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STRONG MARCINKIEWICZ SUMMABILITY
OF MULTI-DIMENSIONAL FOURIER SERIES

F. Weisz (Budapest, Hungary)

Dedicated to Professor Imre Kdtai on his 70th birthday

Abstract. Strong summability results are proved for the Marcinkiewicz
means of d-dimensional Fourier series of f € L,(log L)4~(T9) and f €

€ L,(T?).
1. Introduction

It was proved by Lebesgue [6] that the Fejér means of the trigonometric
Fourier series of an integrable function converge a.e. to the function, i.e.

n

Z(s;J(x)—f(x)) —0 as n— oo

k=0

1
n+1

for a.e. x € T, where sif denotes the kth partial sum of the Fourier series of
!

Hardy and Littlewood [5] considered the so called strong summability and
verified that the strong means

n 1/q
1 q
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tend a.e. to 0 as n — oo, whenever f € L,(T) (1 < p < o). This result was
generalized for L;(T) functions and for ¢ = 2 by Marcinkiewicz [7] and for all
q > 0 by Zygmund [21].

In the two-dimensional case Marcinkievicz [8] verified that

Zn: (sk wf(x (w)) —0 a.eas n— oo

for all functions f € Llog L(T?). Here we take the Fejér means of the two-
dimensional Fourier series over the diagonal. Later Zhizhiashvili [19, 20]
extended this convergence to all f € L1(T?) and to Cesaro means.

We generalized this result and, for a given function 6, we investigated in
[18, 16] the so called Marcinkiewicz-0-summability. Under some conditions on
0 we proved that

oo

> 10( i1> (Sk,kf(l')_f(l‘))ﬁo a.e.as n — 00

k=0

for all f € L;(T?), where A 9(n+1) = 9<n+1) - 9(%) Of course, if

f(xz) = max(0,1 — |z|) (z € R) then we obtain the Marcinkiewicz-Fejér means
above. The f-summation was considered in the one-dimensional case in a great
number of papers and books, such as Butzer and Nessel [1], Bokor, Schipp,
Szili and Vértesi [10, 12, 11], Natanson and Zuk [9], Trigub and Belinsky [13],
Weisz [17] and Feichtinger and Weisz [3, 4].

In this paper we will generalize these results for all dimensions and will
consider the strong Marcinkiewicz-8-summability. We will prove that under
some conditions on € the strong summability result

i (i M( )

k=0

1/q
sk f(x) — f(z )|q> =0

holds for all strong p-Lebesgue points of f (hence a.e.) and all 0 < ¢ < oo,
whenever f € L,(log L)~} (T¢) or f € L,(T¢) for some 1 < p < r < o0
and k := (k,...,k). If in addition f € L (T?) is continuous on an open set
G C T9 (resp. on T?) then the convergence holds uniformly on every K C G
compact set (resp. on T?). Eight special cases of the #-summation are listed,
such as Fejér, Riesz, Weierstrass, Abel, de La Vallée-Poussin, Rogosinski and
Cesaro summation. Finally, the analogous results will be described for Fourier
transforms.
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2. Preliminaries and notations

Let us fix d > 1, d € N. For a set Y # () let Y be its Cartesian product
Y x ... x Y taken with itself d-times. We shall prove results for R¢ and T,
therefore it is convenient to use sometimes the symbol X for either R or T,
where T := [~1/2,1/2) is the torus. For x = (z1,...,74) € R? and u =
= (u1,...,uq) € R? set

4 J 1/2
u-x = Zukxk and || := <Z |x;€2> .
k=1 k=1

We briefly write L,(X?) instead of L, (X%, \) space equipped with the norm
(or quasi-norm)
1/p

1l = /\f|pdA (0<p < o),

where X is the Lebesgue measure. We use the notation |I| for the Lebesgue
measure of the set I.

Set log™ u = 1g,>1ylogu. The space Ly(log L)*(X?) (1 < p < oo) is
consisting of all functions f for which
1/p

1l z, (og L) = /|f\p(logJr Lf)* dA < 0.
d

If p = 0o then set Lo (log L)*(X4) = Lo (X%).

The space of continuous functions with the supremum norm is denoted by
C(X4) and we will use Co(R?) for the space of continuous functions vanishing
at infinity.

In this paper the constants C' and C, may vary from line to line and the
constants C,, are depending only on p, o and S3.
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3. Lebesgue points

The strong mazximal function of f € Li(T¢) is introduced by

M.f(a) = sup m/lfdA (z € T,

where the supremum is taken over all rectangles I C T? with sides parallel to
the axes. It is known that there is a function f € Li(T%) such that M,f = oo
a.e. Thus M cannot be of weak type (1, 1), but we have

(1) sup pA(x : Msf(z) > p) < Ca+ Call fllL, (og £)2—
P

and

(2) IMfllpy < Collfll,  (f € Lp(TY, 1<p<oo).

For these results see Chang and Fefferman [2], Zygmund [22] or Weisz [17,
p.71]. For 1 <p < o0 let

1/p

My @) = sup | 1 / 717 ax (weT,

xzel

where the supremum is taken over all rectangles with sides parallel to the axes.
Since MP . f = M(|f[?), we have

sup pA(z : My f (@) > PP < Cap + Capll £, (og Lys-1
P

(f € Ly(log L)?1(T?)) and
[Mspfllr < Crll f1l (f € Lr(Td)7 p <1 <o00).
Inequalities (1) and (2) imply

hi
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for a.e. € T, where f € Li(T%). A point x € T is called a strong p- Lebesque
point of f if M, ,f(z) is finite and

1/p

h1

}lLiE%) ﬁ / /|fx+u f(z)]P du =0
—hy

(1 < p < o0). One can show that almost every point € T? is a strong
p-Lebesgue point of f € L,(logL)*1(T%) and f € L.(T9) (p < r < o0).
Moreover, if p < r and x is a strong r-Lebesgue point of f then it is also a
strong p-Lebesgue point. If f is bounded and continuous at x then z is a strong
p-Lebesgue point of f (1 < p < o0).

4. Summability

The n-th Fourier coefficient of f € Li(T?) is

k) :/f(u)e*%”k'uclu (k €z,

where 2 = /—1. Denote by s, f (n € N%) the n-th partial sum of the Fourier
series of f € L1(T?), namely

5

d
suf@) =30 30 Fke,
j=1k

="
g ng

Under Z > we mean the sum Z ... > . It is known that

Jj=lkj=—n; ki=—nq kq=—ngqg

snf(x /f (x —t)(Dn, (t1) ® ... ® Dy, (ta)) dt,

where

Dm(y) _ Z eQﬂ‘Zly — Sln(?;iirf(?:r;) l)y)

l=—m

(y € T,m € N)
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is the m-th Dirichlet kernel.
For f € Li(T9) the Marcinkiewicz-Fejér means are defined by

d n
onf(x Z _Z ( W) f(yermie (n € N).

j=11;=—

Let n:= (n,...,n) € N for n € N. It is easy to see that

Un.f

n-i—lZSkf (HEN).

In other words this is the Fejér summation over the diagonal.
It is known that for all f € L;(T?),

(3) lim o, f(z) = f(z) a.e.

(see Lebesgue [6] or Zygmund [22] in the one-dimensional case and Marcinkievicz
[8], Zhizhiashvili [19, 20] and Weisz [15] in the two-dimensional case). We say
that the Fourier series of a function f is strongly Marcinkiewicz summable with
the exponent ¢ at z € T? if

n 1/q
(4) Jim (n 1Z|skf<:c>f(a:>|q> =0.
k=0

Obviously, if (4) is true for some 1 < ¢ < oo then (3) holds as well. As we
mentioned in the introduction Marcinkiewicz [7] and Zygmund [21] proved in
the one-dimensional case that (4) holds a.e. for all f € L;(T%). We will extend
this result to the multi-dimensional case.

First we introduce the so called Marcinkiewicz-6-summability of Fourier
series. We will assume that § € Cy(R) is even, 0(0) =1 and

o0

D

k=0

k d
[ <
A19< 1)’(1—1—/{) C

for all n € N, where

Ao ) mg(F) g (FELY
n—+1 n—+1 n—+1
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The Marcinkiewicz-0-means of f € Li(T%) are defined by

d 00
Ufhf(x) = Z 0 (|l1|\/\/ld|) f(l)e27nl':c _

Pty n-+1

-

o] k k
S () Y Y e
k=0 li=—k lg=—k

)nﬂ@ (neN).

n+1

Of course, if 6(z) = max(0,1 — |z|) (z € R) then we obtain the Marcinkiewicz-
Fejér means. Under some conditions on 6 we ([18]) have generalized (3) by

(5) lim of f(z) = f(x) a.e.
for all f € Li(TY).
In what follows we will always suppose the following conditions:

(6)
0 € Co(R) is even and 6(0) =1,

S ‘Ala (JH)’ (14 k)* <C(n+1)*forall 0 < a < ocoand n €N,
k=0

there exists 1 < gg < oo such that for all 0 < a < oo and n € N
> a0 (25)[" 1+ 0 < ot 1yetioe,
k=0

Obviously, the Fejér function f(x) = max(0,1 — |z|) (z € R) satisfies these
conditions. We give another sufficient condition:

(7)
6 € Cp(R) is even and 6(0) =1,
0 is continuously differentiable on R except of finitely many points,

0" # 0 except of finitely many points and finitely many intervals,

there exists 1 < gg < oo such that
0'(z)% (1 4 x)* is integrable over Ry for all 0 < a < 0.

It follows from this condition that 6'(x)(1 + z)* is integrable over R for
all 0 < a < co. Indeed,
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/\9/(95)\(1 +2)%dz

IN

[e'e) q0 [e's) q(’)
/ 10" ()]0 (1 + )TV dy /(1 +a) Bde | <
0 0

(8) . “

<C /|9’(x)\q°(1 4 z)@tDo g | < oo

If 6 has compact support then the last condition of (7) is equivalent to 6’ €
€ L, (R). Using standard arguments we can show that (7) implies (6).

The Fourier series of a function f is called strongly Marcinkiewicz-0-
summable with the exponent ¢ at x € T? if

»0(53)

This convergence with some exponent 1 < ¢ < oo implies (5). For ¢ = 1 it is
clear, for 1 < ¢ < oo it follows from the next lemma.

o 1/q
(9) Jim (Z [sief(x) = f(x >|‘I> =0.

k=0

Lemma 1. Suppose that (6) is satisfied. If f is strongly Marcinkiewicz-
0-summable with the exponent q at x € T then f is strongly Marcinkiewicz-0-
summable with the exponent p at the same point for all 0 < p < q.

Proof. By Hélder’s inequality

|sif (x) = f(2)]”

so(4)
800 (55 )| et @) = st >|Q>1 (:o

The second condition of (6) proves the Lemma.

1-p/q\ /P
) <
1/p—1/q
k
slet))

(5

k=0
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5. Strong Marcinkiewicz-0-summability

Theorem 1. Suppose that (6) is satisfied and 1 <p <2, p < qop < o0. If
f € Ly(log L)¥=Y(T%) or f € L,.(T%) for some p < r < co then

(10) Tim (i A19< k )

k=0
at each strong p-Lebesgue point of f, where pg :=p'/q}, and p’ denotes the dual
index to p. If in addition f € Loo(T?) is continuous on an open set G C T¢
(resp. on T?) then (10) holds uniformly on every K C G compact set (resp.
on T?).

Proof. For simplicity, we will prove the theorem in the two-dimensional
case, only. The proof is similar for higher dimensions. Suppose that = is a
p-Lebesgue point of f. Since

1/po
[s1f (x) — (@I’”’) =0

/Dk(t) dt=1  (keN),

we have

sin(m(2k + 1)t1) sin(w(2k + 1)t2)

dt
sin(mty) sin(7to)

&ﬂ@—f@%=/ﬁ@-ﬂ—f@ﬂ

T2

'(55)
A10<nf—1>‘

/ﬁ@—ﬂ—f@»

2

and

e} 1/po
<Z |sicf (x) — (x)p°> <
k=0

<(x

k=0

poy\ 1/po
sin(m(2k + 1)t1) sin(7(2k + 1)t2)

dt
sin(7tq) sin(mto)

The integral can be decomposed into the sum of the integrals

[T ]

H H¢ Hc<¢He¢
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where H := [-1/(n+ 1),1/(n + 1)]. Denote the corresponding integrals by
sl(:)f(x) (1=1,2,3,4). Thus we have to investigate the terms

1/po
k (@) () [P0 _
Ala (’I’L“F].)‘lSk f(l‘)| (Z_1a2a374)'

(11) (i

k=0

By the definition of the strong p-Lebesgue points, for all € > 0 there exists
6 > 0 such that
1/(n+1) 1/(n+1) p
(12) A(n +1)2 / / fla+u) — f@)Pdu| <6

—1/(n+1) —=1/(n+1)

whenever 1/(n + 1) < §. From now on we assume that n +1 > 1/§. Since
sint/t is bounded, we get for the first term that

sy f ()] =

1/(n+1) 1/(n+1)

sin(7(2k + 1)t1) sin(7(2k + 1)t2)
_ e d
1/(/+1) —1/(/+1) eI sin(mt) sin(7ta) =
1/(/n+1) 1/(/77,+1)
<C(k+1)° [flz—1t) = fa)|dt <
—1/(n+1) =1/(n+1)
1/p

1/(n+1) 1/(n+1)

<cr 1Py (e [ [ - f@pra | <
—1/(n+1) —=1/(n+1)

< Ce(k+1)*(n+1)"2

Hence

(13) >

k=0

[sie) F(@)fe <

Ale( i )
n+1

< CeP (n + 1)—2100 Z
k=0

k
A 1)2Po < (CePo
19<n+1)’(k+ )#Po < CePo,

because of (6).
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1/(nt1)
We write the integral Ik Ik in the second term
[-1/(n+1),1/(n+1)]c —1/(n+1)

sl((z)f(w) as the sum of the integrals

1/2  1/(n+1) 1/2 0 —1/(n+1)1/(n+1) —1/(n+1) 0
I Y A
1/(n+1) 0 1/(n+1) —1/(n+1) ~1/2 0 -1/2  —1/(n+1)

and denote the corresponding terms by 5(2 l)f( ), 1 =1,2,3,4. Then, by (11)
and Minkowski’s inequality,

k 1/po
(2,1) - _
200 (20) 12 st )
(Bl ()
P n-+
1/2

o (r2kt Vi sntrh 4 1) |
sin(mw(2k + 1)t1) sin(7(2k + 1)t5
(Fla =)= f@)) sin(7ty) sin(mts) dt
/(n+1) 0
1/(n+1) oo )
- [ (Sl ()
) P n—+
1/2 poy 1/po
sin(m(2k + 1)t1) sin(w(2k + 1)t2)
/ (Pl =1 = F@) =G sn(rty) 0 dtz.
/(n+1)
Since - o)
sin(7(2k + 1)ts
— | <
sin(7to) = O(k+1)
we obtain

= k (2,1) o e
D (A0 (= s (@) <
k=0

1/(n+1)
< 0/ (k A10< >‘(k¢+1)”°

Q
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1/2 poy 1/po
sin(m(2k + 1)t1)

—t) — <
) )(f(l’ t) — f(=)) Sin(rty) dtq dty <
n+1
1/(n+1) , ) ” 1/podo
(14) =<C / (Z A6 <+1) (k+1)P°q0>
0 k=0 "
o] e . poay 1/Po%
S| [ G- )R g, i,
=0l sin(7ty)

Since po = p'/qy and so 1/pogo — 1/po = —1/p’, the inequality

(f; ao(5)

@ 1/poqo

(k+ 1)poqo> <C(n+ 1)1—1/1)/
k=0
follows from (6). Applying Hausdorfl-Young inequality we obtain

1/2 pogh\ /P00
= rz—1)—Jj(z .
Z /Wl(l/(n+l),l/2)51n(ﬁ(2k+1)t1)dt1 <
k=07
1/2 l/p
o P
(15) <a, / M dt,
1
1/(n+1)
Thus, by (14) and (15),
00 k 1/po
A (2,1) Po <
(Sla(e o)
W e s,
1/ r—t)— flx
(16) <Cp(n+1)t-1/r / / T dty dty <
0 1/(n+1)
1/(n+1)  1/2 » p
SCp(n+1)172/p, w dty dts
1

0 1/(n+1)
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Defining
V1 V2
o) = [ [ 1~ 1) = fla)ranaats
0 0
we conclude that
lg(v)| < 4Plvr|lva|  (Jva], |v2] < 9)

and
lg(v)| < B(@)[oa|lv2] (v €T?),

where B(z) := 2771 (Mj ,f(z)? + f(z)P). Using this and integrating by parts

we conclude
1/2  1/(n+1)

_ _ p
[ e g,
1/(n+1) 0 !
1/2
Dg(tr.1/(n + 1)/0 |
= tp =
1/(n+1)

1/2

:{g(tl,l/(n+1))t;”r/2 +p/ g(t, 1/(n+1)t;7 e, <

1/(n+1)
1/(n+1)

1)
<CpB(z)(n+ 1)+ C, / Pty (n+1)"tdt +
1/(n+1)
1/2

+p/B(m)t;p(n+1)—1dt1 <

6

<CpB(z)(n+ 1)t + CpeP(n + 1)P~2 + C, B(x)6* P (n+1)~*

Note that M, ,f(x) is finite by the definition of the Lebesgue points. Taking

into account (16) we obtain

(Efon(erer)

k=0

<Cp(n+ 1)1_2/p (B(@)P(n+1)"VP 4 e(n+ 1)1 72/7) <

<Cpe+ CpB(x)"/P(n+ 1)~ 17,
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which is small enough if n+1 is large enough. The other integrals corresponding
to sl((z’l)f(x) (1=2,3,4) and sl(z)f(ac) (i = 3,4) can be handled similarly.

If f is bounded on T¢ and continuous on G then every = € G is a strong
p-Lebesgue point of f. If K C G is compact then there exists §; > 0 such that
the set K + §; C G is compact. f is uniformly continuous on K + é; and so
|f(z +u) — f(x)] < e whenever |u| < ¢ and x € K with some § < §;. This
means that (12) and hence (13) hold uniformly on K. Since f is bounded,
M, » f(z) is bounded, too. Thus (17) holds uniformly, which finishes the proof.

Note that Ly (log L)?~(T9) > L,(T%) for all p < r < oc.

Corollary 1. Suppose that (6) is satisfied and 1 < p < oo. If f €
€ L,(log L)¥"Y(T%) or f € L,(T%) for some p <r < oo then

M(’“ )
n+1

for each strong p-Lebesgue point of f and all 0 < q¢ < oco. If in addition
f € Loo(T?) is continuous on an open set G C T¢ (resp. on T¢) then (18)
holds uniformly on every K C G compact set (resp. on T?).

Proof. Observe that f € L,(log L)4~(T¢) implies f € L,, (log L)4~1(T%)
if p1 < p. If x is a strong p-Lebesgue point of f then it is also a strong p;-
Lebesgue point. If in addition 1 < p; < gg A 2 then, by Theorem 1, (10) holds
for po = p}/q}. Letting p1 — 1 we have py — co. Now Lemma 1 finishes the
proof.

Corollary 2. Suppose that (6) is satisfied and 1 < p < co. If f € L,(T%)
then for all 0 < g < oo

lim <Z A0 (L)
n— oo n

k=0
In the special case §(z) = max(0,1—|z|) and d = 1 Corollary 2 was proved
in Marcinkiewicz [7] and Zygmund [21].

o 1/q
1 (Z swf () - f(:v)lq> ~0

k=0

1/q
s f(r) — f($)|q> =0 a.e.

6. Some summability methods

In this section we consider some well known summability methods as
special cases of the strong #-summation. Of course, there are a lot of other
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summability methods which could be considered as special cases. It is easy to
see that (7) and so (6) is satisfied all in the next examples. The elementary
computations are left to the reader.

Example 1 (Weierstrass summation). 6(z) = e~ 1*!" for some 0 <
< v < co. Note that if v = 1 then we obtain the Abel means.

Example 2 (Fejér summation).
1—Jz|, f0<]|z| <1,

0(z) =
0, if |z| > 1.

Example 3 (Riesz summation). For 0 < a < 00,0 < v < 0o let
([P, o< o] <1,
0, if |z| > 1.

Example 4 (de La Vallée-Poussin summation). Let

1, if 2] < 1/2,
O(z) =< —2|z|+2, ifl/2<|z] <1,
0, if |z| > 1.

Example 5 (Jackson-de La Vallée-Poussin summation). Let
1—322%/2+3|x3/4, if || <1,
0(z) =< (2 |z|)3/4, if 1 < |z| <2, (x € R).
0, if |z| > 2

Example 6. Let 0 = ap < a1 < ... < @y, and Bo,...,0n (m € N)
be real numbers, fy = 1, B, = 0. Suppose that 6 is even, 0(a;) = 3; (j =
=0,1,...,m), 0(z) = 0for x > a,y,, Oy is a polynomial on the interval [a;_1, o]
(j=1,...,m).
Example 7 (Rogosinski summation). Let
cosma/2, if |z| <14 27,

0(z) = (j EN).
0, if |[x] > 1+ 25
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7. Strong Marcinkiewicz-Cesaro summability

The following example cannot be defined by a single function 6. Let
0= (0(k,n+1), k€Z, neN)

be a double sequence, which is even in the first parameter. Then the strong

Marcinkiewicz-0-summability in (9) can be defined by replacing A6 (%) by

AO(k,n+1):=0(k,n+1)—0(k+1,n+1).

If we suppose that

(19)
0(0,n+1)=1 (neN), lim 0(k,n+1)=0 (keZ),
ST 1Ak, n+1D)|(1+ k)P <C(n+1)° forall 0<B<oo and n €N,
k=0

there exists 1 < qp < oo such that for all 0 << oo and n €N
[ee]

> 1810k, n 4+ 1)[%(1 + k)P < C(n+ 1)1,

k=0

then we can prove the analogues to Theorem 1 and Corollaries 1 and 2:

Corollary 3. Suppose that (19) is satisfied and 1 < p < oo. If f €
€ L,(log L)*~Y(T%) or f € L,(T%) for some p < r < oo then

n—00

k=0

oo 1/q
lim (Z 1AL10(k,n +1)||s1cf () — f(q;)|‘l> =0

for each strong p-Lebesgue point of f and all 0 < ¢ < oco. If in addition
f € Loo(T?) is continuous on an open set G C T (resp. on T?) then the
convergence holds uniformly on every K C G compact set (resp. on T?).

Corollary 4. Suppose that (19) is satisfied and 1 < p < oo. If f € L,(T?)
then for all 0 < g < o0

n— 00
k=0

oo 1/q
lim (Z |A10(k,n+ 1)||sikf(z) — f(x)|‘1) =0 a.e.

To define the strong Marcinkiewicz-Cesaro summability let
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40— <n+a>:(a—|—1)(a+n2!)...(a+n) (neN,a>0).

It is known (see Zygmund [22, p.77]) that
AT A =AY ACup® (neN).

Let "
Dnclil - if0 < [k| < m,
O(k,n+1) = "

0, if |k| >n

for some 0 < a < oo. If @ = 1, we obtain again the Marcinkiewicz-Fejér
summability. The first condition of (19) is obvious and to see the second and

a—1

third ones observe that A10(k,n+1) = AZ;’“ and

o0 n

D A0k, + 1|1+ k)P < Cnm0> (n— k) @*TDI(1+ k) <
k=0 k=0
< On~%pPpitle—be < C(n+ 1),8+17q’

whenever 1 < ¢ < 1/(1—a)if0<a<land1 < ¢ < ocoif o > 1. Consequently
Corollaries 3 and 4 hold for the Marcinkiewicz-Cesaro summability.

8. Fourier transforms

In this section we describe briefly the analogous results for Fourier trans-
forms. The Fourier transform of f € Li(R%) is

= /f(u)efz’””“ du (x € RY).

The Fourier transform can be extended to the L,(R%) (1 <
the usual way (see e.g. Butzer and Nessel [1]). For f € L,(R?

srf(e / / )™t dt = / f(u ﬁsm%fj fﬂu])“f)du.

—T1 —Tq

p < 2) spaces in
) (1< p<2)let
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Since this last integral is well defined also in case f € L,(RY) (2 < p < o0), we
define sp f in this case by this integral.

For f € L,(R%) (1 < p < 2) the Marcinkiewicz-Fejér means are defined by

an(x)::/T<1 |t1|vTv|td|> Ftpermet gy — i/Suf

0

(T e Ry). If (2 < p < c0) then the second integral can be regarded as the
definition of o7 f. It is known that for all f € L;(R)

TIEI;O orf(z) = f(z) a.e.

(see Weisz [14, 17]). We say that the Fourier transform of a function f is
strongly Marcinkiewicz summable with the exponent ¢ at x € R? if

T 1/q
lim %/\suf(x) — f(x)|%du =0.

T—o0
0

To introduce the Marcinkiewicz-0-summability we will assume that 6 €
€ Cp(R) is even, #(0) = 1, 6 is differentiable on R except of finitely many
points, &' (z)(1 4+ z)¢ € Li(Ry). Then the Marcinkiewicz-9-means are defined

by
U%f(:l?) _ /0 (|t1| V T v td|> ]E(t)627mz-t dt —

Rd

o0

_ —1 g2 —
= 0/ / /f e2™et 4t duy =
- / 0 (%) suf () du

for all f € L,(R?) (1 < p <2). Again, 0% f can be defined by the last integral
for all f € L,(R%) (2 < p < 00). Under some conditions on § we [16] have
verified that for all f € L;(R%),

Tlim o f(z) = f(x) a.e.

The Fourier transform of a function f is called strongly Marcinkiewicz-0-
summable with the exponent g at x € R? if
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1/q

0 (2)|Isuf(@) ~ f@)rdu] o,

li !
Tl—r};o T
0

Assuming
0 € Cy(R) is even and 6(0) =1,
(20) 0 is differentiable on R except of finitely many points,

there exists 1 < gp < oo such that
|6’ (z)|% (1 + x)* is integrable over R, for all 0 < a < o0

we can prove the analogues of all results above:

Corollary 5. Suppose that (20) is satisfied and 1 < p < oco. If f €
€ Ls(RY) N Ly(log L)~ Y(RY) for some 1 < s < 0o or f € L.(R?) for some
p <71 <oo then

o 1/q

i (0 2ot sa) <o

0

for each strong p-Lebesgue point of f and all 0 < ¢ < oco. If in addition
f € Loo(RY) is continuous on an open set G C R (resp. uniformly continuous
on R?) then the convergence holds uniformly on every K C G compact set
(resp. on R%).
Since f € L1(R%) N L,(log L)1 (R%) implies f € L,(R?), we obtain
Corollary 6. Suppose that (20) is satisfied and 1 < p < co. If f € L,(R?)
then for all 0 < ¢ < o0

[e’s} 1/q

Th~r>%o %/ o' (%)Msuf(x)—f(xﬂqdu =0 a.e.

0

Note that the last condition of (20) implies that |6’ (z)|(142)® is integrable
over Ry for all 0 < a < oo (see (8)). Examples 1-7 all satisfy (20).
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