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1. Introduction and notations

For an interpolatory point system

Xn := {a < xn,n < xn−1,n < · · · < x1,n < b} ⊂ (a, b)
(n ∈ N := {1, 2, . . .})

G. Grünwald [2] investigated first the interpolation process

Gn

(
f, Xn;x

)
:=

n∑

k=1

f(xk,n)`2k,n

(
Xn; x

)

(
x ∈ (a, b), n ∈ N

)
,

1The research was supported by the Hungarian National Foundation for Scientific Re-
search under grant OTKA T047132.
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where
`k,n(x) := `k,n

(
Xn, x

)
(k = 1, 2, . . . , n, n ∈ N)

is the kth the fundamental polynomial of Lagrange interpolation with respect
to Xn. He proved the following result:

If Xn (n ∈ N) is a strongly normal point system and f is a continuous
function on [−1, 1] (f ∈ C[−1, 1] shortly), then Gn

(
f,Xn

)
tends to f for every

point x ∈ (−1, 1) and the convergence is uniform on every interval [−1+ε, 1−ε]
(0 < ε < 1), moreover there is no convergence – in general – at the points ±1.

In this paper we shall consider the case, when X ′
ns are the root system of

the Jacobi polynomials.
Let wα,β(x) := (1−x)α(1+x)β (x ∈ (−1, 1), α, β > −1) be a Jacobi weight.

On the root system
{
yk,n := y

(α,β)
k,n | k = 1, . . . , n

} ⊂ (−1, 1) (n ∈ N)

of the orthonormal Jacobi polynomials

pn(x) := p(α,β)
n (x)

(
x ∈ [−1, 1], α, β > −1, n ∈ N0 := {0, 1, 2, . . .})

we shall consider the Grünwald process:

(1.1)
G(α,β)

n (f ; x) :=
n∑

k=1

f(yk,n)`2k,n(wα,β ;x)

(x ∈ [−1, 1], n ∈ N).

It is well known that the roots of polynomial p
(α,β)
n form a strongly normal

point system in [−1, 1], if −1 < α, β < 0. Grünwald’s result for other Jacobi
parameters were extended by J. Balázs [1] (for α = β ≥ 0) and I. Joó [4], [5]
(for α, β > −1). They also gave an order of convergence.

I. Joó [4] observed that on the whole interval [−1, 1] uniform convergence
may be attained, if one takes some weighted convergence of the above process.
He proved the following result:

Theorem A. (cf. [4, Theorem]) Let f(x) be a continuous function on
[−1, 1] then for every x ∈ [−1, 1] and n ∈ N we get

(1− x)α+ 3
2 · (1 + x)β+ 3

2
∣∣f(x)−G(α,β)

(
f, x

)∣∣ ≤

≤ C

{
ω

(
f ;

log n

n

)
+ ‖f‖∞na log n

}
,

where

a :=





−1, if q := min(α, β) ≥ − 1
2 ,

−2(q + 1), if q < − 1
2 ,

moreover the constant C > 0 depends only on α and β.
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Here and in what follows, ‖·‖∞ is the supremum norm on C[−1, 1]; moreover
ω(f, δ) denotes the modulus of continuity of f ∈ C[−1, 1].

Our aim is to extend and to sharpen Joó’s result. We shall give conditions
for (α, β) and (γ, δ) for which

lim
n→+∞

∥∥(
f −Gα,β

n

)
wγ,δ

∥∥
∞ = 0

for all f ∈ C[−1, 1].

2. Result

Let us introduce some notations:

a+ :=

{
a, if a ≥ 0,
0, if a < 0.

c, C, c1, C2, . . . denote positive constants not necessarily the same at each oc-
currence. If (an) and (bn) are positive real sequences, then an ∼ bn means that
there are constants c1, c2 > 0 independent of n such that c1 ≤ an/bn < c2 for
every n ∈ N.

If α, β > −1, γ, δ > 0 and n ∈ N, then let

(2.1)
1

N
(1)
n

:=
1

N
(1)
n (α, β, γ, δ)

:=

:=





log n

n
, if γ ≥ α+ + 1

2 and δ ≥ β+ + 1
2 ,

1
n2(γ−α+)

, if α+ < γ < α+ + 1
2 and δ − β+ ≥ γ − α+,

1
n2(γ−β+)

, if β+ < δ < β+ + 1
2 and γ − α+ ≥ δ − β+;

(2.2)
1

N
(2)
n

:=
1

N
(2)
n (α, β, γ, δ)

:=

:=





log n

n
, if γ ≥ α+ + 1

2 and δ ≥ β+ + 1
2 ,

log n

n2(γ−α+)
, if α+ < γ < α+ + 1

2 and δ − β+ ≥ γ − α+,

log n

n2(γ−β+)
, if β+ < δ < β+ + 1

2 and γ − α+ ≥ δ − β+.



248 L. Szili

It is clear that in each of above cases we get

lim
n→+∞

1

N
(1)
n

= 0 and lim
n→+∞

1

N
(2)
n

= 0.

Theorem. Suppose that α, β > −1 and γ > α+, δ > β+. Then

(2.3) lim
n→+∞

∥∥∥
(
f −G(α,β)

n (f, ·))wγ,δ

∥∥∥
∞

= 0

holds for every function f ∈ C[−1, 1].
For the order of approximation we have

(2.4)
∥∥∥
(
f −G(α,β)

n (f, ·))wγ,δ

∥∥∥
∞
≤ C

{
ω

(
f ;

1

N
(1)
n

)
+
‖f‖∞
N

(2)
n

}
,

where N
(1)
n and N

(2)
n are defined by (2.1) and (2.2), further the constant C > 0

depends only on α, β, γ and δ.

3. Proof of the Theorem
3.1. First we mention some basic relations with respect to the Jacobi polyno-
mials which will be used later.

If α, β > −1, x = cos ϑ and yk,n =: cos ϑk,n (k = 1, 2, . . . , n, n ∈ N) are the
roots of pn then with y0,n := 1, yn+1,n := −1, ϑ0,n := 0, ϑn+1,n := π we have

(3.1) ϑk+1,n − ϑk,n ∼ 1
n

, ϑk,n ∼ k

n
(k = 0, 1, . . . , n, n ∈ N)

(see [10, (8.9.2)]). Moreover

(3.2)





∣∣1− yk,n

∣∣ ∼
(

k

n

)2

, if yk,n ∈ [0, 1],

∣∣1 + yk,n

∣∣ ∼
(

K

n

)2

, if yk,n ∈ [−1, 0], K := n + 1− k

(see [8, (9.9)]).

If α, β > −1 and yj,n (1 ≤ j ≤ n) denotes (one of) the closest root(s) to x
(shortly x ≈ yj,n, j = j(n)) then

(3.3)
∣∣pn(x)

∣∣ ∼
∣∣p′n(yj,n)

∣∣ ·
∣∣x− yj,n

∣∣ (x ≈ yj,n ∈ [−1, 1])

(see [6, (3.6)]),
∣∣p′n(yk,n)

∣∣ ∼ n√
1− y2

k,n

· 1
(
wα,β(yk,n)

√
1− y2

k,n

)1/2
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(k = 1, 2, . . . , n, n ∈ N)
(see [12, (3.3)]), therefore

(3.4)
∣∣p′n(yk,n)

∣∣ ∼





nα+5/2

kα+3/2
, if yk,n ∈ [0, 1],

nβ+5/2

Kβ+3/2
, if yk,n ∈ [−1, 0].

From a result of I. Joó [5, Theorem III] it follows that

(3.5) lim
n→+∞

n∑

k=1

`2k,n(wα,β ; x) =





− 1
α

, if x = 1, −1 < α < 0, β > −1,

+∞, if x = 1, α ≥ 0, β > −1,

1, if −1 < x < 1, α, β > −1,

− 1
β

, if x = −1, −1 < β < 0, α > −1,

+∞, if x = −1, β ≥ 0, α > −1.

The convergence is uniform on every interval [−1 + ε, 1− ε] (0 < ε < 1).

3.2. For the proof of the Theorem we start from the following estimates:

(1− x)γ(1 + x)δ
∣∣f(x)−G(α,β)

n (f ;x)
∣∣ =

= (1− x)γ(1 + x)δ

∣∣∣∣∣f(x)−
n∑

k=1

f(yk,n)`2k,n(x)

∣∣∣∣∣ =

= (1− x)γ(1 + x)δ

∣∣∣∣∣
n∑

k=1

(f(x)− f(yk,n)) `2k,n(x) + f(x)

(
1−

n∑

k=1

`2k,n(x)

)∣∣∣∣∣ ≤

≤ (1− x)γ(1 + x)δ

{
n∑

k=1

|f(x)− f(yk,n)| `2k,n(x) + |f(x)| ·
∣∣∣∣∣1−

n∑

k=1

`2k,n(x)

∣∣∣∣∣

}
.

For arbitrary x, y ∈ [−1, 1] and δ > 0 we denote by λ := λ(x, y, δ) the
integer

[
|x−y|

δ

]
. It is well known that

|f(x)− f(y)| ≤ ω(f ;λδ) ≤ (λ + 1)ω(f ; δ).

Therefore
|f(x)− f(yk,n)| ≤

( |x− yk,n|
δ

+ 1
)

ω
(
f ; δ

)
.

Now let δ :=
1

N
(1)
n

. Then for every x ∈ [−1, 1] and n ∈ N we get

(1− x)γ(1 + x)δ
n∑

k=1

∣∣f(x)− f(yk,n)
∣∣`2k,n(x) ≤
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≤ ω

(
f ;

1

N
(1)
n

)
·
{

N (1)
n (1− x)γ(1 + x)δ

n∑

k=1

|x− yk,n|`2k,n(x)+

+(1− x)γ(1 + x)δ
n∑

k=1

`2k,n(x)

}
≤

≤ 2

(
N (1)

n (1− x)γ(1 + x)δ
n∑

k=1

|x− yk,n|`2k,n(x)

)
· ω

(
f ;

1

N
(1)
n

)
.

Here we used that lim
n→+∞

N
(1)
n = +∞ and (3.5).

From the above relations we obtain that

(3.6) (1− x)γ(1 + x)δ
∣∣f(x)−G(α,β)

n (f ;x)
∣∣ ≤

≤ C

(
N (1)

n (1− x)γ(1 + x)δ
n∑

k=1

|x− yk,n|`2k,n(x)

)
ω

(
f ;

1

N
(1)
n

)
+

+|f(x)|(1− x)γ(1 + x)δ

∣∣∣∣∣1−
n∑

k=1

`2k,n(x)

∣∣∣∣∣
(
x ∈ [−1, 1], n ∈ N, α, β > −1, γ, δ > 0).

We shall prove estimations for the above two terms separately in the next two
subsections.

3.3. Lemma 1. Let α, β > −1. Then for every x ∈ [−1, 1] and n ∈ N we
have

(3.7) (1− x)γ(1 + x)δ

∣∣∣∣∣1−
n∑

k=1

`2k,n(x)

∣∣∣∣∣ ≤ C
1

N
(2)
n

,

where N
(2)
n is given by (2.2) and C is a positive constant depending only on

parameters α, β, γ and δ.

Proof. It is well known that for the fundamental polynomials of the first
kind of Hermite interpolation satisfy the following identity:

n∑

k=1

hk,n(x) =
n∑

k=1

(
1− p′′n(yk,n)

p′n(yk,n)
(x− yk,n)

)
`2k,n(x) =

=
n∑

k=1

(
1− (α + β + 2)yk,n + α− β

1− y2
k,n

(x− yk,n)

)
`2k,n(x) = 1

(
x ∈ [−1, 1], n ∈ N

)
.
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From it we get
∣∣∣∣∣1−

n∑

k=1

`2k,n(x)

∣∣∣∣∣ ≤ C

n∑

k=1

|x− yk,n|
1− y2

k,n

`2k,n(x)

(
x ∈ [−1, 1], n ∈ N

)
,

therefore it is enough to estimate the expression

(3.8)

Fn(x) := (1− x)γ(1 + x)δ
n∑

k=1

|x− yk,n|
1− y2

k,n

`2k,n(x) =

= (1− x)γ(1 + x)δ
∑

yk,n∈[0,1)

. . . + (1− x)γ(1 + x)δ
∑

yk,n∈(−1,0)

. . . =:

=: A(1)
n (x) + A(2)

n (x)(
x ∈ [−1, 1], n ∈ N, α, β > −1, γ, δ > 0

)
.

Case 1. Assume that x ∈ [0, 1].

Case 1a. Consider first the sum A
(1)
n (x). Let yj,n ≈ x ∈ [0, 1] and yk,n ∈

∈ [0, 1). From (3.2) it follows that there exists c ∈ (0, 1) independent of j, k, n
such that 1 ≤ j, k ≤ [cn], thus

A(1)
n (x) ≤ (1− x)γ(1 + x)δ

[cn]∑

k=1

|x− yk,n|
1− y2

k,n

`2k,n(x)

(
x ∈ [0, 1], n ∈ N

)
.

Using formulas in Section 3.1 we have uniformly for the above indices j, k and
n ∈ N

(1− x)γ(1 + x)δ ∼ (1− x)γ ∼ (1− yj,n)γ ∼
(

j

n

)2γ

,

1− y2
k,n ∼

(
k

n

)2

,

`2k,n(x) =
[

pn(x)
p′n(yk,n)(x− yk,n)

]2

∼
[

p′n(yj,n)(x− yj,n)
p′n(yk,n)(x− yk,n)

]2

∼

∼
(

k

j

)2α+3

· |x− yj,n|2
|x− yk,n|2 .

If k 6= j (j, k = 1, 2, . . . , n) then

|x− yk,n| ∼ |yj,n − yk,n| ∼ |j2 − k2|
n2

,

|x− yj,n| ≤ c
j

n2

(3.9)
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(see [11, Lemma 3.1]), hence

|x− yk,n|
1− y2

k,n

`2k,n(x) ∼

∼ |x− yk,n|(
k
n

)2 ·
(

k

j

)2α+3

· |x− yj,n|2
|x− yk,n|2 ∼ n4 · k2α+1

j2α+3
· |x− yj,n|2
|j2 − k2| ≤

≤ c

(
k

j

)2α+1

· 1
|j2 − k2| .

If k = j, then

|x− yj,n|
1− y2

j,n

`2j,n(x) ∼ |x− yj,n|
1− y2

j,n

·
[
p′n(yj,n)(x− yj,n)
p′n(yj,n)(x− yj,n)

]2

≤ c
1
j
.

Using the above formulas we obtain that

A(1)
n (x) ≤ C

(
j

n

)2γ
{

[cn]∑

k=1
k 6=j

(
k

j

)2α+1 1
|j2 − k2| +

1
j

}
≤

≤ C

(
j

n

)2γ
{

j/2∑

k=1

(
k

j

)2α+1 1
j2

+
2j∑

k=j/2
k 6=j

1
j · |j − k| +

[cn]∑

k=2j

(
k

j

)2α+1 1
k2

+
1
j

}
≤

≤ C

(
j

n

)2γ
{

1
j

+
log(j + 1)

j
+

1
j2α+1

[cn]∑

k=2j

k2α−1 +
1
j

}
≤

≤ C

(
j

n

)2γ




log(j + 1)
j

+
1

j2α+1





j2α − n2α, if α < 0

log(n/j), if α = 0

n2α − j2α, if α > 0


 =

= C

(
j

n

)2γ




log(j + 1)
j

+
1
j





1− (n/j)2α
, if α < 0

log(n/j), if α = 0

(n/j)2α − 1, if α > 0


 ≤

≤ C

(
j

n

)2γ




log(j + 1)
j

+
1
j





1, if α < 0

log(n/j), if α = 0

(n/j)2α
, if α > 0


 ≤

≤ C
j2γ−1

n2γ
·





log(j + 1), if α < 0,
log n, if α = 0,
log(j + 1) + (n/j)2α

, if α > 0.
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Our aim is to choose the index γ > 0 (for fixed α > −1) such that lim
n→+∞

A
(1)
n (x) =

= 0 uniformly in x ∈ [0, 1].
Let α < 0. Using that for s ≥ 0 the function xs log x is increasing on

[1, +∞) and for t ∈ (−1, 0) the function xt log x is bounded on [1, +∞) we
have

A(1)
n (x) ≤ C ·





log n

n
, if γ ≥ 1

2 ,

1
n2γ

, if 0 < γ < 1
2

uniformly in x ∈ [0, 1] and n ∈ N.
Let α = 0. Then

A(1)
n (x) ≤ C

j2γ−1 log n

n2γ
≤ C ·





log n

n
, if γ ≥ 1

2 ,

log n

n2γ
, if 0 < γ < 1

2

uniformly in x ∈ [0, 1] and n ∈ N.
Let α > 0. Then

A(1)
n (x) ≤ C

j2(γ−α)−1

n2(γ−α)
·
{(

j

n

)2α

log(j + 1) + 1

}
≤

≤ C ·





log n

n
, if γ ≥ α + 1

2 ,

1
n2(γ−α)

, if 0 < α < γ < α + 1
2

uniformly in x ∈ [0, 1] and n ∈ N.
Summarizing the above three formulas we obtain that

(3.10) A(1)
n (x) ≤ C ·





log n

n
, if γ ≥ α+ + 1

2 ,

(log n)a

n2(γ−α+)
, if α+ < γ < α+ + 1

2

(
x ∈ [0, 1], n ∈ N, α, β > −1, γ, δ > 0

)
,

where the constant C > 0 depends only on α, β, γ and δ and

a :=

{
1, if α = 0,

0, if α 6= 0.

Case 1b. Now consider the sum A
(2)
n (x) in (3.8). Let yj,n ≈ x ∈ [0, 1],

yk,n ∈ (−1, 0) and K := n + 1 − k. From (3.2) it follows that there exist
c1, c2 > 0 independent of n such that 1 ≤ j ≤ [c1n] and 1 ≤ K ≤ [c2n]. Using
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formulas in Section 3.1 and (3.9) we have uniformly for the above indices j, k
and n ∈ N

(1− x)γ(1 + x)δ ∼ (1− x)γ ∼ (1− yj,n)γ ∼
(

j

n

)2γ

,

1− y2
k,n ∼

(
K

n

)2

,

`2k,n(x) =
[

pn(x)
p′n(yk,n)(x− yk,n)

]2

∼
[

p′n(yj,n)(x− yj,n)
p′n(yk,n)(x− yk,n)

]2

∼

∼ n2(α−β) · K2β+3

j2α+3
· |x− yj,n|2
|x− yk,n|2 ;

|x− yk,n|
1− y2

k,n

`2k,n(x) ≤ C n2(α−β−1) · K2β+1

j2α+1
· 1
|x− yk,n| .

Therefore if x ∈ [0, 1] and n ∈ N, then we have

A(2)
n (x) = (1− x)γ(1 + x)δ

∑
yk,n<0

|x− yk,n|
1− y2

k,n

`2k,n(x) ≤

≤ C

(
j

n

)2γ
n2(α−β−1)

j2α+1

∑
yk,n<0

K2β+1

|x− yk,n| .

Now let 1
2 ≤ x ≤ 1, then |x− yk,n| ∼ 1, thus

A(2)
n (x) ≤

C

(
j

n

)2(γ−α)−1 1
n2β+3

[c2n]∑

K=1

K2β+1 ≤ C
1
n

(
j

n

)2(γ−α)−1

= C
1
j

(
j

n

)2(γ−α)

.

If 0 ≤ x ≤ 1
2 , then

j ∼ n, k ∼ n, j 6= k and
|j2 − k2|

n2
∼ |j − k|

n
,

so we get

A(2)
n (x) ≤ C

n2β+3

∑
yk,n<0

K2β+1

|yj,n − yk,n| ≤

≤ C

n2β+3





∑

yk,n≤− 1
2

K2β+1 +
∑

− 1
2≤yk,n<0

K2β+1

(|j2 − k2|/n2)



 ≤

≤ C

n2β+3





[c2n]∑

K=1

K2β+1 + n2β+2
∑

− 1
2≤yk,n<0

1
|j − k|



 ≤
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≤ C

{
1
n

+
1
n

n∑

l=1

1
l

}
≤ C

log n

n
.

Consequently, for x ∈ [0, 1] and n ∈ N we obtain that
(3.11)

A(2)
n (x) ≤ C

{
1
j

(
j

n

)2(γ−α)

+
log n

n

}
= C

{
1
n

(
j

n

)2(γ−α)−1

+
log n

n

}
.

Let α < 0. Since

1
n

(
j

n

)2(γ−α)−1

=
1
n
· j2γ−1

n2γ−1
·
(

j

n

)−2α

≤





1
n

, if γ ≥ 1
2 ,

1
n2γ

, if 0 < γ < 1
2 ,

thus

A(2)
n (x) ≤ C ·





log n

n
, if γ ≥ 1

2 ,

1
n2γ

, if 0 < γ < 1
2

uniformly in x ∈ [0, 1] and n ∈ N.
If α ≥ 0, then we have

A(2)
n (x) ≤ C ·





log n

n
, if γ ≥ α + 1

2 ,

1
n2(γ−α)

, if 0 ≤ α < γ < α + 1
2

uniformly in x ∈ [0, 1] and n ∈ N.
Summarizing the above formulas we have

(3.12)
A(2)

n (x) ≤ C





log n

n
, if γ ≥ α+ + 1

2 ,

1
n2(γ−α+)

, if α+ < γ < α+ + 1
2

(
x ∈ [0, 1], α, β > −1, γ, δ > 0, n ∈ N

)
,

where C is independent of x and n. By (3.8), (3.10) and (3.12) we get

(3.13) Fn(x) = (1− x)γ(1 + x)δ
n∑

k=1

|x− yk,n|
1− y2

k,n

`2k,n(x) ≤

≤ C ·





log n

n
, if γ ≥ α+ + 1

2 ,

(log n)a

n2(γ−α+)
, if α+ < γ < α+ + 1

2
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(
x ∈ [0, 1], n ∈ N, α, β > −1, γ, δ > 0

)
,

where the constant C > 0 depends only on α, β, γ and δ.

Case 2. Let us consider (3.8) for x ∈ [−1, 0]. Using the symmetry of Jacobi
polynomials

p(α,β)
n (x) = (−1)np(β,α)

n (−x)(
x ∈ [−1, 1], n ∈ N, α, β > −1

)

(see [10, (4.1.3)]) and (3.13) we get

(3.14) Fn(x) ≤ C ·





log n

n
, if δ ≥ β+ + 1

2 ,

(log n)b

n2(δ−β+)
, if β+ < δ < β+ + 1

2

(
x ∈ [−1, 0], n ∈ N, α, β > −1, γ, δ > 0

)
,

where the constant C > 0 depends only on α, β, γ and δ and

b :=

{
1, if β = 0,

0, if β 6= 0.

Finally collecting Cases 1 and 2 (see (3.13) and (3.14)) we obtain that

Fn(x) ≤ C





log n

n
, if γ ≥ α+ + 1

2 and δ ≥ β+ + 1
2 ,

log n

n2(γ−α+)
, if α+ < γ < α+ + 1

2 and δ − β+ ≥ γ − α+,

log n

n2(γ−β+)
, if β+ < δ < β+ + 1

2 and γ − α+ ≥ δ − β+

(
x ∈ [−1, 1], n ∈ N, α, β > −1, γ, δ > 0

)
,

where the constant C > 0 depends only on α, β, γ and δ, which proves Lemma
1.

3.4. Lemma 2. Let α, β > −1. Then for every x ∈ [−1, 1] and n ∈ N we
have

(3.15) Hn(x) := (1− x)γ(1 + x)δ
n∑

k=1

|x− yk,n|`2k,n(x) ≤ C
1

N
(1)
n

,

where N
(1)
n is given by (2.1) and the constant C > 0 depends only on parameters

α, β, γ and δ.
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Proof. The proof is similar to the proof of Lemma 1, so we only sketch it.
Let

Hn(x) := (1− x)γ(1 + x)δ
∑

yk,n≥0

|x− yk,n|`2k,n(x)+

+(1− x)γ(1 + x)δ
∑

yk,n<0

|x− yk,n|`2k,n(x) =: B(1)
n (x) + B(2)

n (x).

Case 1. First we suppose that x ≈ yj,n ∈ [0, 1] and yk,n ∈ [0, 1). From
(3.2) it follows that there exists c ∈ (0, 1) independent of j, k, n such that
1 ≤ j, k ≤ [cn]. So for x ∈ [0, 1] and n ∈ N consider the sum

B(1)
n (x) = (1− x)γ(1 + x)δ

[cn]∑

k=1

|x− yk,n|`2k,n(x).

Then

B(1)
n (x) ≤ C

(
j

n

)2γ [cn]∑

k=1

(
k

j

)2α+3 |x− yj,n|2
|x− yk,n| ≤

≤ C

n2

(
j

n

)2γ





[cn]∑

k=1
k 6=j

(
k

j

)2α+3
j2

|j2 − k2| + j




≤

≤ C

n2

(
j

n

)2γ
{

j/2∑

k=1

(
k

j

)2α+3
j2

j2
+

2j∑

k=j/2
k 6=j

j2

j · |j − k| +
[cn]∑

k=2j

(
k

j

)2α+3
j2

k2
+ j

}
≤

≤ C

n2

(
j

n

)2γ
{

j + j log(j + 1) +
1

j2α+1

[cn]∑

k=2j

k2α+1 + j

}
≤

≤ C

n2

(
j

n

)2γ
{

j log(j + 1) +
n2α+2 − j2α+2

j2α+1

}
≤

≤ C

n2

(
j

n

)2γ
{

j log(j + 1) + j

(
n

j

)2α+2
}

= C

(
j

n

)2γ
{

j log(j + 1)
n2

+
1
j

(
n

j

)2α
}

.

If α < 0, then by (
j

n

)2γ 1
j

(
n

j

)2α

≤ j2γ−1

n2γ

we get

B(1)
n (x) ≤ C ·





log n

n
, if γ ≥ 1

2 ,

1
n2γ

, if 0 < γ < 1
2
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uniformly in x ∈ [0, 1] and n ∈ N.
If α ≥ 0 then

B(1)
n (x) ≤ C

{
j2γ+1 log(j + 1)

n2γ+2
+

j2(γ−α)−1

n2(γ−α)

}
≤

≤ C





log n

n
, if γ ≥ α + 1

2 ,

1
n2(γ−α)

, if 0 ≤ α < γ < α + 1
2 .

Summarizing the above three formulas we obtain that

(3.16)
B(1)

n (x) ≤ C ·





log n

n
, if γ ≥ α+ + 1

2 ,

1
n2(γ−α+)

, if α+ < γ < α+ + 1
2

(
x ∈ [0, 1], n ∈ N, α, β > −1, γ, δ > 0

)
,

where the constant C > 0 depends only on parameters α, β, γ and δ.
Now let [0, 1] 3 x ≈ yj,n and yk,n ∈ (−1, 0) moreover K := n + 1 − k.

Consider the sum

B(2)
n (x) = (1− x)γ(1 + x)δ

∑
yk,n<0

|x− yk,n|`2k,n(x).

For x ∈ [0, 1] and n ∈ N then we have

B(2)
n (x) ≤ C

(
j

n

)2γ
{ ∑

yk,n<0

n2(α−β) K
2β+3

j2α+3

|x− yj,n|2
|x− yk,n|

}
≤

≤ C

(
j

n

)2γ
n2(α−β−2)

j2α+1

∑
yk,n<0

K2β+3

|x− yk,n| .

Now let 1
2 ≤ x ≤ 1, then |x− yk,n| ∼ 1, thus

B(2)
n (x) ≤ C

(
j

n

)2(γ−α)−1 1
n2β+5

[c2n]∑

K=1

K2β+3 ≤ C
1
n

(
j

n

)2(γ−α)−1

;

if 0 ≤ x ≤ 1
2 , then

j ∼ n, k ∼ n, j 6= k and
|j2 − k2|

n2
∼ |j − k|

n
,

so we get

B(2)
n (x) ≤ C

n2β+5

∑
yk,n<0

K2β+3

|yj,n − yk,n| ≤
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≤ C

n2β+5





∑

yk,n≤− 1
2

K2β+3 +
∑

− 1
2≤yk,n<0

K2β+3

(|j2 − k2|/n2)



 ≤

≤ C

n2β+5





[c2n]∑

K=1

K2β+3 + n2β+4
∑

− 1
2≤yk,n<0

1
|j − k|



 ≤ C

{
1
n

+
1
n

n∑

l=1

1
l

}
≤

≤ C
log n

n
.

Therefore by (3.11) and (3.12) we get

(3.17) B(2)
n (x) ≤ C

{
1
n

(
j

n

)2(γ−α)−1

+
log n

n

}
≤

≤ C





log n

n
, if γ ≥ α+ + 1

2 ,

1
n2(γ−α+)

, if α+ < γ < α+ + 1
2

(
x ∈ [0, 1], α, β > −1, γ, δ > 0, n ∈ N

)
,

where C is independent of x and n.
Using (3.16) and (3.17) we obtain that

(3.18) Hn(x) = (1− x)γ(1 + x)δ
n∑

k=1

|x− yk,n|`2k,n(x) ≤

≤ C ·





log n

n
, if γ ≥ α+ + 1

2 ,

1
n2(γ−α+)

, if α+ < γ < α+ + 1
2

(
x ∈ [0, 1], n ∈ N, α, β > −1, γ, δ > 0

)
,

where the constant C > 0 depends only on α, β, γ and δ.
Case 2. Let us consider (3.15) for x ≈ yj,n ∈ [−1, 0]. Then by symmetry of

Jacobi polynomials and (3.18) we have

(3.19) Hn(x) ≤ C ·





log n

n
, if δ ≥ β+ + 1

2 ,

1
n2(δ−β+)

, if β+ < δ < β+ + 1
2

(
x ∈ [−1, 0], n ∈ N, α, β > −1, γ, δ > 0

)
,

where the constant C > 0 depends only on α, β, γ and δ.
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Finally collecting Cases 1 and 2 (see (3.18) and (3.19)) we obtain that

Hn(x) ≤ C





log n

n
, if γ ≥ α+ + 1

2 and δ ≥ β+ + 1
2 ,

1
n2(γ−α+)

, if α+ < γ < α+ + 1
2 and δ − β+ ≥ γ − α+,

1
n2(γ−β+)

, if β+ < δ < β+ + 1
2 and γ − α+ ≥ δ − β+

(
x ∈ [−1, 1], n ∈ N, α, β > −1, γ, δ > 0

)
,

where the constant C > 0 depends only on α, β, γ and δ, which proves Lemma
2.

3.5. Finally using (3.6), Lemmas 1 and 2 we obtain (2.4), as it was stated.
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