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1. Introduction

Let ¢ be an arbitrary fixed natural number > 2. Then every natural
number n can be written uniquely as

n= Zak(n)qk, 0<ap(n)<qg-—1
k=0

(g-adic expansion of n).

A complex-valued arithmetical function g(n) is called g-additive according
to [5], if g(n) satisfies the relations

oo

9(0)=0 and g(n)=> glar(n)¢*), neN,
k=0

whenever n has the above g-adic expansion.

It is clear that when we give the values of the function g on the set {rq¢"; 1 <
<r<gq-—1, k=0,1,...}, then the g-additive function g(n) is determined
uniquely by the above relations, and vice versa.

The most famous example of g-additive functions is the function sum of

digits Sq(n), which is defined by S;(n) = > ax(n). When ¢ = 10, its values
k=0

are, for example, S10(9) = 9, S10(10) = 1, ..., S10(99) = 18, S14(100) = 1,

The values of Sig(n) fluctuate largely because of the raising-up to the
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upper decimal point, but the raising-up occurs regularly, so we can expect
both regularity and irregularity in the behaviour of S, (n).

Some mathematicians studied about the mean value of S;(n), see [3], [2],
[7], [9], and in 1975 H. Delange proved the following very interesting result:

Theorem A. (Delange [4]) We have, for any N € N, that

N-1
1 _q—1 log N
N E Sq(n) = 21qulogN—&—F( >,

n=0 IOg q

where the function F(x) is a periodic function with period 1, defined by either
of the following two ways (1) and (11):

Fa) =221+ o] - o)+

(I) q" (g7l

+ ¢t Zq / ([qt] —qlt] - q;l) dt,

where [z] denotes the largest integer not exceeding x.

(I7) F(z) = Z Cpe?mike,

keZ

whose Fourier coefficients are given by

q— q+1
Co = gz (log(2m) 1) = L=
2mik
Ck:iq_IC(Iqu) k;éO,

ok
27k 1—1—%

where ((s) denotes the Riemann zeta-fuction.

This theorem realizes both of the regularity and irregularity of the function
Sq(n) beautifully, and it must be remarked that Delange proved this result only
by elementary calculations.

This result was generalized for much more general g-additive functions
by Mauclaire and Murata [6], whereas their proof based on complex function
theory. Their results are a little complicated but in the essence their proof goes
as follows (we change their notations into our language):
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For a g-additive function g(n), they introduced generic functions by power
series,

G.(z) = ig(qu)zk, 1<r<q-1,
k=0
and they assumed
(H1) every G.(z) converges at z = 0, and represents a rational function in z.
They further assumed
(H2) every pole of G.(2) is contained in the circle |z| < |/g.
Then their theorem states
Theorem B. (Mauclaire-Murata [6]) Under the above notations and

assumptions, we have, for a natural number N, an explicit formula

N-1
Z g(n) = a finite sum of terms of C - (log N)“+
n=0

1
N

log N
+ a finite sum of terms of D - Nﬁ(logN)V . Fy < IOgg ) ,
0gq

where every function Fs(x) is a periodic function with period 1. Moreover the
leading coefficients C’s and D’s, the exponents a’s 3’s and y’s, and the Fourier
coefficients of the periodic functions Fs(x) are all determined explicitly from the
function-theoretical properties of the generic functions G, (z).

When the maximum amplitude of the oscillating terms is smaller than the
leading C - (log N)* term, then the average of g(n) is given as “main term +
+ very exact error terms”, and when the oscillating amplitude is greater than
any C'- (log N)* terms, this means that the average of g(n) oscillates and does
not have average order.

This paper is, in a certain sense, a sequel of the paper [6], and here we
consider about the above condition (H2). Let h be a 2-additive function defined

by

(1) h(0)=0 and h(2F)=27"%2 k=01,....

(o)
Then the only one generic function G(z) = . h(2F)zF = —v/2/(z — V?2)
k=0

does not satisfy the assumption (H2), and we cannot apply Theorem B to this
function h(n).
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In this paper, first we limit our attention to g-additive functions g(n) which
satisfy

g(rd®) =r-g(¢®), forall 1<r<qg—1 and ke NUJ{0},

and we will prove the following two facts,

(i) when we think of a more general average value A, ,,, () of this g-additive
function g(n) (the definition appears in the next section), then this average
has the same expression - a finite sum of terms of C'- (log N)*+ + a finite
sum of oscillating terms - as in Theorem B,

(ii) and as an application of this first result, we can weaken the assumption
(H2) into

(H3) very pole of G,(z) is contained in the circle |z| < g,

(cf. Theorem 2 in Section 4), and for the function h(n) defined by (1), we
can conclude that

N—-1

1 -1 1— ¢3/2 log N 1 d® [logN
L - M L (3 () L (1))
N e~ 2(y/g—1) +/Nlogq\2 \ logg logq dx \ logq

where

1, 2mib
(I)(m) = ZeQTribx ¢ ( 2 + Iqu)
_1yo2mib) (1, 2mib) (8 2mib ’
beZ 2 log q 2 log g 2 logq
i.e. the average of h(n) is the sum of main term and two oscillating terms.

We think that the phenomenon described in Theorem B must be held
generally for all g-additive functions providing the assumption (H1). In fact,
for the average value of g-additive function which does not satisfy (H3), we can
separate the oscillating terms and can derive the Fourier type expressions for
these oscillating terms. But without assumptions such as (H2) and (H3), we
can not prove the convergence of the series.

Throughout of this paper [z] denotes the largest integer not exceeding x
and {z} =z — [z].

2. A g¢-additive function g;(n) and an m-tuple average of g;(n)

Let us introduce a weight function f: N U {0} — C. We define the
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values of an arithmetic function g by g¢(rg*) = r- f(k) and for general n =

ax(n)q®, we define

18

k=0

—~

2) g¢7(0)=0 and gs(n)= Zg(ak(n)qk) = Zak(n)f(k), n € N.
k=0 k=0

Then g¢(n) is a g-additive function defined by the weight function f(k), and
its generic functions are

Gr(2) =D g(rd")z" =r> fk)2F, 1<r<q-1L
k=0 k=0

So we need only
Grle) =3 (k)"
k=0
First we remark that this g-additive function gs(n) has a relation with the
fractional part of n/q*.

Lemma 1. Let f(k) satisfy the following assumption:

> —.
q

(A1) lim

_fR) |1
||

Then

Proof. Under the assumption (A1) the power series > f(j)2’ has the
3=0

o0

radius of convergence r with r > ¢!, and so, the series Y f(j)g~? converges.
J=0

Since

oo

(3) (af(7) = fG+1)a" 177 = f(k),

=k
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substituting (3) into (2), we have

)= ok 3@l ) = TG+ ) =
k=0 j=k
>_(af

J
+1)g7 Y an(n)g"!
k=0

j=0

<.

Since

J oo
0<q/ Zaﬂn)qkil <1 and q¢7/ Z ar(n)g" ! € NuU {0},
k=j+1

we see that

g’ Zak(n)qk_l = {q‘j gak(n)qk_l} = {anﬂ}

This completes the proof.
As for the average of g;(n), we have the following expression.

Lemma 2. Let N € N. Under the assumption (Al), we have

jiszz_:sgf(n)zki(qﬂk_l) O/N({ } {U})

=1

Proof. From Lemma 1 it follows that

1 N-1 0o 1 N-1 n
¥ Lo =S (arte- 1 - sy X {5}
— n=0

n=0 k=1

Let us consider the inner sum on the right-hand side. We have
N-1 N
()
“—~ \q J a

[ )

v v v
= — |+ = ——=pdv.
O/{[q’“} {q’“} 7 }



On the average of some g-additive functions 45

Making use of the inequality

(4) becomes to
= n T v {v}
Yt () e

and this completes the proof.
Now we generalize the usual average and put the definition.

Definition. Let m € N, and = be a positive real number. The m-tuple
average Ay, . (z) of gy is defined by

Agpm(@) =) (af — f(k)x
k=1

T Um-—1

// /({ } {U})dvdvl ~dvg—1.

Remark. When we take m =1 and x = N € N, then from Lemma 2, we
have

Agpa(V) = = 3 g,

Lemma 3. Let 0 < a < 1. Let B,,(x) be the function defined by

T Um-—1

B, () :/ / ---/{v}dvdv1 < dUp—q.
0 0 0
Then we have
a+i0o
1 ((s)a=tm

where ((s) is the Riemann zeta-function.
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Proof. Changing the order of integrations from right, we have
x —v)
(5) /@}

Here we recall of a famous formula

(6) —@ {:i}ldx 0<o<1

0

(see [8] p.14, (2.1.5)). We want to repeat integration by parts to the right-hand
side of (7).

To do this we firstly derive some poperties for B,,(x). From (6) it follows
that
o o

T 00, and B (z)= —, z—0+.

Bn(w)] < e

Moreover, from the definition of B, (x) it follows that B;(x) is continuous and
d
d—Bl (r) = {x} for x € (0,00) — N, and By, (x), m > 2, is a C™~* function and
x
d
%Bm(x) = B—1(x) for x > 0.
By these properties of B,,(x) we can repeat integration by parts to the
integral on the right-hand side of (7) and get

¢(s) [ Bu()
(8) _s(s—l—l)..-(s—i-m)_o pormirdt, <o <l

Applying the Mellin inversion formula to (8), we obtain the expression of this
lemma.

Lemma 4. We assume the assumption (A1), and let r be the radius of

o0

convergence of the generic function Gy(z) = > f(k)zF. When we choose a
k=0

positive number a with ¢~ < ¢~ < min(r, 1), then

4100

Ay =52 [ (1 - ¢"=)G (g~ )ds.
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Proof. Let us consider the m-tuple integrals in Definition 1. Changing
the order of integrations from right, we have, by (6),

T Um-—1

0/0/_..z<{;}_gg)dvdvl...dvm1:
=[G %) e
=" B (;) - qikBm(x).

Hence we have, by (5),

Agym(@) = (af(k—1) = f(k))x
k=1
1 a+ioco C( ) .
o _/ St (s+m) (% = (¢7)")ds.

Under our choice of a@ we can change the order of summation and integration,
then by direct computation, we have

(af(k=1) = f(R) (@ = (") = (1=¢") D F(k)(g )",
k=1 k=0
and this completes the proof.

This lemma shows that we can derive an exact value of Ay, ,,,(z) from
function-theoretical properties of Gf(z).

At the end of this section we remark that among the averages Ay, m (),
m € N, we have the following relation.

Lemma 5. Under the assumption (A1), Ay, 1(x) is continuous, and

d

%(xmAgfym(x)) = xmflAgf_,m,l(x), m>2, x€(0,00).
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Proof. By the expression of Ay, 1(z) in Lemma 4 we see that A, 1(x) is
continuous.

Multiply the equation of Lemma 4 by x™, then differentiate it. By the
estimate |¢(a+it)| < (1+|t])(/2DA=)+2 where e > 0 can be chosen arbitrarily
small, we can change the order of differentiation and integration, and obtain
this lemma.

3. Analytic properties of A, .,

In order to study the m-tuple average A, ., (x) we will shift the contour of
integration in Lemma 4 to left. For this purpose, here we put a new assumption
(cf. Assumption (H1)):

oo

(A2) Gy(2) = Z f(k)2" is continued to a rational function for which the degree
k=0
of the polynomial on the numerator is less than that on the denominator.
Moreover, the poles P of G(z) satisfy |P| > ¢~ !.

Obviously, the assumption (A2) is stronger than (A1).
The main result of this section is Theorem 1 (at the end of this section).

Let us consider the partial-fraction decomposition for G¢(z). Let II be the
set of all poles P of G¢(z), and dp the order of the pole P of G¢(z). Then
Gy(z) is expressed as

C
Gy(z) = Z Z(Z_ip’]lg)l, Cp,; € C,

and

) e () (5). ks

From Lemma 4 and the assumption (A2), for a suitably chosen positive

number a with ¢7! < ¢ < min (glirﬁ |P|, 1), we have
€

4100
S

RSt P C(s)a* 1-q'~
(10) Agf,m(x)—%;@%zﬁ / S(S+1)...(s+m)(qfs—P)ldS'

a—100
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Now let us choose m € N as I}glalg[(|P| < @™ 1/2, and choose a negative
€

number 3 such that
11 m—1 P -0 7n—1/2.
(11) maX(q , ax | |)<q <q

This f satisfies —-m +1/2 < 8 < —m + 1. For s = 8+ it, by the estimate
1C(B +it)| < (1+ [t))1/277, we have

¢(s)a |
s(s+ 1)+ (s+m) (g~ = P)

IC(B +it)] 1
(1 + ‘t|)m+1 (1 + ‘t|)(m—1/2+ﬁ)+1’

and we can shift the contour of integration in (10) to the vertical line ® s = .
Then

Agf,m(z) =
dP S 1—s
(s)z l—gq
= Cpy Res +
1;‘1; w=0 71,2,—#1#» s=w 8(5+ 1)(8+m) (q—s _P)l
and P#q—W
((s)z* 1—q
+ Res +
w=0,—1,...,—m+1 s=w S(S + 1) o (S + m) (qis - P)l
and P=g—Ww
((s)a® 1—¢'
R
D S R R DT
and w;-ﬂ,:lq,,.,,fm#»l
B+ico

1 / ¢(s)x*® 1—q'=s

27i s(s+1)---(s+m) (¢* — P)!

B—ico

dp
= ZZCPJ(R1+R2+R3+I), say.
Pell 1=1

First we consider I. By (11) we see that |¢~*| = ¢=° > | P|. Hence, by (9),

o B+ico s
" [,§<k+zil>Pk21m [ ey

B—i00

As for this integral we can calculate it exactly.
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Lemma 6. Let m € N and choose 8 as —m+1/2 < 8 < —m + 1.
Let Bi(z) be the t-th Bernoulli polynomial and By the t-th Bernoulli number
definded by

e —iBt(x)zt and By = B(0)
ez—l_tzo t! b

respectively (see [1] p.264). Then

B+ico
1 ((s)astm _ Bpi({z}) — Bt
(14) T omi _/ Gr D rm T (m + 1)! '

Especially, we have, for N € N,

B+ico

1 C(s)Nst™ B
2mi / s(s+1)-~-(s+m)d$70

B—i00

Proof. We prove (14) by induction. The assertion in the case m =1 is a
special case of [6] Lemma 5, but we shall give here a little different proof for
the remaining process. It follows from Lemma 3 that

x a+zoo< 5+1
dy = ———
/{v} v 2m / (s+1)
0 a—100

We shift the contour of integration to the vertical line ® s = g with —1/2 <
< B <0, then

T ﬁ-&-woC o

/{v}dv——% / ds—C( ).

0 B—ioco
By the facts ¢(0) — —1/2, | By({v})do = 0ifn € N, and C%Bg(v) — 2B, (v),
we have "

B+ico C g+1 x 1

 2mi / :/({v}—2)dv:
B—ioco 0
{z} B B
oo Bt

0
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which verifies our assertion in the case m =1

Now we start from

L 700 (e Bal{e) = B
2mi ) s(s+1)---(s+m—1) m!
y—ioco

where —m + 3/2 < v < —m + 2 (assumption of induction). Let —m + 1/2 <
< pB < —m+1. Then

(15)

B+ico

y+ioco
1 (s)atm _ 1 (st
2w / s(s+1)-~-(s+m)ds__% / s(s+1)--~(s—|—m)ds+
—1i00 y—i00
+ Res SO

s=—m+1 s(s + 1)~~~(s+m)'

The second term on the right-hand of (15) is equal to B, z/m!, because of
the fact ((—-m + 1) = (—

(=1)™*H1 B, /m (see [1] p.266). Let us differentiate the
first term on the right-hand side of (15). Then, the change of the order of
differentiation and integration is valid, and we have

Yy+ioco

d 1 C(S)xSer _ Bn({z}) — B
de \ 2w / s(s+1)-~-(s+m)d$ m!

y—100

This asserts that the first term on the right-hand side of (

f m({v}) — Bp)/m!)dv.
dd Bpy1(v) = (m + 1)B,(v), we have

15) is equal to

n+1
Hence, by [ B, ({v})dv = 0 if n € N, and

B+ico
I . / AR B _
2mi s(s+1)---(s+m) m!
B—ioc0
{=}
By E P RIS
= v = .
m! (m+1)!
0

This completes the proof.
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Combining Lemma 6 with (13), we have

(16) I:i(k+li_1)x

k=0

—Byt1({zd"™"}) + Bt Bps1({2¢"1Y) — By
ka( (;qkil)qm(rr};le)! =t zrxq’irlql)m(r}n+1) : )

Computation of R;. To compute R; we use the equation

(17) $($+1).1..(5+m _mlz< )S—I—a

Since ¢(—j) = (=1)/B;41/(j + 1), we have

1 m\ Bii1 _-1—qj+1
R =— IHL i .
Foml Zml(a‘)jﬂx (¢ - P)

T =01, ,m—
and P#qJ
Hence
dp -
1 m B‘+1 1-— q-7+ .
(18) CP,ZRI = ( )JGf(q])
I;’I; m! _7‘:0,;7,,,__1 j)J+1 xd
and P#qJ
Computation of Ry;. We have
_ s—j 1— 1—s+j
Ry = Z Res C(s =)o - q _
j=0,1,..., m—1 s=0 (S 7]) (S 7] + m) qj ( 1)
and P=qgJ
1 - 1
= > ( 07 X< N =1y
j=0,1,...,m—1 (xq )j 5=0 (87])"'(5*;7 +m) (q - 1)
and P=qJ
O L 5=/ 1 )
T (zd)i oS ; - =1 )
(xg')? s=0 (s —j)---(s—j+m)(¢*—1)

We calculate these residues. We have, near s = 0,

1 By, - B,
(-1 Slogqlnzz()ﬂ+§ L bl (mslogq)
(19) nll_Olzl
1

7@ ch[ Slogq) say.
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We put the Taylor expansion of ((s) at s = —j as
. (=), & N
(20) s )=3 D oS D s sy
n=0 : n=0
By (17) we have, near s = 0,

1
. G g rm

. E (o al5) 5 -

=0 ¥ a0 m J J §
a#j
oo
E n
= E/‘n,j,mS ) say

Combining (19)-(21), we have

— N 1
Res sy S
s=0 (s —j) - (s—j+m)(¢~°—1)
1 Cn 7an ,'En ,J,m n n
(“logq)! Z i (— log )2 (log )™
gq ny+ng+ngtng=l—1 -
ny,ng,n3=0,1,2,...,1
ng=—1,0,1,...,1—1
and hence,
(22) R 1 X
2=
(—logq)!
1 Chy i1 Dn,y iEnjm
X - : : 22 (—log q)"2 (log x)
J':O,l,«Z«JH*l (qu)] %1+n2+nz3+"4:l*1 Tl1!
and P=gqgJ ni,n9,n3=0,1,2,...,1
ng=—1,0,1,...,1—1
qj+1 On 7an ,'En ,J,m n n
ey D Buasn (o )" log(/4))™

ni+tngtngtng=Ii—1
nq,mg,n3=0,1,2,...,1
ng=-1,0,1,...,1—1

ny__
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Computation of R3. We have

((s)z® 1—q'™
Rz = Res +
; s=—tesl yamib S(s + 1)+ (s +m) (¢ = P)!
b0
$)zs 1 — gl-s
+(5(P) C( ) q

R =
S:_%Tgf s(s+1)---(s+m) (¢—s — P)

= Z Rs1+ 6(P)Rs2, say,

beZ
b#£0

where LogP = log |P| 4+ iArgP, 0 < ArgP < 27, and

1oif—LeeP g 1 —m+1,
5(P) = { g
0 otherwise.

The calculation of §(P)R3 2 is similar as R3 1, and we consider only Rs .

. LogP | 2mib
< s — LogP + 2mib x5 Toga tioeq 1—s
log q log g 1-— Pq
R371 = Res - - e 1 -
s=0 s — LogP + 2mib \ .. 5 — LogP + 2mib +m (Pq S — P)
log g log g log g log g
. logx _ LogP 2mib s
B 627715 Tog q Res C (5 Tog ¢ + logq> x 1
- log x e . : — l o
2EL 4] =0 LogP | 2mib LogP | 2mib (== —-1)
T — e —
Presa (S log q + logq) (S log q + log q +m
- log @ LogP 2mib s
qezﬂ'lblogq R C (S ~ Toggq + 10gq> (x/q) 1
— es .
logz | ;4 *° ; . — i
= +]—1 s=0 LogP 2mib LogP 2mib q s —1
To _ Ce —
Plogq (S Tos q +logq) (S Tog g +10gq+m ( )

We use again the Taylor expansion of ((s),

(23)
0o n) ( _ LogP 2mib
C(s— LogP | 27m'b> S ¢ ( ogg T 1ogq)

logg = logq) n!

00
n n
s = E Dn7P7bS , say,
n=0 n=0

and from (17) we have, near s = 0,
1

_ LogP 2mib \ | .. _ LogP 2mib
(S log q + logq) (S log g + log g + m)
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o0 m
1 m (=1 n
= m! Z . PESIC
—ml = \a (11(?519 _ amb )
(24) g4 g4
o0
= § En,P,b,mS , Say.
n=0
Combining (19), (23) and (24), we have
_ LogP 2mib s
C-(S logq +logq)y 1
Res ;=
s=0 (¢ LogP y 2mib) (g _ LogP 4 2mib 4 (g°—1)
log q log q log q log q
1 Z Chy 1 Dns PoEn, Py
— ; n2, ng,t, Ng,17,0,m (7 log q)nz (log y)nl’
(_ 1Og Q) ’I’L1!
ny+ngtngtng=l—1
ni,ng,n3,ng=0,1,2,..., -1
and hence,
2riploge
R — 1 e Togq Cm,ans,P,bEm,P,b,m %
3= 7 1 log z z : |
( log q) beZ Plogq+l nitngtngtng=i—1 e
b#0 ny,ng,n3,m4=0,1,2,...,1—1
x(—log q)"* (log )™ —
2mibloes
_geT" ok > Crnp 1Dy, Pb By Py
log «
+i—1 !
Posa ny+tng+ngtng=l— m
ny,ng,n3,ng=0,1,2,...,1—1
n n
x(—log q)"* (log(z/q))™" |+
§(P) 1 § CﬂQ,ang,P,OEn4,P,O,m %
_ l log x 1 |
( logq) Ploga™ ni+ngtngtng=l—1 ny:
ny,ng,n3z,ng=0,1,2,...,0—1
x(—logq)™ (log x)™ —
. q Cng,ang,P,OEn4,P,O,m «
log x
+1-1 Z !
PTogq ni+ngtnztng=I— m
n1,m9,n3,n4=0,1,2,...,1—1

x(—logq)" (log(x/q))™"
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Substituting (16), (18), (22), (25) into (12), we obtain the following

Theorem 1. We assume the assumption (A2) and let 11 be the set of
all poles of the generic function Gy(z). Choose m € N as r}glaﬂ(|P| < gn12,
€

Then we have the generalized average Ay, () has an expression

Ag;m(x) =a finite sum of terms of C - z“(log z)P+

+ a finite sum of oscillating terms,
and we can calculate all of those coefficients explicitly. More precisely we have

Agfym(x) = M1 -+ MQ + M3+

o S e ()

Pell =1
o EBmn({2d"')) + Boga) + ¢ (B ({2g" 1Y) — Broyr)
q(k+l)m
with
o Opy
M, = ’
22 Tz
1 Cn2 ang jEn4 7,m
X , : : =27 (—log )™ (log )™ —
j=0,1,2.:,'m71 (:qu),] nl+n2+w23;»N4 1—1 TL1!
and P=gJ ni,ng,n3=0,1,2,...,1
ng=—1,0,1,...,0—1
qj+1 Cng ang jEn4 J,m
- : i (— log q) " (log (/)™
l ( )
(xq )] "1+"2+;r"4:l*1 nl!
ny,n9,n3=0,1,2,...,1
ng=-1,0,1,...,1—1

where Cpy 1 Dry i En, jm are defined by (19), (20), (21), respectively,

) g

—lo,
Pell =1 gq
27ibioET
o e”" T hos 3 Crp 1 Dy Pb By P
log = 1 |
bezZ Plqu+ ny+ng+ng+ng=Ii—1 ni:

b#0 ny,mg,mg,ng=0,1,2,...,1—1
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x(—logq)™ (log )™ —

Cry i Dng.PpEng Pom y

1 8
qe27rzb lgiz
Z ?11!

- logz+l71
PTogq ny+no+ngtfng=i—1
ni,mg,ng,mg=0,1,2,...,1—1

x(—logq)™ (log(x/q))“) +

CnQ,ang,P,OEn4,P,O,m X

1
Z nl!

FO(P) |~y
ni+ngtngtng=t—1

PTogq
n1,mo,ng,mg=0,1,2,...,1—1

x(—logq)"*(log x)" —

an,an3,P,0En4,P,O,m «

q
Z 7’L1!

log =
+1-1
loggq ni+notngtng=l—1
niy,ng,n3,ng=0,1,2,...,1—1

x(—logq)" (log(x/LI))’“) ) ;

where Cpy 1 Dy po En, pom are defined by (19), (23), (24), respectively, and

Bii11—¢gitt )
)AL Gr(g).

1
My = — E ")z 4
’ m! j=0,1,...,m—1 (,7 > j+1 x]
and P#qJ

4. Examples and an application
In this last section, we discuss about some examples and remaining

problems.
Example 1. Let f(k) =1 for k € N. Then gs(n) is the function sum of

> -1
F(z) = [(h)F = —,

k=0

digits. We have
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nI={1},P=1,1=1,Cp; = —1. Since I}glglg[(|P| =1<¢™ /2 forany m € N,

we can choose any m € N in Theorem 1. By direct computation,

Agf’m(m) =

q—1logx qg—1 " (m\ (1) q+1
= 4 og(2 _ _
logg 2m! + 2m!logq <; (a) a + log(2m) 4m!

2mib
q_l 2627”1710’%* C(Iqu>

1 e 2mib 2mib +
0) 2meb ), [ 2720
&1 Z% (logq) (logq +m)
Z Bjj11—¢gtt 1
m! j+1 o al 1-¢
_ 1 = (—Bm+1({$qk+1}) + Bm+1) + qu(Berl({qu}) — Bm+1)
(m + 1)lzm P g Dm .

Especially, when we choose m =1 and z = N € N, then

N-1
1 q—1logN q¢—1 g+1
= = —1+log(2m)) — L=~
3 2 9r() =fo P g L logtem) -
<<27rib)
-l Z 2mibleEl log q
lo 2rib \ [ 2mib ’
B i (f28) (B 1)

which is Theorem A of Delange [4].
In the case \/q < max |P| < q we can study Ay, 1(x) more precisely.
€

Theorem 2. We assume the assumption (A2) and let I1 be the set of all
poles of the generic funciton G¢(z). In the case \/q < max |P| < q we have
€

=160

d
Ag, a( Z gr(n — (2 (My+ My + M) | T

where My, My, M3 are the same quantities as in Theorem 1, and My is a C*
function in x € (0, 00).
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Proof. Since /g < I}gla%(|P| < ¢, we can choose m = 2 in Theorem 1.
€

Then
(26) 2 Ag; 2(x) = 2 (My + Mo + M) + ¥ (2),
where My, My, M3 are the same quantities as in Theorem 1, and

ZZCPlZ<k+Z >

(27) 6 petti=

" (—=Bs({z¢"*'}) + B3) + ¢*(Bs({z¢" ' '}) — Bs)
g2 :

We shall verify that the series of ¥(x) is termwisely differentiable in x. It is

known that
2mibx

n! e
Bn({z}) = ; n=2
-~ (2mi)n bezz b
b#£0
(see [1] p.267). This asserts that Bs({z}) is differentiable in x € R and

%33({33}) = 3By({}). By max |By({x})] = 1/6 and (9), we have

i(H,i_l)lPl’“

d (=Bs({z¢""'}) + Bs) + ¢*(Bs({zg""'""'}) — Bs)

~ dx q(k+l)2
LS (B 1) | ZBelled )+ Balfr ) |
- 4 k qk:+l -
:=0

oo

_ k 2
§1+ 1Z<k+l 1>|le _1+4g 1 N
2 =\ ok q 2 (¢—IP])

Therefore, we can differentiate the series of (27) termwisely. 22 Ay, o(x) in (26)
is a O function in 2 € (0, c0) by Lemma 5, and 22 M; and 22 M3 in (26) are also
C! functions in 2 € (0, 00) by those forms. Therefore, 22 M», and consequently,
My is a C! function in x € (0,00). We have

d

%\I/(x) =

iy s,y (k - 1) pr=Bal{ed™ ') + By ({zg"t 1))
> ,

k qk+l




60 Y. Kamiya and L. Murata

dp oo
1 5 L A
—5 Cp,l . < k )P X

qk—H

:% SN Crid <k+]i_ 1>Pk><

Pell I1=1 k=0

o (EB({zd""}) + Bo) + ¢*(Bo({wg"'1}) — By)
qk:+l

(4" —1)Gsle)
12

Differentiating the both sides of (26), we obtain

+

1d
2 dx

+chplz(k+l )

(28) Pell =1

o (EB2({zd"'}) + Bo) + ¢*(Bo({wg"'1}) — Bs)
qlc+l

Agy1(z) = ( (M, + Mo +M3))

(¢° — 1G(a)

+ 12z

When we choose z = N € N in (28), the second term on the right-hand side is
equal to 0. This completes the proof.

Example 2. Let f(k) = ¢~*/2, and consider g¢(n) (cf. g-additive function
h(n) in Section 1 formula (1)). We have

Gz:oo k= _\/67
0= 3 et = =

I={/q, P=ql=1, Cp; = —/q, and now we can apply Theorem 2.
Theorem 2 gives

1 1dy, (¢ —1)va
N ;)gf(") - N%(w (M +M2+M3)) oon | 12N(Vi—q)
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By direct computation, M; = 0,

1 d -1 |
4| = e-Dva 4 ’
N dx =N 2(y/g—1) 12N(\/q—1)
and y
1 C1—g2 1
7i(x2M2) _1=¢77 d [ s5pag (log 7
dx z=N Nlogq dx log q x=N
where
2mib
= 2627”21790 < (77 + logq)
2mib 27ib 2mib
e (ari) i) i)
. logz\ . 1 N . 1 L
Since ® is a C' function in z € (0,00), ®(x) is a C' function in
log ¢q
dd
xz € R. Moreover, d—(m) is periodic with period 1 and continuous, because
x
do (1
®(z) is periodic with period 1. Hence — BT i bounded, and
dx \logq

(e (1982)) 3o (82 4 200 (lun)
dx log q 2 log q logq dx \ logq

Thus, we obtain

¥ L= 57245 40 ()

Example 3. Let us take the weight function f(k) = ¢~*, then

N __—q
z)—kz:%f(k)zk—z_q,

={q}, P=¢q,1=1, Cp; = —q. We can choose m € N as m > 2, and when
= 2, we have
A9f72(x) =
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q
4Jr log q x

2 log q

ogx 2 — 2 _
'S 1((71)1g ((q +1)¢(=1) ¢ 16’(1))1

2 blogm C ( 1 + 1207;12)
(29) B 10 T Z o 27ib \ ( 2wib \ [ 2wib B
gq bez ( + s’ ) ( s’ ) ( s + 1)

b0 log q log q log q

612 —Bs({zg"*'}) + Bzzjlq (Bs({zq"}) — Bs)

Here appear two periodic functions

2mib
C ( 1+ logq)

(P(l‘) — e27mb£
2mib 27ib 2mib
iz (i) () (B8
_ - (5Bs({xg" ) + Bs) + ¢ (Bs({24"}) — Bs)
V() = P! :
k=0

We see that ®(z) and ¥(x) are periodic with period 1. Differentiating (29) in
x, then, by Lemma 5,

Agf71(x) =
g, -1 logz (@ +1)¢(=1) -1 : 1
e G e+ 1

1d -1 log = 1
—— | - ) — = .
+x dx( log q . <logq 6 (z)

Because of the estimate ¢(—1+it) < [t|3/? and the fact

——Bs({wd"*1}) = 36" By({zg"*'}),

we can not apply termwise differentiation on ®(z) and ¥(x), and we can not
derive the similar results as Theorem 2 (or Example 2) for this g¢. This means
we can prove the existence of the average A,, 1, but not in the expression as
in the Theorem B.
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