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1. Introduction and notations

For an interpolatory point system
Xn={a<zpn<Tp-1np<- <1, <b} C(a,b)
(neN:={1,2,...})

G. Griinwald [2] investigated first the interpolation process
f,Xn,.%‘ = fokngann7x)
k=1
(z € (a,b), n€N),

1The research was supported by the Hungarian National Foundation for Scientific Re-
search under grant OTKA T047132.
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where

L () = Ek,n(Xn,a:) (k=1,2,...,n, n€N)
is the kth the fundamental polynomial of Lagrange interpolation with respect
to X,,. He proved the following result:

If X,, (n € N) is a strongly normal point system and f is a continuous
function on [—1,1] (f € C[—1,1] shortly), then G’n(f, Xn) tends to f for every
point x € (—1,1) and the convergence is uniform on every interval [—1+¢e, 1 —¢]
(0 < & < 1), moreover there is no convergence — in general — at the points £1.

In this paper we shall consider the case, when X/ s are the root system of
the Jacobi polynomials.

Let wa g(z) := (1—2)%(14+2)? (x € (-1,1), ,8 > —1) be a Jacobi weight.
On the root system

(v =y 1 k=1,...,n} C(-1,1)  (neN)

of the orthonormal Jacobi polynomials

pu(a) =p@P(z)  (ve[-1L1], a,8> -1, n€ Ng:={0,1,2,...})

we shall consider the Griinwald process:

(aﬁ n£ [e'NoR]
1) GeP) (frx) kzlfyk 7o (Wa 35 )

(x € [-1,1], n € N).
It is well known that the roots of polynomial p%a’ﬁ ) form a strongly normal
point system in [—1,1], if —1 < «, 8 < 0. Griinwald’s result for other Jacobi
parameters were extended by J. Balazs [1] (for « = 5 > 0) and I. Joo [4], [5]
(for a, 3 > —1). They also gave an order of convergence.

I. Joo [4] observed that on the whole interval [—1,1] uniform convergence
may be attained, if one takes some weighted convergence of the above process.
He proved the following result:

Theorem A. (cf. [4, Theorem|) Let f(x) be a continuous function on
[—1,1] then for every x € [—1,1] and n € N we get

(1— )" (14 2)™5 | f(2) - GP) (f,2)] <
< 0 {u (2 ) 4 fln togn .

-1, if q:=min(a, §) > —

where

M\»—A

_2(Q+1)7 Zf q<_§7

moreover the constant C' > 0 depends only on o and (3.
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Here and in what follows, |||« is the supremum norm on C[—1, 1]; moreover
w(f,0) denotes the modulus of continuity of f € C[-1,1].

Our aim is to extend and to sharpen Jod’s result. We shall give conditions
for (o, 8) and (7, d) for which

im[|(f = GR7)wsall

n—-+oo

for all f € C[-1,1).
2. Result

Let us introduce some notations:

L+ Ja, ifa=0,
" ]o, ifa<O.

¢,C,c1,Cs,. .. denote positive constants not necessarily the same at each oc-
currence. If (a,) and (b,) are positive real sequences, then a,, ~ b,, means that
there are constants c;, ¢ > 0 independent of n such that ¢; < a, /b, < cg for
every n € N.

Ifa,8>—-1, 7,6 >0 and n € N, then let
1 1

21 M N i)
lo7g1R7 ify>at+31andé>pt+ 3,
= gﬁéﬁv ifat <y<at+zandd-fF>q-at,
1 1
(2.2) N T N (a, B,7,5) -
loin7 if y>at+31and§> gt + 3,
= %7 ifam <y<at+1lands—pt>v—at,
logn

W’ 1fﬁ+<6<ﬁ+ *and’}/—a+>6 ﬁ"r
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It is clear that in each of above cases we get
1

A, ym =0 ad o ey =0

Theorem. Suppose that a, 3 > —1 and v > at, § > 5. Then
(2.3) lim H — D (f,))w, H ~0

n—-+o0o
holds for every function f € C[-1,1].
For the order of approximation we have

2 Ju-cerw | <o fo(rm) s}

where N§V and N2 are defined by (2.1) and (2.2), further the constant C > 0
depends only on a, 3,7 and 0.

3. Proof of the Theorem

3.1. First we mention some basic relations with respect to the Jacobi polyno-
mials which will be used later.

Ifa,8>—1, 2 =cos? and yg n =: cosVy, (k=1,2,...,n, n € N) are the
roots of p,, then with yo », ' =1, Yny1,n = —1, Yo,n :=0, Ipt1,, := 7™ we have

1
(31) "9k+1,n*79kn’”;; ﬁk,n"’* (k::O,l,...,n, TLEN)

)

S|

(see [10, (8.9.2)]). Moreover

k 2
ll—yk,n\~() ., if yr, € 10,1],
n
(3.2)

(see [8, (9.9)]).

If o, > —1 and y;, (1 <j <n) denotes (one of) the closest root(s) to
(shortly x =~ y; n, j = j(n)) then
(3.3) |pn(@ \ ~ P in)| |2 = yin| (@R yj0 € [-1,1])
(see [6, (3.6)]),
n 1

|p;z(yk,n)"" . 7 1/2
\/Tk,n (wa,ﬁ(yk,n) 1—yi7n)
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(k=1,2,...,n, n € N)
(see [12, (3.3)]), therefore

na+5/2 )
(3.4) ()| ~ 4 K if g €10, 1],
. Prn\Yk.n nﬁ+5/2 .
W’ lfykJLe [—1,0]

From a result of I. Joo [5, Theorem III| it follows that

1
——, ifz=1-1<a<0,>-1,
[0

" 4+oo, ifx=1,a>0,0>-1,
(3.5) hrﬂ Z@ﬁn(waﬁg;x) =<1, f-l<z<l1, apf>-1,
n—-+oo ’ 1
5 fe=-1,-1<8<0,a> -1,
+oo, ifx=-1,0>0,a>-1.

The convergence is uniform on every interval [-1+¢,1 —¢] (0 <e < 1).

3.2. For the proof of the Theorem we start from the following estimates:

(1—2)"(1+2)°|f(x) = G (f;2)] =
Zf ykn é

k=1

> (F@) = fFWrn)) Gop(@) + f(2) (1 - Z%,A@)
1— Zf }

For arbitrary z,y € [—1,1] and 6 > 0 we denote by \ := )\(w,y,é) the
integer [@] It is well known that

[f(z) = f(y)] S w(f;A0) < A+ Dw(f36).

=(1—-a)(1+z)°

=(1-2)(1+2)°

<(1-2)(1+2)° {Z (@) = f ()| G () + | f (@

Therefore

@)= sl = (=22l 1) wir20)

1
Now let § := 0 Then for every z € [—1,1] and n € N we get
N,

n

n

(L=2)" (1 +2)° Y | f(@) = fyn) |6 (@) <

k=1
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1 n
<w(r—m) {N,s“(l — 2 (U2 31w =yl @)+

n k=1

+a—xWa+xf§f&Am}<
k=1
<2<Nwaxwu+xﬁ§jw%nﬁm@0~w<ﬁNLJ-

k=1 n

Here we used that lim N = +o0 and (3.5).

n—-+o0o
From the above relations we obtain that
(3.6) (1 —2)(1+2)°|f(x) - G (f;2)] <

<C (NW —ay (1) Y- yk,nwi,n(x)) w (f; Nl()) "

k=1
1—Z£

(xe [-1,1], neN, a,8> -1, 7,6 > 0).

We shall prove estimations for the above two terms separately in the next two
subsections.

+f(@)|(1 —z)"(1 4 2)°

3.3. Lemma 1. Let o, 5 > —1. Then for every x € [-1,1] and n € N we
have

1

(3.7) (1—x)(1+x)° N(Q)’

1_Z€kn

where Nr(f) is given by (2.2) and C is a positive constant depending only on
parameters a, B,y and §.

Proof. It is well known that for the fundamental polynomials of the first
kind of Hermite interpolation satisfy the following identity:

> tnte) =3 (1= Ly ) ) =

k=1 k=1 Pr(Ykn
- (@+B+2)yen+a—p

Z(l oy @ = i) | Gnle) =1
k=1 Yien

(z€[-1,1], neN).
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From it we get

_ykn

<oz|x 2 (x)

1-> Gl
k=1
(z € [—1,1], n € N),

therefore it is enough to estimate the expression

Fo(z):=(1—-2)(1+2) Z'l_yk“z L(z) =

ykn
(3.8) =(1-2z)(1+z)° Z (A=) A+ ) Z coo=t
Yr,n€[0,1) Yk,n €(—1,0)
= AV @) + 4D @)
(ze-1,1, neN, a,8> -1, 7,6 > 0).
Case 1. Assume that z € [0, 1].

Case 1a. Consider first the sum A,(ll)(x). Let yjn =~ x € [0,1] and yin €
€ [0,1). From (3.2) it follows that there exists ¢ € (0,1) independent of j, k, n
such that 1 < j, k < [en], thus

cn]

AD(z) < (1 - 2)(1 +2) Z y’“”' 2 (@)

(zre[0,1], ne N).

Using formulas in Section 3.1 we have uniformly for the above indices j, k and
neN

(e o) ~ (- a) ~ (g~ ()
L—yp, ~ (i)z

2<):[ pn(@) )rw{pg<yj,n><x—yj,n>rN

¢
i P Yk ) (T — Yheom P Wkn) (@ = Yrn)

() ez
j |.’IJ - yk,n|2

Ifk#j (j,k=1,2,...,n) then

5% — K|

|ZIZ - yk,n| ~ |yj,n - yk,n| ~ B} 5

(3.9) , n
[T = yjnl| < C%
n
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(see [11, Lemma 3.1]), hence

|$ — Yk n| 2
T la(T) ~
11— y/%,n o

2a+3
(’f) T eyl g R —gial®

|x_yk,n
~ ——

(2)2 j |z — Yrn|? j2et3 T2 k2|
_ <k>2a+1 1
= C - ST o 1o
J 72 — k2|
If £ = j, then

2
|z — y;,n| ?n(af) - |7 — Yl . {p;L(yj,n)(x - yjyn)} < cl
1-— Yin

Using the above formulas we obtain that

.\ 2y ( [en] 20+1
k 1 1
Ag) z) <C <]) (> — 5 t=¢ <
@ =CL ; j Vel B

[
N2y (/2 2a+1 23 [en] 2041
j k 1 1 k 1 1
SC<> () —- + — 0 + ( —+=7 <
k#j
AN . [en]
1 1 +1 1 1
§C<]> LylosU+ D), e S KTl o<
n J J J f—2j J

§2¢ —n2* ifa <0

log(n/j), ifa=0]=

SN\ 27 .
j log(j +1)
=¢ (n> ;e

n?e — 2 ifa >0

1—(n/5)**, ifa<0

-\ 27 .
j log(j+1) 1 ‘ .
=C|= —— + = ¢ log(n/j), ifa=0| <
(8) |5 e
(n/j)* =1, ifa>0
1, ifa<0

IA

S\ 27y .
j log(74+1) 1 N
<C<> —— =+ - qlog(n/j), ifa=0
- ; ; g( é])
(n/j)™", ifa>0

v log(j + 1), if <0,
SCW logn, ifO[:O,
log(j + 1) + (n/5)**, ifa>0.
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Our aim is to choose the index y > 0 (for fixed & > —1) such that lim A%l)(:c) =

n—-+oo
= 0 uniformly in = € [0, 1].
Let @ < 0. Using that for s > 0 the function x°logx is increasing on
[1,+00) and for t € (—1,0) the function z!logz is bounded on [1,+00) we

have
logn

, ify >3,
AP@<c-q
v ifo<y< %
uniformly in € [0, 1] and n € N.
Let oo = 0. Then

logn | 1

2~y —1 , ify > 5,

A(l)(x)<cw<c. n 2
n = n2vy = logn £ 1
W, 1 O<'Y< b

uniformly in z € [0, 1] and n € N.
Let o > 0. Then

2(y—a)—1 i 2
Awuggcj-{<i> bg¢+n+1}§

n2(V_a)
1
ogn TN
<c.¢ "
1 . .

uniformly in = € [0,1] and n € N.
Summarizing the above three formulas we obtain that

logn ify>at+1
(3.10) AD@y <c.d " - 3

logm)® e b <ot +1

n2(—a*)’ 7 2

(x€[0,1], neN, a,8>—1, 7,6 > 0),
where the constant C' > 0 depends only on «, 3,7 and § and

1, ifa=0,
a:=
0, ifa#0.
Case 1b. Now consider the sum A () in (3.8). Let y;n =~ x € [0,1],

Yen € (—1,0) and K := n+ 1 — k. From (3.2) it follows that there exist
¢1,ce > 0 independent of n such that 1 < j < [e1n] and 1 < K < [can]. Using
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formulas in Section 3.1 and (3.9) we have uniformly for the above indices j, k
and n € N

(L—2) (1 42)° ~ (L—a) ~ (1= gyn)" ~ (j>2w,

n
K 2
1- ylzg,n ~ <7’L) )

2 - pn(x) 2 - p%(yj,n)(x - yjm) 2 N
() = [puyk,n)(x - yJ [m@m@ - y>]
K2ﬁ+3 |.’,U _ yj,n|2 .

~ n2e=p) = . :
J20H3 g =y 2
|2 — Yk.nl .y K261 1
727‘&”(17) < C n2la=6-1) o .
- yk,n J |.’IJ - ykfﬂ'

Therefore if x € [0,1] and n € N, then we have

AP = (1 -2y (42 3 Bl

.2 ;
Yk,n <0 1 yk,"
<c <j)27 n2la—p-1) K268+1
= n i2a+1 _ :
n 77 Yk,n <0 |x yk’nl

Now let % <z <1, then |z — yrn| ~ 1, thus

AP (z) <

N 2(y—a)-1 [c2n] -\ 2(y—a)-1 -\ 2(v—a)
J 1 26+1 L/ L7y

o’ o N gwrico- (2 —c- (2 .
(n) n2A+3 1{2::1 ~ n\n Jj\n

If 0 <z < 3, then

‘27]{}2 7]{}
j~mn, k~n, j#k and g |~“7 |,

n? n
so we get

C K204

AR () 26+3

n Y n<0 |yj,n yk,n|
C ) K201
B+1
< n2B+3 K + Z (152 — k2|/n?)
Yen<—3% — 3 <yr,n<0
[e2n]

C 1
( K201 | 2642 :
n26+3 Kz::l Z lj — k|

— 4 <yr,n<0

IN
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N

Consequently, for « € [0,1] and n € N we obtain that
(3.11)

N 2(v—a) N 2(yv—a)—1
ji\n n n\n n

Let o < 0. Since

1 .
1 ,] 2(y—a)—1 1 jQ'y—l ] —2a ﬁv 1f’7 Z %7
— (<L .4 (L <
n (n) n n2-l <n> -] 1 ¢ 1
T’y’ if 0 < Yy < 2
thus |
R ity >,
AP@<c-q
ﬁ’ 1f0<’}/< %
uniformly in z € [0,1] and n € N.
If @ > 0, then we have
1
ogn’ ifyZa—F%
AP ()< C-
n o

uniformly in € [0, 1] and n € N.
Summarizing the above formulas we have

1
Ogna if72a++%a
AD () < C ”1
(3.12) ey, ot <y<at+i
n «

(ze0,1], a,8>—1, 7,6 >0, neN),
where C' is independent of z and n. By (3.8), (3.10) and (3.12) we get

(3.13) Fo(z)=(1—2)"(1+2) Z y’“"'e () <
=1 n
<c.{ "
- (logn)®

ot +41
~3(r—at)’ ifa™ <y<a’+3
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(x€[0,1], neN,a, 8> —1, 7,6 > 0),
where the constant C' > 0 depends only on «, 3,7 and J.

Case 2. Let us consider (3.8) for « € [—1,0]. Using the symmetry of Jacobi
polynomials

PP (@) = (=1)"p ) ()
(ze[-1,1], neN, o, 8> —1)
(see [10, (4.1.3)]) and (3.13) we get

REL s> 4,
(3.14) Fo(z) < C-

(ogn)® g 5 gt ot

n26-pHy 2

(CL’ €[-1,0], neN, a,8> -1, 7,0 > 0),
where the constant C' > 0 depends only on «, 3,7 and § and

y. J1 ifs=0,
"o, ifB#£0.

Finally collecting Cases 1 and 2 (see (3.13) and (3.14)) we obtain that

logn . 1 1
=, ify>at+ 4 and § > g + 3,
1
F.(z)<C %, ifat <y<at+3fandd—pt>y—at,
n -
1
n

(xe[-1,1, neN, a,8> 1, 7,6 > 0),

where the constant C' > 0 depends only on «, 3,7 and §, which proves Lemma
1.

3.4. Lemma 2. Let o, 8 > —1. Then for every x € [-1,1] and n € N we
have

(3.15) Hy(z) = (1-2)"(1+2) ; |2 — ypnll} ,(2) < CiN;ll) :

where NT(LI) is given by (2.1) and the constant C > 0 depends only on parameters
a, B, and §.
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Proof. The proof is similar to the proof of Lemma 1, so we only sketch it.

Let
Hy(z):=1—2z)"(1+z)° Z |z — yk,n|€i7n(x)+
yk,nzo
+H1-2)(1+2)° Y fo— yral . (2) = BL(2) + B ().

Yk,n <0
Case 1. First we suppose that  ~ y;, € [0,1] and yx,, €

[0,1).

From

(3.2) it follows that there exists ¢ € (0,1) independent of j, k,n such that

1 <4,k <[en]. So for x € [0,1] and n € N consider the sum

[en]

=(1=2)'(L+2)° ) |z = ypnalli o (2).

k=1
3
k=1
[en] (
k=1
k#j
-9 2j

t 2

=j/2
k#]

Then
k

)2a+3 |£L’

3 |.’L‘ - yk7n|

IN

BV (z) < C <
)27

2a43
’f)“ J?
J 72

3 I~

k

>2a+3
J |

J J? =k

j2

(]

+J

[cn]

200+1 .
j2ot1 Z k2T 4

k=2j
200+2
J

n _ S2a42
Tt (S
J jlog(j +1)

)

n

IN

.9 [en]

J ‘+Z

Jli—k &

2a+3

k

)

J

2y
{j +jlog(j+ 1)+

J

) 7{j10g(j+1)—|—

(3

<C
S 3

J

ﬁ)% {jlog(j +1)+ (?)Mz} =C (

(

If @ < 0, then by

j 271 n 2a j2'yfl
n i \J n2v
we get
logn7 if v > 3,
B <c-{
1
> lf0<’}/< 5

i

k?

be
o1

A

J

<

@)%}_
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uniformly in z € [0, 1] and n € N.

If & > 0 then

2v+1 1 ( . 4 1) 2(y—a)—1

) 72 log(j J }
1
ogn7 if*yzoz+%

<c{ "

- = if 0 < 1
m71 _Oé<'y<a+§

Summarizing the above three formulas we obtain that

1
Ogn7 1f"}/20[++%,
B <c-¢ "
(3.16) Gy ifat <y<at+3

(mG[O,l], neN, a,0> —1, 7,5>0),

where the constant C' > 0 depends only on parameters «, 3,7 and 6.

Now let [0,1] 3 = =~ y;, and yg,n, € (—1,0) moreover K := n + 1 — k.

Consider the sum
BP(x)=1—2)"1+2)° Y |z —yrnlli, ().
Yk,n<0

For z € [0,1] and n € N then we have

K29 o — yjnf?
(2) —B) 3,n
Balle) ¢ ( > { 2, 72 |2 = Yron| =

Yk,n <0
<c (j ) 2y n2(a—p5-2) K26+3
= n j2a+1 v |2 — Yrn|

Now let % <z <1, then |z — ykn| ~ 1, thus

@ j 2(y—a)—1 1 [can] ] 2(y—a)—1
2 J 2543 .
B <w>s0(n) s e (T)

so we get
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C K20+

26+3
S 2 KT 2 )
yk,ng_% _%Syk,n<0
[c2n] n
C 1 1 1 1
< K25+3 26+4 _ - - I <
= 2645 Z +n Z |7 — k| =C n+n |~
K=1 — L <yp <0 =1
< C,logn'
n
Therefore by (3.11) and (3.12) we get
N\ 2(yv—a)—1
1 1
(3.17) B® ()< C { (]> + Og"} <
n\n n
1
L ifyzat+
<o "

ot +41
——at)’ ifa™ <y <a’+3

(xe€[0,1], o,8>—1, 7,0>0, neN),
where C' is independent of z and n.
Using (3.16) and (3.17) we obtain that

n

(3.18) Hy(x) = (1=2)" (1 +2)° Y |o = gl nlz) <
k=1
1
<c-4 "
ot +41
——at) ifa™ <y<a’+3

(x €[0,1], neN,o,8> —1, 7,6 > 0),
where the constant C' > 0 depends only on «, 3,7 and §.

Case 2. Let us consider (3.15) for = y; , € [—1,0]. Then by symmetry of
Jacobi polynomials and (3.18) we have

logn

: if § > B+ + 3,
(3.19) H,(z)<C-
1 if gt <§ + 4 1
W’ 1 ﬁ < < ﬁ + 2
(xe[-1,0, neN, a,8>—1, 7,6 > 0),
where the constant C' > 0 depends only on «, 3,7 and 6.



260 L. Szili

Finally collecting Cases 1 and 2 (see (3.18) and (3.19)) we obtain that

1
osn if y>at+1and § > B+ + 1,
n
1
H,(z) < C ey ifat <y<at+landd—pt>y-at,
1
i g+ +41 _at>§-_ 8t
=G ifpt<é<pt+5andy—at>0-0

(xe[-1,1], neN, a,8> -1, 7,6 > 0),

where the constant C' > 0 depends only on «, 3,7 and §, which proves Lemma
2.

3.5. Finally using (3.6), Lemmas 1 and 2 we obtain (2.4), as it was stated.
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