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ON INTEGER-VALUED
ARITHMETICAL FUNCTIONS
SATISFYING CONGRUENCE PROPERTIES

Bui Minh Phong (Budapest, Hungary)

In memory of Professor M.V. Subbarao

Abstract. In this paper some results and problems concerning integer-
valued arithmetical functions satisfying congruences are surveyed and the
following theorem is proved: If A > 0,B,a > 0,b,N > 0,C # 0 are
integers, (a4, Ab+ B) = (a,B) = 1, f is an integer-valued completely
multiplicative function, f(B) # 0 and

flA(an+b)+ B] = f(B) (mod an + b)

for all n > N,n € N, then there are a non-negative integer v and a real-
valued Dirichlet character Y (mod aA) such that f(n) = x(n)n® holds
forallm € N, (n,aAd)=1.

I. Notations

An arithmetical function f(n) # 0 is said to be multiplicative if (n,m) = 1
implies

f(nm) = f(n)f(m)

and it is called completely multiplicative if this equation holds for all pairs
of positive integers n and m. In the following we denote by M and M* the
set of all integer-valued multiplicative and completely multiplicative functions,
respectively.
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Let N and P denote the set of all positive integers and the set of all
prime numbers, respectively. (m,n) denotes the greatest common divisor of
the integers m and n. For every non-negative integer a let

wa(n) =n (for all n € N)

and
¢ = {@0,@1,@2,...}, ot = {@1;@2,--'}'

II. The congruence f(n+m)= f(m) (mod n)

The problem concerning the characterization of the functions n® by a
congruence property was studied by Subbarao in 1966:

Theorem 1. (Subbarao [24], 1966) If f € M satisfies
fn4+m)=f(m) (modn) forall n,meN,

then f € ®.
Later, A. Ivéanyi showed in 1972 the following
Theorem 2. (Ivényi [6], 1972) If f € M* and M € N satisfy

fin+M)=f(M) (modn) forall neN,

then f € ®.
We improved this result by proving the following
Theorem 3. (Phong and Fehér [21], 1990) If M € N, f € M satisfy
f(M) #0 and
fin+M)=f(M) (modn) foral néeN,

then f € ®.

Theorem 4. (Phong [17], 1993; Joé and Phong [10], 1992) If integers
A>0, B>0, C#0, N>0 with (A,B) =1 and f € M satisfy the
relation

f(An+B)=C (modn) forall n>N,

then there are a positive integer o and a real-valued Dirichlet character x
(mod A) such that f(n) = x(n)n® for all neN, (n,A) =1.



On integer-valued arithmetical functions satisfying congruence properties

231

In 2004, I. Katai proved the following
Theorem 5. (Kétai [11], 2004) Let

fi,fooo s fe M®

and
Ay, Ag, . VAL EZ
such that
L(n) == A1 fi(n) + Az fo(n) + ... + Ap fu(n) # 0.
If
L(n+m)=L(m) (modn) forall n,méeN,
then
fi, fas--o fr €@
Consequently

L(z) € Z[z] s a polynomial with integer coefficients.

For the polynomial
P(z) =ao+ a1z + -+ apz® € Z[z] (ay, #0)
and the function f(n), let

P(E)f(n) :=aof(n) + a1 f(n+ 1)+ +arf(n+k).

For any fixed subsets A, B of N let Kp(A, B) denote the set of all f € M

for which

P(E)f(n+m)=P(E)f(n) (modm)foralneA, meB.

It is obvious that ® C Kp(A4, B) for all P, A, B. We are interested for a

characterization of those triplets (P, A, B) for which
ICP(AvB) == {@03@17' s Pas }

We have proved the following results

Theorem 6. The relation Kp(A, B) = ® holds in the following cases:

(a) (B.M. Phong [13],1991) P(z)=1, A=N, B="P,
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(b) (B. M. Phong [13],1991) P(x)=1, A=P, B=N,
(c) (B. M. Phong [14],1990) P(z)=(z—1)* (keN), A=N, B=7P
and
(d) (B. M. Phong [15],1991) P(z)=2M -1 (M eN), A=N, B=7P.
Theorem 7. (B. M. Phong [16], 2001) Let f € M* with condition
f(n)#0 forall neN.

Let P(x) be a non-zero polynomial with rational coefficients for which there
exists a suitable non-zero integer Ap such that

ApP(E)f(n+m)=ApP(E)f(n) (mod m)

for alln € N and m € N. Then f € .

In the special case when P(x) = (x — 1)*, Theorem 7 is true under the
assumption f € M.

Theorem 8. (B. M. Phong [16], 2001) Let f € M and let A#0, k>0
be integers. If AF f(n) satisfies the relation

AAEf(n+m) = AA*f(n) (mod m)

for alln € N and m € N, then f € ®.

III. The congruence f(n+m)= f(n)+ f(m) (mod n)

An another characterization of n® by using congruence property was found
by A. Ivanyi, namely he proved in 1972 the following

Theorem 9. (Ivényi [6], 1972) If f € M satisfies
fin4+m)=f(n)+ f(m) (modn) forall n,meN,

then f € 7.
We improved this result by showing

Theorem 10. (Phong and Fehér [22], 1999) Assume that A > 0, B >
> 0, C, D # 0 are fized integers with (A, B) = 1 and a function f € M*
satisfies the congruence

f(An+B)=Cf(n)+ D (modn) forall neN.
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Then the following assertions hold:
(I) If f(p) =0 for some prime p with (p, A) =1, then

p=2 C=-1, D=1, (2,AB)=1 and f(n)=xz2(n) forall mneN.

(II) If f(n) #0 for alln € N, (n, A) =1, then either
C+D=1 and f(n)=1 forall neN

or there are a positive integer o and a real-valued Dirichlet character x
(mod A) such that

f(n) =xn)n® forall neN, (n,A)=1.

In 2003, we improved this result as follows:

Theorem 11. (B. M. Phong [19], 2003) Let A, B be positive integers

with the conditions
(A,B)=1 and (A4,2)=1.

Assume that a function f € M and an integer C # 0 satisfy the congruence
f(An+B) = f(An)+ C (mod n) forall neN.

We have:

(I) If there is a prime power w¢ > 1 such that (w, A) =1 and f(7¢) =0, then
(a) m=2and f(An) =—1 for alln €N, (n,2) =1,
(b) C=1and f(27) =0 for all v € N in the case (B,2) =1,
()

1 if v < a, 2 ife>q,

F(@27) = and f(2°‘){

2-f(2%) ify>a 0 ife=a

in the case 2% || B with o € N, furthermore e > «, f(A) = -1, C =2,
(II) If f(n)f(Am) #0 for alln,m e N, (n,A) =1 and
[f(n)|=1 forall neN, n=1 (modD)

holds for a some a fired D € N, then
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(i) f(A)+C =1 and f(An) = f(A) for all n € N in the case when
f(A™) # —1 for some m € N,

(#) f(n) =1 foralln €N, (n,24) =1 and
f (2‘”7) =C—f(2% foral veN,

where 2% || B, a > 0. Furthermore, if a > 0, then C = 2 and f(2°) = 1 for
<o

(III) If f(n) # 0 for alln € N, (n,A) =1 and |f(N)| > 1 for some
N € N, (N, A) = 1, then there are a non-negative integer a and a real-valued
Dirichlet character x (mod A) such that

holds for alln € N, (n,A) = 1.

IV. Additive functions which satisfy some congruence conditions

We shall denote by A and A* the set of all integer-valued additive and
completely additive functions, respectively. A similar problem concerning
the characterization of a zero-function as an integer-valued additive function
satisfying a congruence condition have been studied by K. Kovécs [12], P.V.
Chung [2]-[4], I. Jo6 [9] and I. Jo6-B.M. Phong [10]. It was proved by K. Kovécs
[12] that if g € A* satisfies the congruence

g(An+B)=C (mod n)

for some integers A > 0, B > 0,C and for all n € N, then g(n) = 0 for all
n € N which are prime to A. This result was extended in [2], [9] and [10] for
integer-valued additive function f. It follows from the results of [3] and [9] that
for integers A > 0, B > 0,C and functions g; € A, g2 € A* the congruence

g1(An+ B) =g2(n)+C (mod n) forall neN

implies that go(n) = 0 for all n € N and ¢g1(n) = 0 for all n € N which are
prime to A.

We improved this result by showing the following
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Theorem 12. (B. M. Phong [20], 2003) Assume thata>1,b>1,¢c¢>1
and d are fixed integers and the functions f1, fo are additive. Then the relation

filan +b) = fa(en) +d (mod n)
holds for all n € N if and only if the equation
filan+0) = fa(en) +d

holds for all n € N.

Theorem 13. (B. M. Phong [20], 2003) Assume thata >1,b>1,¢c>1
and d are fized integers. Let a1 = (a“b), b = (abb) and

1 Zf 2 | albl,
=
2 Zf 2 /{/albl.

If the additive functions f1 and fo satisfy the equation fi(an+b) = fa(en) +d
for allm € N, then

filn)=0 forall neN, (n,uaby) =1

and
fa(n) =0 forall neN, (n,uch)=1.

V. A problem of Fabrykowski and Subbarao

In 1985, Subbarao [25] introduced the concept of weakly multiplicative
arithmetic function f(n) (later renamed quasi multiplicative arithmetic func-
tions) as one for which the property

f(np) = f(n)f(p)

holds for all primes p and positive integers n which are relatively prime to p. In
the following let QM denote the set of all integer-valued quasi multiplicative
functions. In [5] J. Fabrykowski and M. V. Subbarao proved that if f € QM
satisfies

f(n+p)=f(n) (mod p)
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for all n € N and all p € P, then f € ®. They also conjectured that this result
continues to hold even if the above relation is valid for an infinity of primes
instead of for all primes. This conjecture is still open.

Assume that for a set B C P and for a function f € OM, the congruence
relation
fn+p)=f(n) (modp) forall neN, pebB

holds true. For a given subset B of P and for each positive integer n we define

B(n) as follows:
B(n) = H D.
pEB, pln

It is obvious from the definition that B(n)|B(mn) holds for all positive integers
n and m, furthermore one can deduce that if f € QM satisfies the above
congruence, then

fin+m)=f(m) (mod B(n)) forall n, meN.

Thus the conjecture of Fabrykowski and Subbarao is contained in the following

Conjecture. Let A, B be fixed positive integers with the condition
(A,B) = 1 and B is an infinite subset of P. If a function f € QM and
integer C' # 0 satisfy the congruence

f(An+B)=C (mod B(n)) forall n €N,

then there are a positive integer o and a real-valued Dirichlet character x
(mod A) such that

f(n) = x(n)n® forall neN, (n,A)=1.
B.M. Phong and J. Fehér [23] proved this conjecture for the case, when A =

P\ B is a finite set.

Theorem 14. (Phong and Fehér [23], 2000) Let A, B be fixed positive
integers with the condition (A,B) = 1 and let A = P\ B be a finite set.
Furthermore we assume that (2, A) = 1 for the case 2 € B. If a function
f € QM and an integer C # 0 satisfy the congruence

f(An+ B)=C (mod B(n)) forall neN,

then there are a non-negative integer a and a real-valued Dirichlet character x
(mod A) such that f(n) = x(n)n® holds for alln € N, (n,A)=1.
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This result was proved earlier in B.M. Phong [18] for the case when A =
B=1and|P\B|=1.

Corollary 1. Let A be a fized positive integer and let A = P\ B be a
finite set. If the functions f1, fo € QM satisfy the congruence
fi(An+m) = fa(m) (mod B(n)) for all n,m €N,
then there are a non-negative integer o and a real-valued Dirichlet character x
(mod A) such that fi1(n) = fa(n) = x(n)n® holds for alln € N, (n,A) = 1.

Corollary 2. Let A,B,D be fixed positive integers with the condition
(A, B)=1and (A, D, 2)=1. If a function f € QM and an integer C # 0
satisfy the congruence

f(An+B)=C (modn) forall neN, (n, D)=1
then there are a non-negative integer a and a real-valued Dirichlet character x
(mod A) such that f(n) = x(n)n® holds for alln € N, (n,A)=1.
Corollary 3. Let N be a fized positive integer. If the function f € QM
satisfies the congruence

fn+p)=f(n) (modp) forall neN and for all primes p> N,

then there is a non-negative integer o such that f(n) =n* holds for alln € N.

Remark. This corollary gives the answer to the conjecture of Fabrykowski
and Subbarao for the case B={p € P | p > N}, where N is a given positive
integer.

VI. New results

Now we shall prove the following

Theorem 15. Let A > 0, B, a > 0, b, N > 0 and C # 0 be fixed
integers. If a function f € M* satisfies the congruence

flA(an+b)+ B]=C (mod an+b) forall neN, n>N,

then there are a non-negative integer e and a real-valued Dirichlet character x
(mod aA) such that f(n) = x(n)n® holds for alln € N, (n,aA) = 1.

Directly from Theorem 15 follows
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Corollary. Let A >0, B, N >0 and D be fized integers. If a function
f e M* and an integer C' # 0 satisfy the congruence

f(An+B)=C (modn) forall neN, n>N, (n, D)=1
then there are a non-negative integer e and a real-valued Dirichlet character x
(mod AD) such that f(n) = x(n)n® holds for alln € N, (n,AD) = 1.

In order to prove the theorem, we show first the following key lemma.

Lemma. LetU>1, V,u>1, v, a>1, 6>1, k>1, land F#0
be fixed integers. If

(1) Uakntt v ‘ F- (uﬁk"H +v)

for all n € N, then there is a positive integer e such that

B=a and u(-V)*+0U°=0.

Remark 1. This result was proved by M. Cavachi in [1] for the case
when U = =V =u=—-v=k=F =1and [ = 0. Our proof is used in the
method of [1].

Remark 2. This lemma continues to hold even if the above relation (1)
is valid for all large n € N instead of for all n € N.

Proof. Assume that the integers U > 1, V, u>1, v, a>1, g>1, k>
> 1, l and F # 0 satisfy (1). For every non-negative integer m we define a
sequence of polynomials @, (z) € Z[z] as follows:

(2) Qo(z) :=v

(3)  Qmii(x) = o Uz +V)Qu(aFz) — B (U™ Mz + V)Qu(2).

It is clear from (2) and (3) that deg(Qm(z)) < m for all integers m > 0.
Let

uﬁknJrl 4+

=Py v forall ne N

(4) Ro(n) :
and for each integer m > 0 we define R,,+1(n) by the relation

(5) Rpi1(n) == "™t R, (n+ 1) — B¥ Ry (n).
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One can check from (1) and (4)-(5) that
(6) R,.(n) € Z for all integers m > 0,n > 1.

Finally, we define a sequence {Py, Py, ..., Pp,- -} of integers as follows:
Po:=u and Py =gV (a“m“) - 1) P,,.

‘We shall prove that

PmﬂknJrl 4 Qm (aknJrl)

7 Rm = F. .
(7) (n) (Uaktrm+ £ V) (Uaknt + V)

By using the facts Py = u and Qo(z) = v, it follows from (2) that (7) is true
for m = 0 and for all n € N. Assume that (7) holds for m and for all n € N.
Now, by using (5) and the assumption of induction, we have

Rpnii(n) := "R, (n 4 1) = B* Ry (n) =
kit PB4 Q@b D)
(8) (Uak(nJrler)Jrl + V) (Uak:(nJrl)Jrl + V)

pmﬁknﬂ +Qm (akn+l)
(Uakntm)+l V). (Uakntt 4 V)

— Fgk

Since
QF D) p o gh(n+ 1)+ (Uakn—H n V) _ gkp,, g+ (Uak(n-i-1+m)+l n V) _
— Vak(m+l)PnLﬁk(n+1)+l _ Vﬂkpmﬁkn+l — 6kn+lpm+1
and

oF(m+1) (UaknJrl 4 V) Qm(ak(n+1)+l) _ gk (Uak(n+1+m)+l I V) O (¥ H])

= Qm—H (akn+l)

)

we infer from (8) that

Pm+1ﬁkn+l 4 Qm+1(akn+l)
(Uak(nJrler)Jrl + V) (Uak(n+m)+l + V) cen (Uoz’“”rl + V)'

Ryyi(n) =F

Hence (7) is proved.
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Now we prove that there is a positive integer e such that § = a¢. Assume in
contrary that 8 # a' for all i € N. Then let m € N such that o™ < 8 < a1,
Since

(Uak(n-‘rm)-‘rl n V) (Uakn-‘rl +V) =
— (Uakm _|_ Va—(kn—‘rl)) . (Uak + Voz_(k"+l))(U + Va_(k"+l))oz(m+l)(kn+l)

> a(m+1)(kn+l)

N =

holds for all larger n € N, we infer from (7) that

B £ Qo)
%a(erl)(knJrl) -

3 >’“"“ N IQm(a’“”“)l]

Oém—i-l a(m+1)(kn+l)

P,
|Rim(n)| < |F|‘ =

< 217117l

also holds for all larger n € N. Since % < 1 and deg(Qm(z)) < m,
the right side tends to zero as n — oo, therefore the last relation with (6)
implies that R,,(n) = 0 for all larger n € N. Hence, we get from (7) that
P,k 4+ Q. (aF"F1) = 0, consequently

kn+1 n
Pm<6> +M:0

am™ am(kn+l)

for all large n € N. Thus P,, = 0, since otherwise the left side is unbounded
as n — oo. This is impossible, because from the definition of the sequence
{Pn}_, we have P,, # 0 for all m > 0.

Thus we have prove that § = a° for a suitable positive integer e. Hence

uﬁkn-{-l Y uae(kn-‘rl) Y
Ro(n) = Tt = Tt '
Uakntl +V Uakntl +V
and
u(_v)c 4+ U¢ _U°R ( ) FU[(UOLknﬂLl)G _ (_V)ei|
Uakrtl + v oln Uakr+l + v

are integers for all n € N. This shows that
u(=V)¢ +0U° = 0.

The proof of the lemma is complete.
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The proof of Theorem 15. Let A >0, B, a>0, b, N>0and C #0
be integers. Let f € M* be integer-valued, for which the congruence

flA(an+b)+ B =C (mod an + b)

holds for every n € N, n > N.

Assume first that f(p) = 1 for all primes p, (p,aA) = 1. In this case we
get from the fact f € M* that f(n) = 1 for all n € N, (n,aA) = 1. Thus
Theorem 15 is true with e = 0.

In the following, let p be a suitable prime number such that (p,ad) =
=1,|f(p)|>1andlet M € N, M > N. Then

plaA)ym _
prladim (A(aM +b)+ B) =4 (p“’(“A)m(aM +b) + BpAl) + B,

pladym _ |
I L A—

p“’(“A)m(aM +b) I

=b (mod a)

and
prlad)m

—1
p?@A™ (M + b) + BY———— >aN+b

are true for all m € N,
From the assumption of Theorem 15, we have

F@)? 7 g (AaM +8) + B) = f(p*“O" (AaM +8) + B) ) =

(9) prlad)m (A(aM +b)+ B) - B
=C (mod )

A

holds for all m € N. Thus, by setting m = 2n into (9), we have

A(aM +b) + B)p*¢@ed)r — B
(( ) )p

A < f (A(aM +b)+ B) F(p)2etadin _ c)

holds for all n € N. Since f(p)? > 1, we infer from our lemma that there is a
positive integer e = e, such that

f(p)?=p>

and

(10) f(A(aM+b)+B)B€—C’(A(aM+b)+B)e —0.
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Thus, we have proved that (10) holds for each fixed M € N, M > N, and

o (10) holds for all M € N, M > N.

Now consider the function

It is obvious that g € M* and it follows from (10) that

g(A(aM—i—b)—i—B):%

holds for all M € N, M > N, which shows that g(n) = x(n), where x is a
real-valued Dirichlet character (mod aA). Theorem 15 is proved.
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