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ON INVERSIVE CONGRUENTIAL GENERATOR
FOR PSEUDORANDOM NUMBERS
WITH PRIME POWER MODULUS

S. Varbanets (Odessa, Ukraine)

Dedicated to the 70th birthday of Professor Imre Kátai

Abstract. Generalization of the inversive congruential generator of

pseudorandom numbers on the prime module is considered and the trigono-

metrical sums on sequence of pseudorandom numbers are estimated.

1. Introduction

A pseudorandom number generator is an important brick of a stochastic
imitation, e.g. the computation of an integral by the Monte-Carlo method or
the construction of the cryptographic keys.

A classical standard method of generating uniform pseudorandom numbers
in the interval [0, 1) is the linear congruential method, which is given as follows:

For a large modulus M , let ZM be the group of residue classes modulus
M . A sequence {yn} of integers in ZM is generated by the linear recursion:

(1) yn+1 ≡ ayn + b (mod M), n = 0, 1, . . . ,

where a, b ∈ ZM . The pseudorandom numbers are obtained by the normaliza-
tion

(2) xn =
yn

M
.

This linear congruential generator is widely used, and has been investigated
by several authors ([1], [13]). However, there is some drawback owing to the
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linearity of the recursion (see [1]). This state affairs provided the motivation for
several recent proposals of nonlinear congruential methods in order to overcome
the deficiencies of the linear congruential method (see [2], [6], [7], [8], [15]).

A particularly promising nonlinear method is the inversive congruential
method where nonlinearity is achieved by employing the operation of multi-
plicative inversion with respect to a given modulus.

Three types of inversive congruential generators can be distinguished,
depending on whether the modulus is a prime (see [2], [3], [4]), an odd prime
power (see [9], [11]), or a power of two (see [7], [15], [17]).

In the works of Chou ([4], [5]), Eichenauer and Lehn ([2]), Flahive and
Niederreiter ([6]), Niederreiter ([3]) has been studied the problem of when the
sequence of pseudorandom numbers (generated by the pseudorandom gener-
ator) has the maximal period. Niederreiter and Shparlinski ([11]) considered
the special exponential sums on inversive congruential pseudorandom numbers
with prime power modulus and obtained nontrivial results concerning the
distribution these numbers in part of the period. For surveys of results and
applications of inversive congruential numbers see [12]-[14].

In the present paper a new inversive congruential method with prime power
modulus is introduced and investigated.

Let p ≥ 3 be prime and m ≥ 2 an integer, and let Rm (accordingly, R∗m)
denote the group of residue classes (accordingly, the group of reduced residue
classes) modulo pm. For a ∈ R∗m, b, c ∈ Rm, b ≡ c ≡ 0 (mod p), we consider
the maps Ψr, r = 0, 1, 2, . . . , R∗m → Rm of the form

(3) Ψr+1(ω) =
a

Ψr(ω)
+ b + cω, Ψ0(ω) = ω

(here and in the following, it will be convenient to write u
v for the expression

uv−1 in a multiplicative abelian group R∗m).

The condition b ≡ c ≡ 0 (mod p) guarantees that (Ψr(ω), p) = 1 if (a, p) =
= (ω, p) = 1.

The recursion (3) generalizes the inversive congruential generator with
prime power modulus (see [9], [11], [17]). But now for c 6≡ 0 (mod pm) we
obtain that Ψk+1 (ω) 6= Ψ1 (Ψk (ω)) as in [11]. Therefore the method of proof
of estimate of the discrepancy for the sequence { ωn

pm } is different.

Notations. We denote epm(x) = e2πi x
pm ; ω−1 means that ωω−1 ≡

≡ 1 (mod pm) for (ω, p) = 1; νp(n) means pνp(n)‖n.
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2. Preliminaries

For k ∈ Z, k ≥ 0, we consider a map Ψk, given by (3).

Lemma 1. For any integer k, k ≥ 0, we have

(4) Ψk(ω) =
A

(k)
0 + A

(k)
1 ω + · · ·+ A

(k)
k+1ω

k+1

B
(k)
0 + B

(k)
1 ω + · · ·+ B

(k)
k ωk

,

moreover,

(5)

(
A

(k)
0 , p

)
=

(
B

(k)
1 , p

)
= 1, A

(k)
i ≡ B

(k)
j ≡ 0 (mod p),

i = 1, 2, . . . , k + 1, j = 0, 2, 3, . . . , k, if k is odd integer;
(
A

(k)
1 , p

)
=

(
B

(k)
0 , p

)
, A

(k)
i ≡ B

(k)
j ≡ 0 (mod p),

i = 0, 2, 3, . . . , k + 1, j = 1, 2, . . . , k, if k is even integer.

Furthermore, for k = 0, 1, 2, . . .
(6)



A
(k+2)
0 = (a + b2)A(k)

0 + abB
(k)
0 ,

A
(k+2)
1 = 2bcA

(k)
0 + (a + b2)A(k)

1 + acB
(k)
0 + abB

(k)
1 ,

A
(k+2)
i = c2A

(k)
i−2 + 2bcA

(k)
i−1 + (a + b2)A(k)

i + acB
(k)
i−1 + abB

(k)
i ,

i = 2, 3, . . . , k + 1;

A
(k+2)
k+2 = 2bcA

(k)
k+1 + c2A

(k)
k+1,

A
(k+2)
k+3 = c2A

(k)
k+1,

B
(k+2)
0 = aB

(k)
0 + bA

(k)
0 ,

B
(k+2)
j = aB

(k)
j + bA

(k)
j + cA

(k)
j−1, j = 1, 2, . . . , k;

B
(k+2)
k+1 = bA

(k)
k+1 + cA

(k)
k ,

Bk+2
k+2 = cA

(k)
k+1,

A
(0)
0 = 0, B

(0)
0 = 1, A

(0)
1 = 1, B

(0)
1 = 0, A

(0)
i = B

(0)
i , i > 1;

A
(1)
0 = a, B

(1)
0 = 0, A

(1)
1 = b, B

(1)
1 = 1, A

(1)
2 = c, B

(1)
2 = 0,

A
(1)
i = B

(1)
i = 0, i > 2;

A
(2)
0 = ab, A

(2)
1 = (a + ac + b2), A

(2)
2 = 2bc, A

(2)
3 = c2, B

(2)
0 = a, B

(2)
1 = b,

B
(2)
2 = c, Ai = Bi = 0, i > 3, j > 2.
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Proof. The formula (4) and the relations (6) can be shown by induction
on k from (3). And then (5) follows from (6).

Lemma 2. Let A
(k)
i , B

(k)
i be those as in Lemma 1 and let bc ≡

0 (mod pm), νp(b) ≤ νp(c). Then we have

(7)

Ψ2k(ω) =
A

(2k)
0 + A

(2k)
1 ω

B
(2k)
0 + B

(2k)
1 ω + B

(2k)
2 ω2

,

Ψ2k+1(ω) =
C

(2k+1)
0 + C

(2k+1)
1 ω + C

(2k+1)
2 ω2

D
(2k+1)
0 + D

(2k+1)
1 ω

,

where

(8)

A
(2k)
0 =kakb + A

(2k)

0 b3, A
(2k)
1 = ak + kA

(2k)

1 b2;

B
(2k)
0 =ak + B

(2k)

0 b2, B
(2k)
1 = kak−1b + B

(2k)

1 b3, B
(2k)
2 = kak−1c;

C
(2k+1)
0 =ak+1b + C

(2k+1)

0 b2, C
(2k+1)
1 = (k + 1)akb + C

(2k+1)

1 b3,

C
(2k+1)
2 =(k + 1)akc;

D
(2k+1)
0 =kakb + D

(2k+1)

0 b3, D
(2k+1)
1 = ak + kakc + D

(2k+1)

1 b2.

Proof. We denote

(9) A =
(

a + b2 ab
b a

)
, B =

(
0 ac
c 0

)
.

Since bc ≡ 0 (mod pm) and νp(b) ≤ νp(c), we have c2 ≡ 0 (mod pm). Thus by
Lemma 1 we infer after short computations

(10)
(

A
(2k+2)
0

B
(2k+2)
0

)
= Ak+1

(
A

(0)
0

B
(0)
0

)
= Ak+1

(
0
1

)
,

(11)
(

A
(2k+2)
1

B
(2k+2)
1

)
= A

(
A

(2k)
1

B
(2k)
1

)
+ B

(
A

(2k−2)
0

B
(2k−2)
0

)
=

= Ak

(
A

(2)
1

B
(2)
1

)
+ kak−1c

(
A

(1)
0

B
(1)
0

)
= Ak

(
a + ac + b2

b

)
+ kak−1c

(
a
0

)
.
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From (9) we can produce

A = a(E + A1), E =
(

1 0
0 1

)
, A1 =

(
a1b b
a1 0

)
, a1 ≡ ba−1 (mod pm),

(12) Ak ≡ ak

(
E + kA1 + · · ·+

(
k
M

)
AM

1

)
(mod pm),

Aj
1 ≡ 0 (mod pµ(j−1)),

where µ = νp(b), M =
[

m
µ

]
.

Now from (3), (10)-(12) the assertion of Lemma 2 easily follows.

Remark. In general case, let b`c ≡ 0 (mod pm), b`−1c 6≡ 0 (mod pm),
` ≥ 2 νp(b) = µ ≤ νp(c). Then we obtain similarly

Ψ2k(ω) =
A

(2k)
0 + A

(2k)
1 ω + · · ·+ A2k

` ω`

B
(2k)
0 + B

(2k)
1 ω + · · ·+ B

(2k)
`+1 ω`

,

(
A

(2k+2)
i

B
(2k+2)
i

)
= Ak+1−i

(
A

(2i)
i

B
(2i)
i

)
+Bk

(
A

(2i−2)
i−1

B
(2i−2)
i−1

)
+Ck

(
A

(2i−4)
i−2

B
(2i−4)
i−2

)
, a ≤ i ≤ `,

where the matrices Bk, Ck satisfy Bk ≡ Ck (mod pµ).

Lemma 3. For every k = 1, 2, . . ., the map Ψk(ω) is a permutation of
R∗m.

Proof. For c ≡ 0 (mod pm) the assertion of lemma is clear. Let νp(c) < m.
From b ≡ c ≡ 0 (mod p) it follows (Ψk(ω), p) = 1 for every ω ∈ R∗m. Further,
let k = 1. From the congruence

aω−1
1 + b + cω1 ≡ aω−1

2 + b + cω2 (mod pm)

it follows that aω−1
1 ≡ aω−1

2 and, hence, ω1 ≡ ω2 (mod p). Set ω2 = ω1 + pδ1.
Then ω−1

2 ≡ ω−1
1 (1−pδ1ω

−1
1 ) (mod p2) (here ω−1

1 ω1 ≡ 1 (mod pm)). Therefore

aω−1
1 + b + cω1 ≡ a(ω−1

1 − pδ1ω
−2
1 ) + b + c(ω1 + pδ1) (mod p2) ⇒

⇒ pδ1ω
−2
1 ≡ 0 (mod p2) ⇒ δ1 = pδ2 ⇒ ω2 = ω1 + p2δ2 ⇒
⇒ ω−1

2 ≡ ω−1
1 − p2δ2ω

−2
1 (mod p3).
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Now from the congruence

aω−1
1 + b + cω1 ≡ a(ω−1

1 − p2δ2ω
−2
1 ) + b + c(ω1 + p2δ2) (mod p3)

we obtain ω2 = ω1 + p3δ3 similarly. Through m steps we obtain ω2 ≡
≡ ω1 (mod pm), i.e. for k=1 the assertion of lemma proved.

Suppose that for k − 1 we have

Ψk−1(ω1) ≡ Ψk−1(ω2) (mod pm) ⇔ ω1 ≡ ω2 (mod pm).

Consider the congruence

a

Ψk−1(ω1)
+ b + cω1 ≡ a

Ψk−1(ω2)
+ b + cω2 (mod pm).

If ω1 ≡ ω2 (mod pm−νp(c)) then we have

Ψk−1(ω1) ≡ Ψk−1(ω2) (mod pm) ⇒ ω1 ≡ ω2 (mod pm).

Suppose that ω1 6≡ ω2 (mod pm−νp(c)). But we have from

a

Ψk−1(ω1)
+ b + cω1 ≡ a

Ψk−1(ω2)
+ b + cω2 (mod pνp(c)) ⇒

a

Ψk−1(ω1)
≡ a

Ψk−1(ω2)
(mod pνp(c)) ⇒ ω1 ≡ ω2 (mod pνp(c)) ⇒

a

Ψk−1(ω1)
+ b + cω1 ≡ a

Ψk−1(ω2)
+ b + cω2 (mod p2νp(c)) ⇒

⇒ ω1 ≡ ω2 (mod p2νp(c)).

Through
[

m
νp(c)

]
steps we obtain the contradiction with supposition ω1 6≡

6≡ ω2 (mod pm−νp(c)). The proof of Lemma 3 is complete.

Lemma 4. Let Au + pBu2 + p2(du3 + · · ·) be a polynomial with integer
coefficients, (B, p) = 1. Then

∣∣∣∣∣
∑

u∈Rm

epm(Au + pBu2 + p2(du3 + · · ·))
∣∣∣∣∣ ¿





0 if (A, p) = 1,

p
m+1

2 if (A, p) = p.

Proof. This assertion can be obtained by a substitution

u = v + p[m
2 ]z, u = 0, 1, . . . , pm−[m

2 ] − 1,
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and by the estimation of the Gaussian sum.

Lemma 5. Let f(ω) = Bω + Cω2 + p(Dω3 + · · ·) be polynomial over Z,
and let (C, p) = 1. Then for any A ∈ Z we have

T =

∣∣∣∣∣∣
∑

ω∈R∗m

epm(Aω + f(ω−1))

∣∣∣∣∣∣
≤ 4p

m
2 .

Proof. We put ω−1 = u+ pm−1z, ω ≡ u−1− pm−1u−2z (mod pm), ω−2 =
= u2 + 2pm−1uz. Hence, we infer

Aω + f(ω−1) ≡

≡ (Au−1 +Bu+Cu2 +p(Du3 + · · ·))+pm−1(−u−2A+B +2Cu)z (mod pm).

Therefore by Lemma 4

T =

∣∣∣∣∣∣
∑

u∈R∗
m−1

epm(Au−1 + Bu + Cu2 + p(Du3 + . . .))·

·
∑

z∈R1

ep((−Au−2 + B + 2Cu)z)

∣∣∣∣∣ ≤

≤ p

∣∣∣∣∣∣∣∣∣

∑
u0∈R∗

1
Au
−1
0
−Bu0−2Cu2

0
≡0(mod p)

epm(Au−1
0 + Bu0 + Cu2

0 + p(Du3 + · · ·))×

×
∑

v∈Rm−2

epm−2(A1v + A2v
2 + p(A3v

3 + · · ·))
∣∣∣∣∣∣
≤ 4p

m
2 ,

(here, A1 = −Au−1
0 +B+2Cu0

p ∈ Z, A2 = C, Aj ∈ Z, j = 3, 4, . . .).

Consider the sequence ωn, n = 0, 1, 2, . . ., defined by the recurrence relation

(13) ωn =
a

ωn−1
+ b + cω, ω0 = ω ∈ R∗m,

i.e. ωn = Ψn(ω).
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From Lemmas 1 and 3 it follows that this sequence is purely periodic
with least period length τ ≤ pm−1(p − 1), τ is even integer. In the case
c ≡ 0 (mod pm) W.-S. Chou [5] investigated dependence τ on a, b, ω. Below we
shall study τ as function of a, b, c and ω.

For positive integer h we put

(14) σk,`(h, pm) = σk,` :=
∑

ω∈R∗m

epm(h(Ψk(ω)−Ψ`(ω))).

Lemma 6. Let k, ` are non-negative integers of different parity and let
h ∈ Z, (h, pm) = pδ, δ < m. Then we have

(15) |σk,`| ≤ 2p
m+δ

2

Proof. Without loss of generality we can account that (h, pm) = 1 and
k = 2k1, ` = 2`1 + 1. From Lemma 1 we easy infer

Ψ2k1(ω) =
k1a

k1b + (ak1 + pµA1)ω + pµ(A1ω
2 + pA3ω

3 + · · ·)
(ak1 + pµB0) + (kak1b + pµB2)ω + pµ(B2ω2 + · · ·) ,

(16) Ψ2`1+1(ω) =

= [(a`1+1+C0p
µ)+((`1+1)a`b+c1p

µ+νp(b))ω+((`+1)a`c+pνp(c)+νp(b)C2)ω2+· · ·]
·[(`1a`1b + D0b

3) + (a`1 + pmin (νp(c),2νp(b))D1)ω + pνp(b)+νp(c)(D2ω
2 + · · ·)]−1,

where µ = min (νp(b), νp(c)).

We multiply the numerator and denominator of Ψ2k1(ω) on (ak1 +pµB0)−1

(mod pm), and similarly multiply numerator and denominator of Ψ2`1+1(ω) on
((a`1 + pmin (νp(c),2νp(b)))ω)−1 (mod pm). Since

(1 + p(Aω + · · ·))−1 ≡ 1− p(Aω + · · ·) + p2(Aω + · · ·)2 + · · · (mod pm),

(1 + pBω−1 + pB′ω + · · ·)−1 ≡
≡ 1− p(Bω−1 + B′ω + · · ·) + p2(Bω−1 + B′ω + · · ·)2 + · · · (mod pm)

we obtain, after short computations

(17) Ψ2k1(ω)−Ψ2`1+1(ω) ≡ E0 + E1ω + E−1ω
−1 + pµG(ω, ω−1) (mod pm),

where E1 ≡ 1 (mod pµ), E−1 ≡ a (mod pµ), G(x, y) is a polynomial on x, y.
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We denote E(ω) = Ψ2k1(ω)−Ψ2`1+1(ω). Put ω = u + pm−1z, u ∈ R∗m−1,
z = 0, 1, . . . , p− 1. Then

ωj ≡ uj + jpm−1uj−1z, ω−j ≡ u−j − jpm−1u−j−1z (mod pm).

Hence, we have after simple computations

σk,` =
∑

u∈R∗
m−1

p−1∑
z=0

epm

(
E1u + E−1u

−1 + pµ(E′
2u

2 + E′
−2u

−2 + · · ·)+

(18) +pm−1(E1 − E−1u
−2)z

)
=

= p
∑

u∈R∗
m−1

u2≡E
−1
1

E−1 (mod p)

epm(E1u + E−1u
−1 + pµ(E′

2u
2 + E′

−2u
−2 + · · ·)).

Let u1, u2 be two solutions of the congruence

u2
i ≡ E−1E

−1
1 (mod pm−1), i = 1, 2.

Put u = ui + pv, v ∈ Rm−2. Then we obtain

(19) σk,` = p

2∑

i=1

∑

v∈Rm−2

e
2πih

F
(i)
1

(v)+F
(i)
2

(v)

pm−2 ,

where

F
(i)
1 =

E1 − E−1u
−2
i

p
+ 2(−E1ui + E−1u

−3
i ) (mod pm−2),

F
(i)
2 (v) = E2v

2 + p(E3v
3 + · · ·), E2 ≡ E−1 (mod p), (E2, p) = 1.

By virtue of Lemma 4 the inner sum on v in equation (19) estimates as p
m−2

2 .
Hence, |σk,`| ≤ 2p

m
2 .

Corollary. The least period of the sequence Ψk(ω) cannot be an odd
integer.

Lemma 7. Let k, ` be non-negative integers of identical parity, h ∈ Z,
νp(h, pm) = δ, νp(k − b) = κ and let bc ≡ 0 (mod pm), 1 ≤ νp(b) ≤ νp(c) < m.
Then

|σk,`(h)| ≤
{

pm if m− δ − κ− µ ≤ 0,

2p
m+δ+κ+µ

2 if m− δ − κ− µ > 0,
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where νp(b) = µ.

Proof. First we suppose that b2 ≡ 0 (mod pm). Since b and c satisfy the
condition bc ≡ 0 (mod pm), we have by Lemma 1 for k = 2, 3, . . .

(20)
Ψ2k(ω) =

kakb + (ak + kakc)ω
ak + kak−1bω + kak−1cω2

,

Ψ2k+1(ω) =
ak+1 + (k + 1)akb + (k + 1)akcω2

kakb + (ak + kakc)ω
.

Hence,

(21) Ψ2k(ω)−Ψ2`(ω) =
E0 + E1ω + E2ω

2 + E3ω
3

F0 + F1ω + F2ω2
,

where

(22)

E0 = (k − `)ak+`b,

E1 = (k − `)ak+`c,

E2 = (k − `)ak+`−1b,

E3 = −(k − `)ak+`−1c,

F0 = ak+`, F1 = (k + `)ak+`−1b, F2 = (k + `)ak+`−1c.

Similarly, we infer

(23) Ψ2k+1(ω)−Ψ2`+1(ω) =
E′

0 + E′
1ω + E′

2ω
2 + E′

3ω
3

F ′0 + F ′1ω + F ′2ω2
,

where

(24)





E′
0 = (k − `)ak+`−1b, E′

1 = −(k − `)ak+`−1c,

E′
2 = (k − `)ak+`b, E′

3 = (k − `)ak+`c,

F ′0 = 0, F ′1 = (k + `)ak+`b, F ′2 = ak+`(1 + (k + `)c).

Now, by analogy with proof of Lemma 6, we have modulo pm

(25)





Ψ2k(ω)−Ψ2`(ω) ≡ (k − `)(b + cω + a−1bω2 − a−1cω3),

Ψ2k+1(ω)−Ψ2`+1(ω) ≡
≡ (k − `)(ω−2(1− (k + `)c)(a−1b− a−1cω + bω2 + cω3)·

·(1− (k + `)bω−1)) ≡
≡ (k − `)(cω + b− a−1cω−1 + a−1bω−2).
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In general case b ≡ c ≡ 0 (mod p), bc ≡ 0 (mod pm), b2 6≡ 0 (mod pm), we have
for k = 2, 3, . . .
(26)

Ψ2k(ω) =
(kakb + Akakb3) + (ak + kakc + Bkak−1b2)ω

(ak + Ckak−1b2) + (kak−1b + Dkak−1b3)ω + kak−1cω2
,

Ψ2k+1(ω) =
(ak+1 + Ckakb2) + ((k + 1)akb + Dk+1a

k−1b3)ω + (k + 1)akcω2

(kakb + Akakb3) + (ak + kakc + Bkak−1b2)ω
,

where

Ak =
k(k + 1)(k + 2)

12
− 1 + p2µFA(k), Bk =

k(k + 1)
2

+ p2µFB(k),

(27) Ck =
(k − 1)k

2
+ p2µFC(k), Dk =

k(k2 − 1)
6

+ p2µFD(k),

FA(k), FB(k), FC(k), FD(k) ∈ Z[k].

Thus, as in (25) we derive

Ψ2k(ω)−Ψ2`(ω) ≡ (k − `)[f0 + f1ω + f2ω
2 + f3ω

3 + p2µω4G0(ω)] (mod pm),

(28) Ψ2k+1(ω)−Ψ2`+1(ω) ≡

≡ (k − `)[e1ω + e0 + e−1ω
−1 + e−2ω

−2 + p2µω−3G1(ω−1)] (mod pm),

where
f0 ≡ b, f1 ≡ c, f2 ≡ a−1b, f3 ≡ −a−1c (mod p2µ),

e1 ≡ c, e0 ≡ b, e−1 ≡ −a−1c, e−2 ≡ a−1b (mod p2µ),

G0(ω), G1(ω) ∈ Z[ω].

Denote νp(c) = ν, m0 = m − µ − δ − κ, c0 = cp−ν , b0 = bp−µ, h + 0 = hp−δ.
If µ < ν then from (25) or (28), by using Lemmas 4 and 5 obtain for k, ` even
numbers we obtain

|σk,`(h)| ≤ pδ+κ+µ

∣∣∣∣∣∣
∑

ω∈R∗m1

epm0

(
h0(c0p

ν−µω + a−1b0ω
2 + pG0(ω))

)
∣∣∣∣∣∣
≤
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(29) ≤




p
m+δ+κ+µ

2 if δ + κ + µ < m,

pm if δ + κ + µ ≥ m,

and if k, ` are odd numbers, then

|σk,`(h)| ≤

≤ pδ+κ+µ

∣∣∣∣∣∣
∑

ω∈R∗m0

epm0

(
h0(c0p

ν−µω − a−1c0p
ν−µ + a−1b0ω

−2 + pG(ω−1))
)
∣∣∣∣∣∣
≤

(30) ≤




2p
m+δ+κ+µ

2 if δ + κ + µ < m,

pm if δ + κ + µ ≥ m.

Applying Lemmas 4 and 5 we obtain the assertion of lemma.

Remark. The estimate of |σk,`| remains correct in a general case b ≡ c ≡
≡ 0 (mod p), b 6≡ 0 (mod pm). In this case the representations for Ψk(ω)
become cumbersome.

Lemma 8. Let b ≡ c ≡ 0 (mod p), bc ≡ 0 (mod pm) and let τ be a
least period length of the sequence Ψk(ω), k = 0, 1, 2, . . ., modulo pm. Then
τ = 2pm−µ0 , where µ0 = min (µ, ν), if ab + acω + bω2 − cω3 6≡ 0 (mod pµ0+1).

Proof. If ab + acω + bω2 − cω3 ≡ 0 (mod pµ0+1) then the sequence
{ψk(ω)} has the maximal period length among all inversive congruential
pseudorandom generators (3) with modulus pm. Moreover, τ = 2pm−µ0 , where
µ0 = min (µ, ν).

This assertion follows from (22)-(28) and the condition

ω2k − ω2` ≡ 0 (mod pn).

Here we take into account that

Bk −B`, DkB` −D`Bk, Ak −A`, AkC` −A`Ck, `Ck − kC`, Ck − C`

divide on k − `. Since a least period length τ is even integer, we have τ =
2pm−µ0 , where µ0 = min (νp(b), νp(c)).
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3. The estimates for exponential sums

Let h, N be integers, (h, pm) = pδ, 0 ≤ δ < m, and let τ be a least period
length of the sequence Ψk(ω), k = 0, 1, 2, . . . (see (3)). We denote

(31) SN (h, ω) :=
N−1∑

k=0

epm(hΨk(ω)) (ω ∈ R∗m).

We shall construct the estimates for SN (h, ω). From (4), after short computa-
tions, we obtain

(32)





Ψ2k(ω) =ω + (b(1− a−1ω) + cω + b2g1(ω))k +

+ (a−2ω2b2 + b4g2(ω)k2 + b3(g3ω)k3 + · · ·) (mod pm),
Ψ2k+1(ω) =(aω−1 + b + cω + b3f0(ω, ω−1)) +

+
[
ω−2((ω − a)b− aωc + b2f1(ω))

]
k +

+ (a−2ω2b2 + b3f2(ω))k2 + b3(f3(ω)k3 + · · ·) (mod pm),

where gi(ω), f0(ω, ω−1), fj(ω) are polynomials over Z. Ψ2k(ω) and Ψ2k+1(ω),
as polynomials on k, have the coefficients at k2 dividing on p2µ exactly, where
µ = νp(b).

Theorem 1. Let N = τ , α = νp((a − ω)b + ac), (a, p) = 1, b ≡ c ≡
≡ 0 (mod pm). Then the following estimate
(33)

|Sτ (h, ω)| :=
∣∣∣∣∣
τ−1∑

k=0

epm (hΨk(ω))

∣∣∣∣∣ ≤





0 if α < 2µ, m− δ − µ > α,

2pm−µ if m− µ− α ≤ 0
or m− δ − µ > 0
and α ≥ 2µ, m− δ − 2µ ≤ 0,

2p
m+δ

2 if α ≥ 2µ, m− δ − 2µ > 0

holds.

Proof. First let 2µ ≥ m. Then from (32) we have

Ψ2k(ω) = A0(ω) + A1(ω)k,

Ψ2k+1(ω) = B0(ω) + B1(ω)k,

where
A0(ω) = ω,
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A1(ω) = b(1− a−1ω) + cω = pµ[b0(1− a−1ω) + cp−µω] = pµA
(0)
1 (ω),

B0(ω) = aω−1 + b + cω, B1(ω) = ω−2((ω − a)b− aωc) = pµB
(0)
1 (ω).

Since τ = 2pm−µ, we obtain

|Sτ (h, ω)| ≤
∣∣∣∣∣∣

pm−µ−1∑

k=0

e2πi
A0(ω)h

pm e
2πi

A
(0)
1

(ω)h

pm−µ k

∣∣∣∣∣∣
+

∣∣∣∣∣∣

pm−µ−1∑

k=0

e2πi
B0(ω)h

pm e
2πi

B
(0)
1

(ω)h

pm−µ k

∣∣∣∣∣∣
=

(34) =





2pm−µ if δ ≥ m− µ,

0 if δ < m− µ, νp((ω − a)b0 − aωcp−µ) < m− µ− δ,

2pm−µ if δ < m− µ, νp((ω − a)b0 − aωcp−µ) ≥ m− µ− δ.

Now let 2µ < m. The relation (32) gives

(35)
Ψ2k(ω) = Ã0(ω) + pµÃ1(ω)k + p2µÃ2(ω)k2 + p3µF0(k),

Ψ2k+1(ω) = B̃0(ω) + pµB̃1(ω)k + p2µB̃2(ω)k2 + p3µF1(k),

where
Ã1(ω) ≡ b0(1− a−1ω) + cp−µω (mod pµ),

B̃1(ω) ≡ ω−2((ω − a)b0 − acp−µω) (mod pµ),

Ã2 ≡ B̃2 ≡ a−2ω2b2
0p

µ (mod p2µ),

F0(k), F1(k) ∈ Z[k].

So that we have

(36)

|Sτ (h, ω)| ≤pδ

∣∣∣∣∣
pm1−1∑

k=0

epm1

((
Ã1(ω)k + Ã2(ω)k2 + p2µF0(k)

)
h0

)∣∣∣∣∣ +

+ pδ

∣∣∣∣∣
pm1−1∑

k=0

epm1

((
B̃1(ω)k + B̃2(ω)k2 + p2µF1(k)

)
h0

)∣∣∣∣∣ ,

where m1 = m− µ− δ.
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The last sums in (36) we can estimate by Lemma 4. Consequently,
(37)

|Sτ (h, ω)| ≤





2pm−µ if α ≥ 2µ, m− δ − 2µ ≤ 0 or α < 2µ, α ≥ m− µ− δ,

0 if α < 2µ, α < m− µ− δ,

2p
m+δ

2 if α ≥ 2µ, m− δ − 2µ > 0,

where α = νp((a− ω)b + ac).

Moreover, it is obvious that for m−µ−δ ≤ 0 we have |Sτ (h, ω)| = 2pm−µ.
This completes the proof Theorem 1.

Theorem 2. Let a, b, c, α and µ be those in Theorem 1. Then for N ,
1 ≤ N < τ , we have

(38) |SN (h, ω)| ≤




N always,

2p
m+δ+µ

2

(
N
τ + log τ

pδ

)
if m− δ − 2µ > 0.

Proof. We shall estimate SN (h, ω) using an estimate of uncomplete sums
through an estimate of complete sum. We have

|SN (h, ω)| =
∣∣∣∣∣
N−1∑

`=0

1
τ

τ−1∑

k=0

τ−1∑
x=0

epm(hΨk(ω)) · eτ (x(k − `))

∣∣∣∣∣ ≤

(39) ≤ N

τ

∣∣∣∣∣
τ−1∑

k=0

epm(hΨk(ω))

∣∣∣∣∣ +
τ−1∑
x=1

1
min (x, τ − x)

∣∣∣∣∣
τ−1∑

k=0

e2πi(
hΨk(ω)

pm + kx
τ )

∣∣∣∣∣ ≤

≤ N

τ
|Sτ (h, ω)|+

τ−1∑
x=1

1
min (x, τ − x)

∣∣∣∣∣∣

1∑

j=0

τ−1∑

k=0

e
2πi

Φj(k)

pm−µ

∣∣∣∣∣∣
,

where

(40)

Φj(k) = A
(j)
1 k + A

(j)
2 k2 + A

(j)
3 k3 + · · · , j = 0, 1;

A
(0)
1 ≡ h(b0(1− a−1ω) + cp−µω)− κ (mod pµ+δ),

A
(1)
1 ≡ hω−2(b0(ω − a)− acωp−µ)− κ (mod pµ+δ),

A
(j)
2 ≡ −a−2b2

0p
µ+δ, A

(j)
i ≡ 0 (mod p2µ+δ), i = 3, 4, . . . .



292 S. Varbanets

From (40) and Lemma 4 we conclude that the sums

τ−1∑

k=0

e
2πi

Φj(k)

pm−µ (j = 0, 1)

allow nontrivial estimate only in the case

(41) hω−2(b0(ω − a)− acωp−µ) ≡ κ (mod p2µ+δ).

It is possible only if

(42) κ ≡ 0 (mod pδ).

Therefore, from (39)-(41), Lemma 5 and Theorem 1 we derive for m ≤ δ + µ

(43) |SN (h, ω)| = N,

and for m > δ + µ

(44) |SN (h, ω)| ≤ N

τ
|Sτ (h, ω) + 4

N
2∑

x=1

1
xpδ

p
m+δ+µ

2 |.

The proof of Theorem 2 is complete.

Theorem 3. For almost all ω ∈ R∗m and every N , 1 ≤ N ≤ τ , we
have

SN (h, ω) ≤ 3Np−
m−δ−µ

4 .

Proof. Consider the sum

(45) SN =
1

φ(pm)

∑

ω∈R∗m

SN (h, ω).

By the Cauchy-Schwarz inequality we obtain
(46)

|SN |2 ≤ 1
φ(pm)

∑

ω∈R∗m

|SN (h, ω)|2 =
1

φ(pm)

N−1∑

k,`=0

∑

ω∈R∗m

e2πi
h(Ψk(ω)−Ψ`(ω))

pm ≤

≤ 1
φ(pm)

m∑
t=0

N−1∑
k,`=0

k≡` (mod pt)
k,`≤N

|σk,`(h)|.
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Hence, by Lemma 6 we have
(47)

|SN |2 ≤ 1
φ(pm)




m2−1∑
κ=0

p
m+δ+µ+κ

2

∑
k,`≤N

k≡` (mod pκ)

1 +
m∑

κ=m2

pm
∑
k,`

k≡` (mod pκ)

1


 ≤

≤ N2

φ(pm)


 ∑

κ≤m2−1

p
m+δ+µ−κ

2 +
m∑

κ=m2

pm−κ


 ≤ 4

N2

pm

(
p

m+δ+µ
2 + pδ+µ

)
.

From this we obtain for any N ≤ τ

(48) |SN | ≤ 2N
(
p−

m−δ−µ
4 + p−

m−δ−µ
2

)
≤ 3Np−

m−δ−µ
4 .

This implies immediately Theorem 3.

4. The discrepancy bound

In this section we study the pseudorandom numbers xn, which are obtained
by the normalization

xn =
ωn

pn
, n = 0, 1, . . . ,

where a sequence ωn of integers in R∗m is generated by the nonlinear recursion

ωn+1 = aω−1
n + b + cω0, ω0 = ω ∈ R∗m, n = 0, 1, 2, . . . ,

(a, p) = 1, b ≡ c ≡ 0 (mod p), bc ≡ 0 (mod pm).

For a sequence of N points (1 ≤ N ≤ τ),

x0, x1, . . . , xN−1

we denote by DN (ω) its discrepancy which is defined by

DN (ω) = sup
∆⊂I

∣∣∣∣
AN (∆)

N
− |∆|

∣∣∣∣ ,

where AN (∆) is the number of elements of x0, x1, . . . , xN−1, which hit the
interval ∆, |∆| is the length of ∆, and the supremum is extended over
subintervals ∆ ⊂ I, I = [0, 1). The discrepancy can be considered as
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a characterization of uniform distribution of the pseudorandomness of the
sequence ω0, ω1, . . . , ωN−1. We shall say that DN (ω) is the discrepancy of
inversive congruential pseudorandom numbers with modulus pm.

Theorem 4. Let p ≥ 3 be a prime number and m ≥ 2 an integer, and let
a, b, c ∈ Z, (a, p) = 1, b ≡ c ≡ 0 (mod p), bc ≡ 0 (mod pm), 1 ≤ νp(b) ≤ νp(c) <
< m. The following estimate

(49) DN (ω) ≤ 18
π

p
m
2 N−1 log pm + 5p−(m−2µ) log pm

holds for any ω ∈ R∗m and m > 2µ.

Proof. For any integer H > 1 the Erdős-Turán inequality ([18], p.214)
gives

(50) DN (ω) ≤ 1
H + 1

+
2
N

H∑

h=1

(
1

πh
+

1
H + 1

)
|SN (h, ω)| for ω ∈ R∗m,

where SN (h, ω) is defined in (31).

If m− 2µ > 0, we obtain, by Theorem 2, for H ≤ τ

H∑

h=1

1
h
|SN (h, ω)| ≤

≤
m−2µ−1∑

δ=0

2p
m+δ

2

(
N

τ
+

log τ

pδ

) H∑
h=1

(h,pm)=pδ

1
h

+ N

m−1∑

δ=m−2µ

H∑
h=1

pδ||h

1
h
≤

(51) ≤ 2p
m
2

(
1− 1√

3

)−1 (
N

τ
+ log τ

)
log H + 2Np−m+2µ log H ≤

≤ 8p
m
2 log2 τ + 2N

pµ

τ
log τ ;

(52)
H∑

h=1

|SN (h, ω)| ≤
(

8p
m
2 log τ + 2

N

τ
pµ

)
·H.

We put H = τ . So that we have for m− 2µ > 0

DN (ω) ≤
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≤ 18
π

p
m
2 N−1 log2 τ + 5pµτ−1 log τ ≤ 18

π
p

m
2 N−1 log2 pm + 5p−(m−2µ) log pm.

For c = 0 this result is better than the estimate of DN (ω) in [11].

Theorem 5. For almost all ω ∈ R∗m and every N ≤ τ we have

(53) DN (ω) ≤ 19N− 1
4 log τ.

Proof. In (50) set H = p
m−µ

4 and apply Theorem 3. Then we easily infer

DN (ω) ≤ 1
H + 1

+ 6

m−µ
4∑

δ=0

p−
m−µ

4

H/pδ∑

h=1

(
1

πhpδ
+

1
H + 1

)
p

δ
4 ≤

≤ 19p−
m−µ

4 log pm−µ ≤ 19N− 1
4 log τ.
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