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SOME REMARKS
ON THE AVERAGE ORDER IN CYCLIC GROUPS

I. Katai (Budapest, Hungary)

Dedicated to Dr. Jdanos Fehér on his 70th anniversary

Abstract. The mean value of some arithmetical functions on thin
sequences is investigated.

1. Notations. P = set of primes, p denotes a general prime number,
mx) = #{p < x| p e Pl 7wkl =#p <2z |peP, p=I
(mod k)}. ¢(n) = Euler’s totient function. Let 7(n) = number of divisors
of n. Let

(1.1) a(n) = = 3 de(d),
d|n
_a(n) ) — 1

I just read an interesting paper written by J. von zur Gathen, A. Knopf-
macher, F. Luca, L. G. Lucht, I. Shparlinski [1]. They estimate the mean value
of a(n), B(n), ~(n). First they observe that

1 1
ky _
B(p )71+p2—1 <1+p2k—1)

k+1 1

_p
(18) o) =g+ ey

if p* is a prime power, and that « and 8 are multiplicative functions. Then
they deduce that

(14) % Z OZ(TL) —Cuz =0 ((log:p)%(log ]0gx)%> ,

n<x
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if x > 3,
o = 36)
T
and that
1 1 p+2
1.5 — B(n)—Csl < — (1+ ),
(15) s Lm0yl < T T] (1+5555
ifx>1,
105¢(3)
Cg = v
1 D
(1.6) ;ZV(”)_CW S; (x>1),

n<x

the positive constants C,, D are given explicitly.

In the second half of the paper they formulate some open questions, namely
the existence of the asymptotic of

a(2F — alp —
I D S Zi,p_ll)v > —1).

k<x k<x p<z p<z

We shall show that this is true.

2. Let f(n) := # Then f is multiplicative, f(p”
Let h be defined by f(n) = > h(d). Then

_ P 1
) = P T )

d|n
p—1
h(pk)ziTk (k:1327)7
p
consequently
1
h < —.
hn)| <
We have

d fp—1)=> hdn(z,d,~1) =51 + Ly + T,

p<z d<z
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where in ¥, : d < (logz)?, in £y : (logz)? < d < 23,inX3: 2F <d <.
From the Siegel-Walfisz theorem (see [1])

w(x, k1) = li z + O(ze cVIoe?)

b
(k)
uniformly as (I,k) =1, k < (logz)?, we deduce that

5 =(iz) Z Md) + O(mefcl\/@).

d<(logz)#

Since 7(z, k,1) < ;1(1}5 if (IL,k)=1, k< 23, see [1], we have

h(d).. . 1 liz
Yo K Z iz < (liz) Z < -
> (log 2)4 ©(d) 4> (o )4 dp(d) (log x)

Finally, since 7(z,d, 1) < %, therefore X3 = O(\/x), say. We proved:

@ N =)

p<z

(2.2) Z (

\_/

On the same way we can deduce that

(2.3) hzzﬁ — E+(’)< ! A),

p<z

where

(2.4) E= i Zi

and g is defined by B(n) = >_ g(d). ¢ is multiplicative,
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3. Let P(z) be a primitive, squarefree polynomial over Z[z], P(x
=cpxf 4+ +co, co#0, cx > 0. Let D =discriminant of P. Then D
Let p(d) be the number of those residues m (mod d), for which P(m)
(mod d). Let furthermore 7(d) be those m (mod d), for which P(m)
(mod d), and (m,d) =1

If is known, that p and 7 are multiplicative, p(p®) = p(p) < k if p| D,
and p(p®) < C1D?, if p| D (see [3], and for a sharper estimate by Huxley, [4]).
Furthermore, if pfDco, (¢ = P(0), then p(p*) = 7(p®). Let

1Tl W
oo 2l

Un(d) == #{p<a | P(p) =0 (mod d)}.

By using the Siegel-Walfisz theorem, and sieve estimates, we obtain that

(3.1) U, (d) = “% +0 (x(d)eVor?)

uniformly as d < (logz)4, and

K(d)hiﬂ %
(3.2) U,(d) < o(d) if d<z
We have
_o(P(p) _
) =—p = Y h(d) = f(P(p)) + f2(P(p))
®)
where
p)= Y h(d), and fo:=f—fi.
s

Since |h(d)| < %, therefore |f2(P(p))] < ~ P(p)) Since 7(P(p)) < x°, we may

assume that fo(P(p)) < 2, say.
We have

S HP@) = 3 A (PK) + O(E) =

p<z p<z

= " K@) + O(/).

4
d<z5

From (3.1), (3.2), similarly as in Section 2 we deduce
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Theorem 1. Let P be as above. Then

oPW) _ v
2 Ty =M +0(<logx>A) ’

where

=

<. k(d)
Z(i

d=1w

Similar theorems can be proved for > O‘(PP((T;)), ST B(P(n)), > B(P(p)).

n<lx n<xz p<z

4. Now we consider > f(2¥ —1). Let e(d) be the smallest k for which
k<z

2 —1=0 (mod d). It is clear that finite k exists only if d is odd. According
to a theorem of Romanov [5], and Erdés-Turdn

(4.1) > )l

(d,2)=1

(see Prachar [2], Ch. V., Lemma 8.3).
Since d; | dy implies that e(dy) | e(dz), therefore (4.1) implies that

(4.2) > %M) < 0.

We have

D IRF-1) = ) hd#{2" -1=0 (modd), k<a}=

ksa o
T 2x
;h(d) (@l)+0(1)> +0 ;; [h(d)| = | =
- e(d)<z
h(d) .5 @l _
- d; (d)+o(§|h(d)|)+o< 2 )
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_ h(d)
(4.3) B= Py

From (4.2) and |h(d)| = % we obtain that B is convergent. If we use the
estimate

(4.4) #{d <z |e(d) < (logd)’} <

x
(log )
due to Erdds and Turdn (see Prachar, [2] Ch. V. (8.12)) we obtain that

h(d) L ote
A SRS
e(d) 2ix(log 29x) (log 27x) log* 27z

2ix<d<2itliy

and so

()] _ < 1 1
ZJ; e(d) < 72::0 (logz + jlog2)? < logx’

Consequently the following assertion holds.

Theorem 2. We have

Zf(2’“—1):Ba:+O(IOZx>.

k<zx

Similarly we can prove that

25(2k1)5x+o(lozx>,

k<z

d
SZiE).

=
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