ),
BEFD — ABR p—12,..
Proof. The assertion (i) is obvious and, hence, the sequence

Q(wp, a, b, c; p™) is purely periodic with some period 7 < ¢(p™). Further, one
can show by induction on n that AW = Bk = ¢ (mod c¢).
For the sake of clarity and simplicity, we shall assume that r = 2. And

now, taking into account that ¢ = 0 (mod p™), we can obtain (ii), by using
induction on k.

In order to prove the congruences (3.3)-(3.5) we consider the matrices
_(a+b* ab (a7 b
A_( b a)’ Al_(a_lb 0)’

2bc  ac be 0
B_<c 0)’ O_<c 0)'

(3.6)
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We have
A=a(E+A), Aj=0 (modp”),
(3.7) 10
E = 0 1), s=1,2,...; v=ru,(b).
Moreover,
k(k—1
(3.8) AF = a"(E + kA, + %A% +-++) (mod p™).

Calculating ¥j41(w), Ygyo(w) from the expression for Uy (w) we obtain the
relations

AFT = (o +0?)AY) + abBf,
(3:9) AFD (0 112 AP + abBP +
+ac(k +2)BY, +be(2k+3)AM,, 1<e<r,

B = aB +pA(,
B = aBM 464 4 ek +1)AP,, 1<e<r,

Straightforward calculations show that

, B =0, Ay =B =0,
AV =a, BM =0, AV =p, BN =1, AV =¢, B =0

AP =0, B =1, A =1

Let k = 2k, + t, where
{ 0 if k is even,
t =

1 if k& is odd.
Thus from (3.9),(3.10) and (3.6)-(3.8) we obtain for even k:

k
(Aé;) = Ak (A(()t)) )
B B{"
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Bé
j=0 j=0 0

ki (kg — 1) A
ks 1(F1 2 1
(a <E+k1A1+2A1+"'>>< (0) +

1

klfl ey

-1

+ IQZ(kl—j)a’“l—l <E+jA1+j(‘72 )A§+~-~>BA’—
j=0

(1)
-y ah! <E+j141+‘7 ]2 A§+---> CA"+
7=0

()
B )’

+ a3 ck Dy (k)

where
A= <E+(k1—j—1)A1+ (s _j_l)Q(kl_j_2>A§+...>7
A = (E+(k1—j—1)A1+ (kr j1)2(k1j2)A§+...>.
Analogously,

<Aék)) s (A§0)>+
Bék) Béo)

ki1—1
+ l2a’“1‘1 Z (k1 —j)(E+jA1 +---) BA" —

j=0
kl—l
_akl—l Z (E+]A]_+)CAH+

=0
( oo )
B )’

+ a3k Dy (k)

where Dy (k), Da(k) € My (Zym [K]).
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From this for k¥ = 2k; we at once obtain the formulas (3.3)-(3.4) in
formulation of lemma. The formulas (3.5) follow from the representation
Uji1(w): Upiq(w) through ¥y (w) bearing in mind the formulas (3.3)-(3.4).

Lemma 5. Let p be a prime, p > 5, and let m € N, m > 3; a,b,c € Z,
ged(a,p) =1, b=c=0 (mod p), v = v,(b), = vp(c), v < u, and let {wy}
be the sequence from (1). Then for any yo € R and k =0,1,2,... we have

wor =(kb — 27 k(k? — 1)a™ 103 + Go(k))+
1+ k(k + Da e+ Gy (k))w+
ka™'b — (K*c+ k*(k + 1)a™")be+
2- 13k3 2k? + 27 k)a 20 4 Go(k))w?+
Jw's

(
(—
(
(K2a™2b* — k?a" e + G3(k))w® 4+ Ga(k, w)w

+
i
n
n
wors1 =((k 4+ 1)b—k?a e+ k(k — 1)a™'b® + Ho(k))+

+ ((2k+)e+ Hy(k))w + (a — k%c — 2K%0* + H_1(k))w™ '+

+ (—kab + 2713k (k + 1)b® + 47 'K (k? — 1)a b3+
+H_o(k))w 2 +w *Hs(k,w™),

Gi(k) € Z[k], Gi(0) =0, Gi(k) =0 (mod p™™PrHmt)) i —0,1,2,3;
H;(k) € Z[K], H;(0) =0, Hy(k) =0 (mod p™" @ +#4)) i — —2, +1,0;

Gy(k,u), Hz(k,u) are polynomials on k,u, moreover,
G4(07 U) = H3(0a u) = 07 G4(ka U) = H3(ka ’LL) (HlOd pmin (21/+,u,4l/)).

Proof. An application of Lemma 4 and straightforward computations give
the assertion of lemma at once.

Corollary 1. For k=0,1,2,... we have
wor, =w + k(b(1 —a'w?) +2a7 b3 (a + w?) +a tew + Oy (w))+

+ E*(—a w4 a tew(l — w?) + Co(w)) + K3Cs(k,w),

wops1 =(b+ cw + aw™) + k(b(1 — aw™?) 4+ 2cw + Dy (w,w ™))+
+E* (cla™ —w ™) 4+ Dy(w,w™)) + k2 D3(k,w,w™),
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where C1(w) = Co(w) = Cs(k,w) = 0 (mod p™» “+r3V)) " Dy (w,w™t) =
= Dy(w,w™) = D3(k,w,w™ ') =0 (mod p™» “+1:3)) for every w,w™! € RY,,
ke Z.

Corollary 2. Let 7 be the period length of Q(w,a,b,c;p™) and v,(b) = v,
vp(c) =p>v.
(A) If a #w? (mod p), then 7 = 2p™~V,
(B) If vp(a — w?) = § < min (3v, u), then T = 2p™ V=9,
(C) In other cases: T < 2pm—v—min(Bv.p)

4. Exponential sums on the inversive congruential sequence

Well-known that we can make the conclusion on a character of distribution
of arbitrary sequence {z,}, z,, € [0,1) by an estimation of the exponential sum

N-1
(4.1) > ermiman (N - ),
n=0

where m is any non-zero integer.

For the periodic sequence x,,, x,, € [0,1) is usually studied the exponential
sum over part of the period (i.e. N < 7). R.G. Stoneham [36], H. Niederreiter
[21] investigated the exponential sum over part of the period 7 for the linear
congruential sequences {x,}, where z,, = yﬁ and y,, are generated by the linear
congruential recursion

(4.2) Tpt1 = ax, +b (mod m),

where a,b,m,z90 € Z,a > 1, m >1,b,xo >0, (a,m) = 1.
Similarly, H. Niederreiter and I. Shparlinski [33, 34] studied the sum (4.1)
for the inversive congruential sequences with fixed shift.

These results permitted to make the conclusion that the congruential
sequences {;—,’;}, k > 0, are pseudorandom sequences (see D. Knuth [16]).

The sequences of pseudorandom numbers have various applications in the
numerical analysis and the cryptography. But for cryptographic purposes the

requirement of statistical independence (unpredictability) of elements of the
sequence is very important. The testing on unpredictability also can be realize
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by the estimates of special exponential sums over the elements of the given
sequence.

In this section we obtain the estimates of certain exponential sums over
the inversive congruential sequence with a variable shift which was defined in
(3.1).

For hi, hy € Z we denote
(4.3) ope(hi ho) = Y epm(hawi + howy).
weRY,

Here we consider wy, wy as a function at w generated by (3.1).

Theorem 1. Let (hy,he,p™) = p%,s < m, hy = h{p®, hy = h9p®,
(hY,h3,p) = 1, (hy + ha,p™) =t > s, (h{k + h3€,p™ %) = k. The following
estimates

0 if t#£k4+v, min(t,k+v)<m-—s—v,

m  mAvtstt
2

loke(h1,he)] << 22p if t=k+vandm—v—s—1t>0,

(™) if min(t,k+v)>m—s—v.

hold, where ¢(m) is Euler’s function.

Proof. First, let k, £ be non-negative integers of different parity, for
example, k := 2k, ¢ := 2{ + 1. By Lemma 5 we obtain
(4.5)
hiwor + howaerr =p° [(Ao + Ar1w + Asw® 4+ Asw® + bPw'H(w)) +

+ (A71w_1 + A w i+ A w3+ bSW_4G(W_1>)} =
=p*F(w,w™ ),
where
Ay =hY (mod p¥), Ay = —kba'hY (mod p” 1),
(46)  Ai=ahy (modp’), A, =hlafb (mod p*),
Az3=A_3=0 (mod p”*).

We put w =u+p™ 1752, u€ R:,_._,, 2 € R;. Then we have
wl=ut—p™ w22 (mod p™),

W =l +pm i 2 (mod p™),

wl=u —jpm T (mod p™).
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Therefore we can write
(4.7) P~ ° (hiwar + howapy1) =
= (F (u,u™") + (kY — hYau™?) p™*7'2) (mod p™ *).

Hence, from (4.3), (4.7) and Lemma 1 we get

oo (1, ho)| = p* > epm—s (F (u,u™))] <

*
ueRm7371

(4.8) h?uzzhga (mod p)

< 2pstl Z epm—s—2 (F1 (u, ufl)) ,
eER”

m—s—2
where F(u,u"1) is a polynomial of the same type as F(u,u™1).
Continuing we obtain the assertion of the Lemma 3 for k # ¢ (mod 2).
Now, let k£ and ¢ be integers of identical parity. Then for k := 2k, ¢ := 2/,
we have modulo p™~—*
(4.9) p~*(hiwor + howoy) = By + Biw + Bow? + Bsw?® + w!By(w) := F(w),
where
By = hi + hy + pBy,
By = a”*b(h{k + h3¢) + p** By,
Bs = (a72b* —a”"¢)(WYK* + h9?) + p* By,
By = (w) = p*" " Bj(w),

moreover the coefficients of Bj(w) (as a polynomial on w) contain multipliers
of type h1k? 4+ hot?, i > 0, and By, B}, B} consist out of the summand of type
c- (hlkj + h2€j), c €.

It will be observed that h9k7 +h3¢7 =0 (mod p'), j = 2,3,..., if v,(hY +
+h9) = v, (h{k + h3¢) = t. (Indeed, we have

hOkT 4+ R = (WOKI ™1 + RO 1) (K + €) — kl(hi kP =2 4+ h3I—2),

and then we apply an induction over j).

Now, as above we infer

% (hywar + howae) = F(u) + p™ 7 2(B1 + 2Byu) (mod p™™*).



On inversive congruential generator 163

Hence, by Lemma 1 and Lemma 3 we obtain easily

0 ift#k+v, mn(t,k+v)<m-—s—v,
loak.2e(h1, ha)| < 2pm+yfjs+t ift=k+vandm-v—s—1t>0,
o (p™) if min (¢,k+v)>m—s—v.

For k=/¢=1 (mod 2) we have the analogous estimates.

Let h be integer, (h,p™) = p*, 0 < s < n, and let 7 be a least period

length of the sequence {wy} , k =0,1,2,..., defined in (3.1). For 1 < N <7
we denote

N-1
(4.10) Sy (h,w) = Z epm (hwy).

k=0

We shall obtain the bound for Sy (h,w). By Corollary from Theorem 7 we can
write

wor = w4 Ay (W)k + Ag(w)k? + As(w, k)E® .= F(k),

(4.11)
wort1 = (aw™ + b+ cw) + By (w)k 4+ Bo(w)k* 4+ Bs(w, k)k® := G(k),

where

A (w (1 —a 'w?) (mod pﬁ),

b?w + acw(l — w?) (mod p?),

)
)
Az(w, k) = (mod p7),
)
)
)

As(w

w

By ( b(1 — aw™2) + 2cw — cw™ (mod p°),
Bs(w) = ¢(w 1) (mod p7),
0 (mod p”),

Bs(w, k
B = min (3v, ), v =min (3v,v + u).

We recall that (a,p) = 1, b = bop¥, ¢ = copt, h = hop®, (bo,p) = (co,p) =
= (ho,p) =1.

Theorem 2. Let the inversive congruential sequence {wy} has the maxi-
mal period T, T = 2p™ " and let 2v < p. Then the following bound

0 ifv+s<mn,
(4.12) |57 (h,w)| = {

T—1
Z epm (hwg)| <
k=0

T ifv+s>n,
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holds.

Proof. By Corollary 2 from Lemma 5 we conclude that (a — w?,p) =
= (1 —aw™2,p) = 1. Then from (4.11) we easily obtain

p TV —1 p'mfu_l
Sr(hw)l =] > + > |<
k=0 k=0
k=2k] k=2k]+1
(4.13) v ]
<| D em(MFER))| +| Y epm(hG(k))| =
k1=0 k1=0
—ops 0 ifr+s<n [0 ifv+s<m,
=ep pmv=s fr4+s>n |7 ifv+s>m.

Theorem 3. Let {wy} be the sequence generated by the recurrent formula
(3.1) and let 0 < vy(a — w?) < min (3v, 1), 2v < p. Then the sequence {wy}
has a least period T < 2p™~", and the following bound

0 if 0<uvpla—w?)<v,
and vy(a —w?) <n—v—s,

T if 0<vpla—w?) <u,
(4.14) |S-(h,w)| < and vp(a —w?) >n—v—s,
4p% if vpla—w?)>vand2v+s<n,

T ifl/p(a—wQ)Zuand2u+32n

holds.

Proof. The proof of this assertion can be obtained similarly as Theorem
2 by Lemma 3.

Corollary. Let {wy} be the sequence generator by recurrent formula (3.1)
with a least period length T and let 0 < v,(a —w?) < v, 2v < pu, v,(h) = s.
Then for 0 < N < 7 we have

N always,

[Sn (B, w)| <

opTE (% + 10%) if v+s<m.
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Proof. We shall estimate Sy (h,w) by using an estimate for uncomplete
sums through an estimate of complete sum. We have

— T—17-—-1
1
|Sn (h,w)| = Z epm (hwp)er (z(k — )] <
=0 Tk 0xz=0
N — T—1 1 T—1 ) 4(h‘“},+kz)
= (b T EE )| <
1 -1 Qiq,j(k)
Disanal+ 3 o |55
j=0 k=0
where
O;(k) = AVE+ APR -, j=0,15 h=hop®, (ho,p) = 1;

(4.16) Agl)(x = hbo(1 — aw™?) — dgl)x (mod p* %),
A = (=1 hoa 203w+ (mod p? ), j = 0,15
Agz (mod p* ), i =3,4,...; j=0,1.

)=

Ago)(x) = hby(1 — a_le) dgo)x (mod p* %),
)
)

From (4.16) and Lemma 3 we conclude that the sums

T—1 ) @ (k)

L) .
d T (j=0,1),
k=0

allow nontrivial estimate only in the case when
(4.17) A@) =00p") or AM(2)=0 (mod p).

It may occur only if 2 =0 (mod p®). Therefore, from (4.15)-(4.17), Lemma 3
and Theorems 1-2 we derive

|Sn(h,w)|=N if m<v+s;

1N

7n+u+s
2

|Sn (R, w)|<—|S (h, if v+s<m.

This completes the proof of corollary.
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In the following theorem we obtain an upper bound for the average value
of the sum Sy (h,w) of the initial value w € R},.

Theorem 4. Let a,b,c be parameters of the inversive congruential
sequence (3.1) which satisfy the conditions

(a,p) =1, 0> v =1,(b), 2v < u=r,(c).
Then the average value of the Sy (h,w) over w € R, satisfies

Sn(h) = ¢(;m)

s—v

Z |Sn(h,w)| < 3Np~— =
weR},

Proof. By the Cauchy-Schwarz inequality we obtain

ISn(R)> < ¢ Z |Sn (h,w)
weRm
hwy —wy)) <
H 0weR>,
S Z Z |ok,e(h)]-
k, =0
k=£(mod p™)

Hence, by Theorem 1 we have (with h; = 1,hy = —1)

|Sn|* <

1 m—v—s—1 +++1 m

< 5o v DTS ST S
t=0 k, <N t=m—v—s k<N
k=£(mod pt) k=¢£(mod pt)

N2 T Ui B N2 / it .
<¢(m)< oo+ Y, §47(p 2 +p+s).

p t=m—v—s—1 t=m—v—s p

bt %4

From this we obtain for any N < 2p™

m— v m— m—s—v

) <

Sx(h) < 2N (p~
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5. Discrepancy bounds

Equidistribution and statistical independence properties (unpredictability)
of the pseudorandom numbers can be analyzed based of the discrepancy of
certain point sets in [0,1)?. For N arbitrary points tg,t;,...,txy_1 € [0,1)%,
the discrepancy is defined by

An(I)
N

(51) D(thtla"'vtN—l)Sl}p’ I‘a

where the supremum is extended over all subintervals I of [0,1)¢, Ay([) is
the number of points among to, t1,...,ty_1 falling into I, and |I| denotes the
d-dimensional volume /.

For study the discrepancy of points one usually uses the following lemmas.

For integers ¢ > 2 and d > 1, let Cq(d) denote the set of all nonzero lattice
points (hy,...,hq) € Z% with —% < h; < 1,1 < j <d. We define

gsin ”lhl if h e C1(q),

r(h,q) =
1 ith=0
and
d
r(h,q) :H j+q) for h = (hi,...,hq) € Ca(q).
j=1

Lemma 6. Let N > 1 and q > 2 be integers. For N arbitrary points
to, t1,...,ty_1 €[0,1)%, the discrepancy D(to,t1,...,ty_1) satisfies

N-1
d 1
DN(tO’th""thl)S*-i-— E Ze(
¢ N Gt B9 |52
alq) n=0

(Proof see in [29]).

Lemma 7. Let {9}, vx € {0,1,...,q— 1}, is a purely periodic sequence
with a period 7. Then for the discrepancy of the points t, = %’“ € [0,1)4,
k=0,1,...,N —1; N <7, the following estimate

Dy(to by, ... ty_1) Z > b9 (ho,T) - |S]

hGCd(q) ho€(-%,%]

)
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holds, where

G:Ze(h~tk+kfo>-

This assertion follows from Lemma 1 and from an estimate of uncomplete
exponential sum through complete exponential sum.

Lemma 8. The discrepancy of N arbitrary points to, t1, ..., ty_1 € [0,1)?
satisfies

N—1
T
Dy (to,tr, .-y tvo1) > y > e(h-tn)
2N ((m + 1)t = 1) [] max (1, |h;|) =0
j=1
for any nonzero lattice point h = (hy, ..., hq) € Z¢, where £ denotes the number

of nonzero coordinates of .
(Proof see [28], Lemma 1).
Lemma 9. ([7], Lemma 3) Let ¢ > 2 be an integer. Then

E ! < ! (2 log g + 7>d
A qT z
HeEC,(a) r(h,q) vAT 5
h=0(mod v)

for any divisor v of ¢ with 1 < v < q.

Theorem 5. Let p > 2 be a prime number and m, a, b, ¢ and w be
integers, m >3, (a,p) = (w,p) = 1, 0 < v,(b) < vp(c), a # w? (mod p). Then
for the sequence {xy}, T = %, k=0,1,..., where wy, defined by the recursion
(3.1), we have

1 opm 2 (1 (2 7\’
(52) DN(£07£177£N—1)§[)?+ pN <p (Wlogpm+5) +1>,

where 1 < N < 7, and 7 is the least period length for {wg}.
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Proof. Since a # w? (mod p) and 0 < 2v,(b) < v,(c) we get that the
sequence {wy}, k = 0,1,..., has the period 7, 7 = 2p™™ %, v = 1,(b). Let
Dy := Dn(zo,x1,...,2n-1). Hence, by Lemma 7 (for d = 1) we have

-1
1 1 1
Dy Sm + N Z Z (T (h, 2pm_y> r (h(),T)) X
p 0<|h|<ipm—¥ |ho|<3T

Z eQTri(’;a;r’f +k};0>

k=0

1 1 1 -1
Spm_y + N ]; <T <h, mey> T (ho, T)) X
s 1O

<

m-v_q
. hway khq . hwog1 khg
% ezm(—pm +pm,y) + Z esz(ipm +7pmﬂ/)

k=0 k=0

Applying Corollary 1 from Lemma 5 and Lemma 3 we obtain easily that

1 2T (1 /2 7\?
(53) DN(‘TO7I17"'3IN—1)S + P (p (ﬂ_logpm+5) +1>

p’m—l/ N

Consider the inversive congruential sequence {wy} with the conditions of
Theorem 5 and organize the new sequence {n;}, where vy € Z%, d € N, y;, =
= (wk,wk+1, . ,wd_l).

The statistical independence properties of the sequence are analyzed by

means of the d-dimensional serial tests (d = 2,3,...) which employ the
discrepancy of d-dimensional vectors t;, where t; = %, k=0,1,....

We shall consider only the cases d = 2 or 3. Let ng) denote the
discrepancy of points tg,t1,...,t,_1.

Theorem 6. The discrepancy Dg) of the points constructed by inversive
congruential sequence (3.1) with the least period length T = 2p™ ™Y, satisfies

2
1 m—av 1 3
Dg) < ——+ VP p- = (2 logp™™" + -] .
pmr -1 T 5
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Proof. In order to apply Lemma 6 we must have an estimate for the sum

o R
Z epm,(hlwk + howgy1) = Z epm(hlwgk + howopt1)+
k=0 k=0
R
+ pm (hwak 1 + hawoy2) Z + Z
k=0

say. By Corollary 1 of Lemma 5 we get
hiway + howay 41 =

= (hw + ho(b+ cw + awil)) +
+ E(hi(b(1 —a'w 2) +a w)+ hg(b(l —aw™?) + 2cw))+
+ k2 (h1(a™20%w? + a tew) 4 ha(—a"te —w™le)) (mod p°tY),

where 6 = min (3v, i), £ = vp((h1, he,p™)).
Since the congruences

h(b(1 — a7 w?) + a” ew) + ha(b(1 — aw™?) + 2aw) = 0 (mod p' ),

hl(a_2b2w3 +a cw) + ha(—a 1. — w‘lc) =0 (mod pé+u+1)

cannot hold simultaneously (taking into account that 1 —a~!w? # 0 (mod p)),
we obtain (by Lemma 2):

==

Similarly, we have

2=

Now, Lemmas 6 and 9 give for g = 2p™ "

"5 if vy(hy) = vp(ha) = £, hq — aw2hy = 0 (mod p"),

else.

me_E if v,(h1) = vp(h2) =€, hy — aw™2hy = 0 (mod p"),

0 else.

1 m—v—1 1
GE St X s
= m—v
p — weor e, T P™TY)
vp(h)=¢
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)

Theorem 7. The discrepancy DSB which is constructed by the inversive

congruential sequence (3.1) with maximal period length T = 2p™ ™" satisfies
3
P m 1 _ 3 3 _
D(S) < L o +v “ 1o m—v e e m+l/.
L —logp™ ™+ o) 4 op
Proof. As above we have
7—1
Z epm (hlwk + howgy1 + hgwk+2) =
k=0
]
= epm (hiway + howag 1 + hawiy2)+
k=0
]
+ 2 epm (hiwakt1 + howarto + hawaks) == 21 + ZQ.

Corollary 1 from Lemma 5 gives

hiwar, + howary1 + hawait2 = Ag(hy, ha, ha)+

(5.4) + k((hy + h3)(1 — a *w?)b + hob(1 — aw™2) + A;(h1, ha, h3))+
+ E%((hy + h3)a™2w3b? + Aa(hy, ha, h3))

and also

hiwagt1 + howagto + hawakys = Bo(ha, he, hs)—+
(55) + k‘((hl + h3)(1 — aw_2)b + hgb(l — a_lwz) + Bl (hl, hg, h3))+
+ k% (hoa 2w3b? + By(hy, ha, h3)),

where

Ai(hy,ha, h3) = By(hi, ho,h3) =0 (mod p?**),
AQ(hl’ h2’ h3) = B2(h17 h27 hS) =0 (mod p6+€)’

=vp((h1,h2,p™)) 6 = min (3v, u).
Thus, by Lemma 2 we obtain
0 if v,((h1 + ha) — aw™2ha) < vp((h1 + h3)b) < m,
(Zl‘ = ifm— v < vp((hy + hs)b) < vy((hy + ha)b — aw2hsb),

m—+4£

p 2 if m—v>v,((h + h3)b) > vy((h1 + h3)b — aw2hab),
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where 1 = vp(h1 + hg — hgaflyg). An analogous estimate holds for the sum
> o

Hence, from Lemmas 6 and 9 we obtain

3
m 1 3 3
D(S) < \/ﬁ -2+ [ 2 m—v e 2 pmmtr.
s Gl ) Far
In conclusion we prove the lower bound for Dg).

Theorem 8. Let p be a prime and m, a, b, ¢ and w be integers with
m > 3. Suppose that (a,p) = 1, 0 < 2v,(b) < v,(c), and a # w? (mod p),
a# —w? (mod p¥). Then

]. m
D@ > —Btvp-1
T = 4(7T+2)p 2 x )

where h, = |hihohs| under condition hy,he,hs € Ci(p™), hihohs # 0,
(hl,hg,hg) =1, hi+ hy = h*awfz (IIlOd pu)

Proof. By the Lemma 8 for d =2, N = 2p™ ™", we have

(5.6)
D'(r2) > epm(hlwk + hgwk+1) =
4(r + 2)p =
:7—u epm(hlwgk —+ h2w2k+1) +
4(m + 2)p™ =
m v 1 1
m (h h - -
+ Z 1W2k+1 + hawag2) A2
say.

Let (hy, ha,p™) = p*, h = p’hY, hy = h9p®, (hY,hY) = 1. From (5.4)—(5.5)
we can see easily that the congruences
(R + R (1 —aw™2) + hy (1 —a"'w?) =
+ —a W)+ —aw ) =
(R +h3)(1 —a™'w®) + hy (1 %)

0 (mod p¥),

0 (mod p”)

cannot be satisfied simultaneously if a # w? (mod p), a # —w? (mod p¥).
We select hi, ha, hs so that (hi, he,h3) = 1, by + hg — hoaw™2 = 0 (mod p¥),
(h1 + hs,p) = 1. Then Lemma 2 gives

(5.7) ’21‘ =

‘22’:0'
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Hence, from (5.6)-(5.7) we infer

1 m
D® > =yl
T = ar+2)f o
where
hy = min |h1hohs).
hi,ho,hg3€Cy(p™)
h1hohg#£0

(h1,h2,h3)=1
hi+hz=hgaw=2 (mod p¥)

Remark. Theorems 7 and 8 show that, in general, the upper bound is
the best possible up to the logarithmic factor for any inversive congruential
sequence {(xg,xx+1)}, kK =0,1,... (defined by the recursion (3.1)), since there

exists inversive congruential sequence {(zk,zr+1)} with D > mp—%‘*‘”.
(Example, if aw™2 =2 (mod p¥), hy = hy = hz = 1).

)

Hence, on the average discrepancy DQ has an order of magnitude between

mo_

pf(%f”) and p7(7 v) logZp™. An analogous statement can be proved for

Dg). Thus we can conclude that the inversive congruential sequences pass the
test on unpredictability if the parameters a, b, ¢, w satisfy conditions

(a,p) =1, 0 < 2u,(b) < p(c), a # w? (mod p).
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