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ON THE DEGREE OF APPROXIMATION
OF CONTINUOUS FUNCTIONS
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Abstract. Four of our theorems are generalized such that no monotonicity
restriction on the entries of the summability matrix. The origin of these
theorems goes back to P. Chandra.

1. Introduction

In the paper [3] we generalized some theorems of P. Chandra. Roughly
speaking we replaced by ”almost monotone conditions” the classical mono-
tonicity ones claimed at the entries of summability matrix appearing in his
theorems. Now we make one step further. We reduce the restrictions further,
and do not claim monotonicity conditions at all. Our new results, naturally,
include the previous ones as special cases.

Before presenting our theorems we recall some definitions and notations.

Let f(z) be a 2m-periodic continuous function. Let s, (f,z) denote the
n-th partial sum of its Fourier series at = and let w(d) = w(d, f) denote the
modulus of continuity of f.

We shall use the notation L < R at inequalities if there exists a positive
constant K such that L < KR holds.
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Let A := (ank) (k,n = 0,1,...) be a lower triangular infinite matrix of
non-negative numbers and let the A-transform of {s,(f,z)} be given by

T.(f) =Tu(f, x) = Zanksk(f,x) n=0,1....
k=0

2. Theorems

Theorem 1. Let (ank) satisfy the following conditions:

(2.1) ank > 0, Zankzl, and anp =0 if k>n.
k=0

Suppose w(t) is such that

(2.2) /t’zw(t)dt < H(u) (u— 0+4),

u

where H(u) > 0 and

u

(2.3) / H(t)dt < uH(u) (1 — 04).
0
Then
(2.4) | T (f) = fIl < annH (nn),
where
k
Qpk = Z |Aanu‘> Aanl/ = Qpy — Apy+1,
v=0
and || - || denotes the supnorm.

Theorem 2. Let (2.1) and (2.2) hold. Then

(2.5) 1T (f) = fIl < wlm/n) + annH(7/n).
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If, in addition, w(t) satisfies (2.3) then

(2.6) 1T (f) = fIl < annH (7/n).

In the special case
(27) Ank S Qn,k+1, k< n,

Theorems 1 and 2 were proved by P. Chandra [1], furthermore under the
additional condition ., < @ny, but omitting (2.7), by us [3].

Theorem 3. Demote

(2.8) Apm = iamj and Yom = z": |Aank| (m <n).
v=0 k=m
Then
(2.9) IT0(f) = FIl < w(mr/n) + > k™ w(m/k) (An ki1 + kynk)-
k=1

Theorem 4. Let (2.2), (2.3) and (2.8) hold. Then

(2.10) |Tn(f) = fIl < Ym0 H (no)-

We also underline that in the special case
(2.11) Gpk > Gp pt1, k<,

Theorems 3 and 4 were proved by P. Chandra [2], and with the condition
Tno K Gnj instead of (2.11) in [3].

We call the reader’s attention to the fact that 7,9 = ann, consequently
Theorems 1 and 4 have the same assertion, therefore Theorem 4 in this general
form is superfluous, but its two previous shapes were diverse, and their proofs
were dissimilar, too. Now, evidently, it suffices to prove Theorem 1. We have
presented Theorem 4 in order to show this special fusion of two theorems by
means of generalization.
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3. Lemmas

The following two lemmas were proved in [1] and [2] implicitly.

Lemma 1. ([1]) If (2.2) and (2.8) hold then

w/n

/ w(t)dt < n 2H(m/n).

0

Lemma 2. ([2]) If (2.2) and (2.3) hold then

u

/ 1w (t)dt < wH (u).

0

Lemma 3. If 7 denotes the integer part of w/t, then

= 1
(3.1) Zank sin <k + 2) t < Anr + Vs
k=0
holds uniformly in 0 < t < m.
Furthermore
(3.2) ia ) sin .’er1 t<t
. kio n 2 nn-

Remark. Naturally the constant in (3.2) depends on the sequence {a},
but not on ¢.

Proof. An elementary calculation shows that for n > m >0

n n—1
1 t 1
(3.3) k_g Gy SIN (k + 2) tsin 5 < 5 |anm + k_g |Aank| + ann | < Ynm-
Hence
Ena sin k—l—1 t| < A,r+ Ena sin k—l—l t| <A, +71
P nk 2 >~ nT < nk 2 = nTtT Ynr
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follows, and this verifies (3.1).

It is easy to check that if m = 0 in (3.3) then the sum ~, can be replaced
by . This modified inequality plainly verifies (3.2). The proof of Lemma 3
is complete.

4. Proofs

Proof of Theorem 1. We have with ®,(t) := {f(z+t)+f(z—t)—2f(z)}
the following equality

-1 n
T.(f,z) — f(z) = i/{@m(t) (281n ;) Za”k sin <k+ ;) t} dt.
4 k=0
Hence
(5 =< 2 [ 2 1S ausin (14 5 ) o ar =
2 k=
(4.1) L o
:% /+/ =: I + I, say.

0 Qnn

By (2.1) the sum in the integral does not exceed 1 and thus using Lemma 2 we
have

QAnn

(4.2) I < / 7 w(t) < apnH ().
0

By (3.2) and (2.2) we also have

(4.3) I < anp / t2w(t)dt < apn H ().

QAnn
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Combining (4.1), (4.2) and (4.3) we obtain (2.4) as asserted.
Proof of Theorem 2. Using again (4.1) in the following form

T/n T
(4.4) ITu(f) - Il < / + / Tt s say.
0 T/n

To the estimation of J; we utilize the inequality |sint| < ¢ and (2.1), thus

n ) 1 n
(4.5) Z ank Sin (k + 2) t| < ZntZank < 2nt,
k=0 k=0

whence

w/n

Ji<n / w(t)dt < w(m/n)

0

follows.

In the estimation of J; we use (3.2) and (2.2), thus

(4.6) Jo < g, / t2w(t)dt < apnH(7/n).

m/n

Henceforth (4.4) and the last two estimations verify (2.5).

The assumption (2.3) insures the application of Lemma 1, thus by (4.5)
we get that

m/n
(4.7) J1<n / w(t)dt < n~'H(m/n).
0

An elementary consideration shows that

Qp p—1 = MaX Ay, — MiN Gy,
v 17

furthermore
App = Op n—1 + Gnn,
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thus
Oy = MAX Ay -
v

Since A,, = 1, therefore maxa,, > (n + 1)~!. Putting this into (4.7) we get

J1 < appH(m/n).

This and (4.6) imply (2.6). The proof is complete.
Proof of Theorem 3. Proceeding as in the proof of (2.5), we obtain that

(4.8) Ji < w(m/n),
and in the estimation of J, we apply Lemma 3 with (3.1). Then we get that

™

w/k
n—1
I < / W) (Anr + T )dt = Y / <
(4.9) w/n k=L (k1)

n—1
< Z kilw(ﬂ/k)(An,k+l + 'Ynk)-
k=1

Thus (4.8) and (4.9) imply (2.9), as stated.
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