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THE DISTRIBUTION OF
AN ADDITIVE ARITHMETICAL FUNCTION
ON THE SET OF SHIFTED INTEGERS
HAVING k DISTINCT PRIME FACTORS

L. Germ&n (Budapest, Hungary)

To the memory of Professor Matukumalli Venkata Subbarao

Abstract. It is proven that an additive arithmetical function has a limit
law on the set of shifted integers having k prime factors if and only if the
Erdés-Wintner condition holds.

1. Notations and results

We shall use the following notations:

P = set of prime numbers; p, ¢ with or without suffixes always denote prime
numbers, w (n) denote the number of distinct prime factors of n. P (n), p(n)
denote the largest and the smallest prime divisor of n respectively. ¢ denotes
a constant, not certainly the same at different locations.

Let Py = {n : w(n) =k}, Py (x) = Pr N [l.z], and II; () = #Px (x).
m(z)=#{p<z|peP}

m(x, k1) = Z 1.

p<z
p=l (mod k)

Financially supported by the Hungarian National Foundation for Scientific
Research under grant OTKA T46993 and partially by the DFG Project on the
”Rates of convergence in limit theorems”.
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Throughout this paper 7 denote integers having k distinct prime factors.

Let F,. be a sequence of distribution functions, and let F’ be a distribution
function. We say that F, converges weakly to F, in notation F, = F, if
lim F, (z) = F (z) holds at all continuity points of F'.
r—00

Let T be an assertion, A be a subset of N and let

vy(neA : T(n)): #{n <x,ne€ A : T (n)holds true}.

1
AN ]l

Let f be a real additive function. We say that f possess a limit law on A,
if for the sequence of distribution functions

Fo(z)=vi(neA: f(n)<2),

there is a distribution function say F, such that F,, = F.

Erdds and Wintner [3] proved that an additive arithmetical function f
possesses a limit law on N if and only if the Erdés-Wintner condition holds, i.e.
if and only if the three series

(1.1) v 1 3 ) ) f2(p)
o= ? i< P o<t P

converge.

Katai [6] proved about 40 years ago that the convergence of the 3 series
(1.1) implies the existence of the limit distribution of f on the set P + 1.

The necessity of the convergence of (1.1) has been proved by Hildebrand
[5] about 20 years ago.

The aim of this paper is to prove the following

Theorem 1. Let f be a real additive function. Let 2 < k < €(z) -

/loglogz, € () — 0 (x — 00). Let
Frr(z)=vo(nePr : f(n+1)<2).

Assume that there is a sequence k = k, and a distribution function F such that
Fy, . = F. Then the 3 series given in (1.1) are convergent.

Conversely, assume that the series in (1.1) are convergent. Then with a
distribution function G

max |Fk,w (y) -G (y) ‘ — 0, (.’17 - OO)
2<k<e(xz)4/loglogz
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if y is a continuity point of G. Consequently F = G.
The characteristic function of F is given by

pt)=T]1+nw),

Remark. We know from the theorem of Paul Lévy that F is of pure type,
it is continuous if and only if
>

J(p)#0 P
diverges.

One can conclude the sufficiency part of Theorem 1 from the next

Theorem 2. Let 1 > ¢ > 0 and ¢ = min{e/4,1/4}. Let f be a real
additive function and assume that

(1.3) Z 17 f* ()

w1 ? i< P
are convergent.
Let
f(p)
(1.4) Alm):= Y ==,
I (p)I<1 p

(1.5) a(m)= > f )

[f(p)I<1 p

p|lm

Let Kp () ={Dp+1<z|peP},

06) Foat)i= v (ne Ko@) s - (4((550) ) —am) =),
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with characteristic function pp 4(t), and let

_iti®
(1.7) ep )= J[ A+nrm) J[ G+h@)e ™.
[f(p)|>1 [f(p)|<1
/D p/ D
Then
(1.8 e lopa ()= 9p (6] =0 (2 o)

uniformly for all bounded values of t, i.e. if |t| < T, T is an arbitrary constant.

2. Preliminaries

We need analogues of some-well known theorems related to prime numbers.
In the proof of Theorem 1 it is allowed to drop not more than o(Il(x)) elements.
By this the limit distribution function does not change.

Let
n=pypy? Rk, p1<p2<...<pg
and

mp=m(n) =ppy?opy’  (G=1,...,k).

Let |
Og Pj+1 .
75 (n) = ﬁ (G=1,...,k=1),
J
A(n)=__ min_ 7 (n).

First we investigate some sets, which are unimportant in our case. We have
the following

Lemma 1. Let € (x) — 0 slowly. Let M = M, be defined by loglog M =
V0oglog (x). Let 2 < k < e(z)loglogx. Then there exists a sequence

Ay — 00 (x — 00) such that
1.
A(n) > A,

and
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2. a1 =as=---=ap =1 and py > M holds for all but 6 (z) I}, (z) element
of Pr (z), where § (x) — 0. Let Uy (x) be the set of those elements of Py (x),
for which these conditions hold true.

Proof. The following sets have zero relative density in Pj:
1. Ay ={n € Py, n<z: Ip%n}. We have

T T
#Al S E Hk—l <a> + E = <
pr<pl/2 p pe>z1/2
a>2 a>2

k 1
<y (2) ——— Y —+0 (x3/4) .
loglog x Wpwry? pe
a>2

Here we used
Hk—l (:17) k

Iy, () - loglog x

which is a direct consequence of

z log logk_1 T 1
2.1 11 = 1 —_
(2.1) k() logz (k—1)! +0o log log x

(see e.g in [7]).
2. Ao ={nePy,n<zx:p(n) <M} Wehave

#As <
< Y e <x> + 3 Ly () —F 3 1+(9(933/4).
p<al/2 P po>xl/2 P loglogw p<m P
p<M a>2

By means of these last two steps we can assume that p(n) > M, and n is
squarefree.

Observe that, if n € Ug(x) and pg|n, p < ¢, then p* < ¢, which is an
immediate consequence of the assumption A(n) > A,. The number of integers
n € Pi(x) for which n € Ay or n & Ay or there are prime divisors p < ¢, such
that ¢ < p“+ is not more than

o1+ > L

pam_g<w pqm_g <z
M<p<q<pi= M<p<q<pA=
pexl/2Az p>al/2Az
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The first sum is at most

Z I Ty ® (loglog z)" 3 Z i<<
" \pg) gz (k-3)! Py

M<p<g<pAz M<p<g<pAz
p<cl/2Az 1/2A4

p<x

2

< I, (x) log A,

loglog x
so if A, tends to infinity suitably slowly, then this last expression is ITj (x) o (1).
For the second sum we use the sieve estimation for the number of integers

not exceeding x, for which P (n) > z. The number of these integers is smaller

than

xT 2’2

c
logz = log?z

if z > zp. This estimation can be found for example in [4] (Theorem 3.6).
Using this, we get that the second sum does not exceed

Yoo

pqmp_o <z
M<p<g<pAz
p>zl/24z
1/A
X x x
2
< E E 1< A, E + AL —5—,
) p | Tr—2logx log” =
1— - n< 1— -
Te_o<x A= Tk—2 o<z Az

P(n)>zl/24x
which is I (x) o (1) with appropriate A,. Here we used that

Z 1 loglogk_lx

Th—1 - (k- 1)!

(1+0(1)).
Te—1<T
The proof is ready.

Let us introduce the notations
Bk (SU) = #Uk (CC)

and

Bp(z,dl)= Y 1.

neUy (x)
n=l(mod d)
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We shall prove some inequalities for the distribution of the elements of
Uy (x) in arithmetic progressions.

‘We have

Lemma 2. Let z > 2, d < logA x, where A is a fized positive number,
and let (d,1) = 1. We have

_ Bk ({E) —cy/log
Bk(xvdvl)* (p(d) (1+O<€ log ))
uniformly for 2 < k < e (z) /loglog x, where e(x) — 0 (z — o0).

Proof. Let S, be the set of those m;_1, for which there exists at least
one prime p > P(m,_1) such that mp_1p € Uk(x). Let p* = p,,_, be the

x
. Let

smallest p with this property. Then 7;_1p € Ug(x) for all p* <p <

Tk—1
mr_1p = I(mod d). Then, using Lemma 1, m,_; < 2*, with an appropriate
A < 1/4, P(mp_1) < p and p(mp_1) > log™ 2, when z is larger than x4 say.
With this conditions we have (mp_1,d) = 1. We get p = I, _, (mod d) with a
unique lr,_, (mod d).

We have that

(29) ‘Bk (e, d, 1) -

X
{Tf’ (ﬂ_k_l,d, lﬂ"kl) - (P (ﬂ-kfl) 9 d, l‘ﬂ'kl)} -

_ﬁ {7r (;) (P (ml))}‘ .

The Theorem of Siegel-Walfisz for prime numbers is applicable for

2 s s (o)l

Tr—1ESz
We get that the right hand side of (2.2) does not exceed

>

Tr—1€Sz

c Z z 67c\/@+c Z P(mp—1) €

(p(d) Tp—1€ESs Th—1 Tp—1€ESs

1 70\/loga:(log10gx)k71 1/2
<z@" k1) +0 (1),



194 L. German

. 1 (log log z)* 1!
because > —— < E=T)!
Tr—1<Z

Lemma 3. Let z > 2, d < x® with a fired 0 < a < 1. Then

By (x)
¢(d)’

if (d,1) =1 and 2 <k < e(z)/loglogx, where e(z) — 0 (z — o0). Here c(a)
depends only on a.

By, (z,d,1) < c(a)

Proof. With the notations of Lemma 2 we have

Bk (x,d,l) SC Z W<m7d7lﬂ'k—1) .

Tr—1E€Se -1
Applying the Brun-Titchmarsh Theorem, the above sum does not exceed

x 1 ‘Bk(x)
o logs 2 <SP

The—
Tr—1E€S, k=1

Let

w (z|d) = Z 1.

n€Uy (x)
(n,d)=1

Lemma 4. Let x > 2, A > 0 an arbitrary number and o < 1/2. For
2 <k <e(z)loglogx, where e(x) — 0 (z — 00), we have

By (2[d)
¢ (d)

A

By (2,d,1) — ‘ < By, (z)log™ " x.

max maX
(I,d)=1 z<=z

d<x®

The constant implied by < does not depend on k.
Proof. With the notations of Lemma 2 we have for x > x( that

B0

puwan -2

T

- T 7rk_1|d
< ¥ w<m,d,zﬂ“>—<ﬂd)) +O(x1/3).

mp—1€Sx
(Tp—1,d)=1
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Applying the Bombieri-Vinogradov theorem we get that the right hand side of
this last inequality does not exceed

1
log™ " x Z +0 <m2/3) < By (x)log™ " .

Tl —
Tr—1€S k-1

log

Here we used, that w(z) — 7(z|d) < w(d) < log .

A more general version of this lemma was established by Wolke and Zhang
[9].

Lemma 5. (Wolke-Zhang) For any given A > 0 and 0 < € < 1/2 there
exist n > 0 such that

Iy, (y|d)
¢ (d)

A

Iy (y,d,a) — ’ < I, (z)log™ " x

E max maX
d<giyz—e @D=LYS

holds uniformly for k < 77logx/loglog2 x, and the constant implied in <
depends on A and € only.

Corollary 1. Let 0 <n < 1/4. We have

S ha-n- ¥ B0, o(RO),

N <g<z2n N <g<x2n log x

Proof. From Lemma 4 we have

Z By (z,q,—1) = Z W—l—@(Bkgx)).

1 <g<z2n TN <g<z2n log™ x

On the other hand

By(z) > By (x]q) > By (z Z > 1sz(m)+o(z>.

agl <z
a€Py_q(x)
(a,q)=1

Putting it together

By (x By (x T
Z k(|Q): Z qk_(1)+o Z ==

-1
N <g<z2n q N <g<z2n T <g<z2M q

_ Z B;k(x)_i_o(xl—n).

—1
< g<z2n
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3. Proof of Theorem 2

We shall investigate the sequence of the characteristic functions. Let v,
be tending to infinity so slowly that y, < %log logloglog z, and = > c(e), say.
Let us define the additive function

fp*)  ifp® <y,
fo(Pa) =

0 else,

and consider the following distribution function:
Guyp(z):=v,(ne€ Kp(x), fo(n) — (A(ys) —a(D)) < 2).

Then the characteristic function of G p is

1 ) )
.1 )= —— e~ (A(yz)—a(D)) § : itfo(n)_
(3 ) wx,D() #KD(SL')e e
neKp(x)

We define furthermore g, by

(3.2) Gz = % el

afl)
)

where 4 is the Mbius function. We have that g, (p®) = efo®") — ¢itfo(p

and by the inequality 7(y,) < 210?;’“% we get that g,(n) = 0 for n > €2+ i.e.

if n > logloglog x. These together imply that

- gz(n) _
(3.3) n; o)

itfo(p®) _ gitfo(p™™ 1) 1 eitfo(p®)

Githor®) _
=11 {1+ pop—1) =11 1*],_1*2; p°

P<Yz a>1

It is clear that

(3.4) Z eitfo(n) — Z gz (d)m (x,zl,d, ld> ,

neKp (@) (Ddi)mzl
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where [; is defined by DIl + 1 = 0(mod d). Since g,(d) = 0 if d > elogz, we
can apply the Siegel-Walfisz Theorem, whence the right hand side of (3.4) is

() £ o[ (5 £ 28

(D d) 1 (D,d)=1

In the error term

= pld)
(D,d)=1
(P 2
< H ( Zg((pa))> < H (1—&-(1)1)2) < logloglog z,
P<Yx am1 PP P<Yz P
say. Furthermore
gz(d) 1 etfo(P”)
@ = L |15+ | = (o) IT @+ hio)),
P<yzx p= a>1 p P<yzx
(@p)=1 »ID = »/D

where the implied constant in o,(1) is absolute, it does not depend on ¢, and
h(p) is defined by (1.2). Thus we obtain, that

_itd®
bep®)= J[ +nr@) [ Q+r@)e ™ +0.(1)
Vo o
p/D p{D

uniformly in ¢ € R, and the constant implied by o0, (1) is absolute.

Now using the convergence of (1.3), one can easily see that

(35) max i)~ ep(] 0 (2 o0)
uniformly for all |t| < T, where pp(t) is given by (1.7).

Using Lemma 1.11 in [1] it follows immediately, that G, p = Fp for all
fixed D.

Next we define another two additive functions as follows: let

fp) ify. <p< (%)% a=1and|f(p) <1,
fi(p™) =

0 else,
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and let

Fp) it (554) ¢ <p< (554)" 77 a=1and [f(p)| < 1,

where ¢ < min (¢/4,1/4) and ¥, is tending to zero slowly.

First we show that

B8 walne Koo, f0) £ foln) + filn) + () = o0 (250
with an appropriate ¥,.

To do this,let B={qe P ||f(¢)| >1},and By, ={¢ e P |q¢>y, ¢ € B}.
Then

(3.7) #{n € Kp(z)|3qn, g € By, } = 6(y)7 (xg 1) ;

where 0(y;) — 0 (z — o0). To see this we split the numbers in the set in
(3.7) into two, not necessary distinct parts. In the first part we take numbers

which have a prime divisor g with y, < ¢ < (%) ¢ The other part contains the

. . o _ _ Vg
numbers, which have a prime divisor ¢ such that (251)° < ¢ < (251) U et
us denote the number of integers in this two parts by 3; and X5, respectively.

We have that

< Y Y 1 Y w(gcl;l,q,lq>,

Dp+1<z q|Dp+1 z—
p+1< e <(z71 o ym<qS( o) )
ya q*)lD [f(@)]>1
[f(a)|>1

and similarly

Yo

IN

Z T <T,q,lq>.

z—1 z—1\1-Y¢
N Gon

( = )Q<q
[f(g)|>1

Using the Brun-Titchmarsh theorem for ¥; we get,

x—1 1
Y < _— —-.
1_m( - ) >

Yz <4
[f(a)[>1



Distribution of an additive arithmetical function on the set of shifted integers 199

Using sieve estimates for Yo we get,

rz—1 1 r—1 1
Zpsc Z 1 Co 1 Z
(m[—)l cq(2=1)17? qD logL Vs Dlog (%) (151)g<q q
[f(a)|>1 |f(a)[>1

With the choice

(3.8) 92 = max Z 1, Z *(a) ,

we get $1 4 3o = o(1)7 (%51).

The next assertion holds:

3.9 (n € Kp(z);3qln , ¢ > (xl—)l)wj — o) (xl_) 1) ,

which can be obtained using sieve estimates. We have that the left hand side
of (3.9) is at most

> > =y )

Dp+1<zx (mf’ll’)+11f55<q _(’I‘ 1)1% Dp+1=aq
D

which does not exceed

x < x
¢ E: 7 2 =€ 2

aDlog” 5 Dlog” 5

]

o< (25)" ac(552)"
which is o(1)m (252).
Similarly
(3.10) #{n € Kp(z) | 3¢°|n, ¢ >y} <
z—1 , rz—1 1 z—1
< > GW<D’q’lq>+ D Zaq2:5(y)ﬂ< D >,
y<q<(*5*) a>(%5+)

where §(y) — 0 (y — o0).
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(3.7) and (3.9) and (3.10) imply (3.6).

Let .
(7)) = 2 A8

yz<ﬂ§( 35} )

[f1(p)|<1
| D

Next we prove a Turn-Kubilius type inequality, namely that

(3.11) 2
> f1<Dp+1>_AD,ym(<x;1>0> Sm(m;l) b fp(m
s

Dp+1<z

and

(3.12) 3 f22(Dp+1)<c7r(x_1> 3 )

Dp+1<z (w—1)9<p

Proof of (3.11). Let

#((5)- 5

Let ,
z—1\°
oo ((552))] -
Dp+1<z
xz—1\° x—1\° rz—1
=51 —2Ap,, (( D > )5’2—|—AQD,%c << D ) )7T< 5 )7
where
2
r—1
Sy = Z Z filg)] = Z 12 (q)w(D,q,lq>+
Dp+1<z \q|Dp+1 ym<q§(1‘51)9
af D
r—1
+ Z Z filg) fr(d)m <D,qq’,qu/> =211 + X,
yzSQS(T’TEl)Q ymSQ’S(%)Q
qf D q’'| D

a#aq’
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and

r—1
52: Z fl(Q)Tr<D7Qalq>~
yz<q§X(?)g

Since g < €/4, thus we can estimate 317 using the Brun-Titchmarsh theorem,
and we get
z—1\° rz—1
Y11 < cB? .
e (7)) (%)
Moreover Y15 equals

7T<$51> Z ) fl(qgfl(ql)+

_ o (=1
DY S h@h ) <7r Cyram —@&q]gﬁ) .

=(+E

9 r—1\° z—1
ZlggAD’yw ((D ))ﬂ'( D >+E

An application of the Cauchy-Schwarz inequality shows that E? is at most

Z Z ff(Q)ff(q/)x

/
ve<a<(251)¢ va<a'<(E50)7 v (q) ¢ (d')

q/ D q’/D
a#q’

such that

2

z=1 _
7T( D ) _7T<$D17qql7qu’>

yz<q§($51)9 yz<q’§(w51)0
a/ D q’'/D
a#q’

Since qq’ < (xTEl) 1/2, the Brun-Titchmarsh theorem is applicable, and we

get that E is at most

(55 ()
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1/2

z—1 _
7T( D ) 7_{_<-I'D];,qq/,qu/)|

| X 2

rx—1)\e —1\¢e
ya:<!1§(IT) yw<q/§(%)

af D q'/D
a#q’

The Bombieri-Vinogradov theorem is also applicable, and we get

Y2 <

o (5255 o (1)) (5

where A is an arbitrary big positive constant. We have

ot (552 (55) o () (5

To estimate Sy we note, that using the Cauchy- Schwarz inequality, we have

e (5)) -
1/2
-y o]y Qf%;p) v«

z—1\° 1/2
< B ) (loglogx)™'*,

such that using the above method one can easily see, that

e (5 (5) oo () (5.

which implies (3.11).

Proof of (3.12). Since a positive integer n < x can have only a bounded
number of distinct prime divisors ¢ > (”CTEl)Q, we have that (3.12) does not

exceed
r—1
c Z fQQ(Q)ﬂ- <D7qalq> .

(151)e<qg(m51)1—%
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Using sieve estimates this is
1 -1 2
— z - Z /3 (q)7
Uz Dlog % 1-v q
which thanks to the choice (3.8) implies (3.12).
Using (3.11) and (3.12) we get that
1 Z eit(fo(n)+f1(n)+f2(n)—(A((%5*) ) ~a(D)) _
Kp(z)
neKp(x)
_eittotm—(Aw) =@ |* _ (1)
uniformly for all [t| < T, and 1 < D < a'7¢.
Using this and (3.5) we have proved that
sup #efit(A((wgl)g)*a(D)) Z eiiﬁf(n) o @D(t) =0 (l’ _ OO)

p<zi-c |#Kp(x) e K@)

uniformly as |¢| < T, T is an arbitrary constant.

4. Proof of Theorem 1

4.1. Concluding the sufficiency part of Theorem 1 from Theorem 2

Consider first the following sequence of distribution functions:
Fro(2)=vy,(neUgz) : f(n+1)—Az) <2z),

where
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With the notations of Lemma 2, an application of Lemma 1 shows that the
characteristic function of F, is

1 —itA(z) itf(mr—1p+1)
—e € N :
RE) > >

Te—1€Sz P(mp—1)<p< 7‘1:71

Since A(x) is convergent, using Theorem 2 and Lemma 1, we can express it in
the following form

Bkl(l') 2 ”( . >(s0m” (t) +0x(1)) —

Tk—1

(4.1) - Y. 7 (P(me1) (P (B) +02(1))

Tr—1E€ESs

for all |t| < T. We use the estimation 7 (P(m,_1)) < z'/4* in the second term,
and we get that this is
O(x2/4),

Using the identity
@(t)=v¢p(t)Kp(t),

where o
Kpt)= [[ a+r@) J[ Q+hr®m)e ™
T o<t
we get that the main term in (4.1) is
(4.2) S = o (t) — 3 ( a ) +
. = T
1 ® Bk(x) Th—1
Tp—1€ESs
+ L Z - Orp s (1) (1= Ky, (1) +
Bk(x) Trk_l k—1 k—1
Tr—1€Se
+o(1) L Z T ( ’ )
Bk(x) TR_1E€Sy The—1
Since
(43) T = (z5)-1 eow
T — T — 00),
Bk (SL') Th—1
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we get
1= (t) (1+0(1)).

To see this last identity we calculate the second term in (4.2). If p|mi_1, then
p > M, so for big enough z

it
log Ky, ()= > log(l+h(p)+ > log (144 (p)) — ) _
plmg—1 plmg—1 p
[f(p)[>1 [f(p)I<1
eitf(®) _ 1 1
= ——+0 — |+
p\ﬂ;1 p P\";—l p2
[f(p)|>1 [f(p)|>1

”f(p)—l—zt 1
S Wiol v 5=
plmE_1 plme_1
[f(p)I<1 [f(p)I<1

1 1

plTg_1 plmp_1
[f(p)|>1 [f(p)|>1

ompE| B f ro| ¥ plz ,

plTE_1 PlTE_1
[f(p)I<1 [f(p)I<1

N Koy (1) = 1= 0,(1)

for all |[t| < T, which together with the convergence of A(x) implies our
assertion.

4.2. Proof of the necessity part of Theorem 1

In the proof we shall use some ideas of Hildebrand [5] combining these
with ours.

Corollary 2. Let f be an additive function. Assume that f (n) = clogn+
+g(n) and the series

¥ 1 9% (p)
-1’ -1
|9(P)|>1p lg(p)|<1 p
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converge. Define

U(z) =clogz + Z M
p<z p— 1
lg(p)I<1

Thenvy (n € Pr,n<z: f(n+1)—U (z) < z) converge weakly to a limit dis-
tribution as x — oo. The characteristic function of the limit law is

1 1 eita(P™)
x)=—— T[] (1- +Y ——— | x
Lrie eisi\ 27 am P
1 et9®P™) \ L ew
| P e P
lg(p)I<1 m2>1

and the limit distribution is continuous if and only if

>,

o
diverges.
Proof. Let
9(p)
A = .
w= Y 10
p<z

lg(p)|<1

Then this last lemma shows, that the distributions
Vp(mn€Pr,n<z:gn+1)—Ax) <z2)
possess a limit law with characteristic function & (¢), say. Let
1 .
pu (t) = ot
Hk (l‘) ﬂ_;w
We have A
o () e S £(t) (z— 00),
Consider next the following sum
1 . 1 Lo

4.4 eztf(frk+l) _ T+ 1 itc eztg(ﬂ'k-l-l)'
( ) Hk (33) ﬂkzg:w Hk (.13) ﬂ—kzg:ll( k )
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Remember that k£ may depend on z. Let us introduce the following notation

\I/kw Y, t) Z elfg(ﬂk+1)

Thy <y

Applying the Abel summation formula for the right hand side for (4.4) we get

x

1 itc—1
ite=1yy, (y, 1) dy.
Hk(x)lfy ko (Y, t) dy

(4.5) ©q (1) 2 —itc

Since for z* < y < z using (2.1), we have

1
lim ——v (e AW = g(4),
200 Hk ( ) k -K(y ) g( )

thus for this y
o (y,1) = € (1) €A ¢ (1) AW {1 - eit<A<w>*A<y>>} +0(1).

Since

A(z) = A(y) = o (1)

if 2% < y < x, we have

(4.6) (y,t) = £ () ™) 4 0(1).

1
— VU
M (y)
Using this we have that the integral in (4.5) equals

A

(4.7) / YN (g, 8) dy + € (1) MA@ / Y1 () dy + ofx).
1 X

The first term is
O(x) = M (x)o(1).

Using the estimation (2.1) we get that the second term in (4.7) is

Az f ite— y loglog" 'y
& (t) e )/yt ' (k,gy(k_l)!(1+0(1)) dy,

A
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which is
1

mg (t) et @1, () + Ty (z)o(1).

Here we used, that k depends only upon the upper bound of the integration,
and that
; k-1 .\’
"t oglog" x)
logz (k—1)! N

z'¢ loglogh ! 0 loglog" 2z 1
IOgI (k — 1)' log2 x (k — 2)‘ '

= (itc+ 1)

We had shown, that (4.5) equals

eitA(:r)xitc
t) ————— 1).
O35 oW
We get

1 it (ret 1) xicteitA(x)

(AN = ———£(t 1
0y, (z z;e 14 dct §t) +o(l),
TEx
and so

1 it(f(m41)-U() _ &)
T x — 1
Hk(x)ze 1—|—ict+0()7
T <xT
and our lemma immediately follows.

Lemma 6 (Sieve estimate). Let q,q' be prime numbers, and x > xg.
We have

A=#{n<z:qgn+1,¢dn+1eU(z)} <

(4.8) x (loglog z)" ’
< U(lg—41),
1og2x (k—1)! (lg—4d'))
where )
p—
U(n)= —_—
(n) Y
p>2

Proof. Using Lemma 1 we need only to count the elements of the set

A=#n<z:qn+l=m_1p, ¢n+1=n,_p and m,_; < 2°, 7,_, < 2°}.
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Recall that P (gn + 1) = p, P (¢'n + 1) = p" and p(my—1) > My, p(m}._;) > M.
‘We have
gn+1=mp_1p,

dn+1=m,_p,

so by the Chinese remainder theorem n = lr, .~ (mod mg_1m;_;) with a

unique Iy, .. Son = tm—17)_q + e aml Where t < 7 For p, p’
we have l
+1
p=gtmh_y + T,
Thk—1 x
/l + ]. - 7Tk_ 7'('/ :
P =qtm1+ : Hie=t
Th1

Using sieve estimates we have, that the number of such p,p’ is not more than

Ak
T+1 l+1 T 1
> ‘I’<q7ffv—1ql7fk—1 am s = — g ) 5 — <
e M1 Tg—1 log” & Tk—17T,_4
Tp_1<x
nkilgzﬁ
1
4.9 <U(lg—¢ U (7, Thy) ——————.
(19) b-dh iy 3 ¥ lome) oo
ﬂ;ﬁlgzﬁ
Here we observed, that
;o i+l gl /
amg_1~ —qTk-1 =q4—q.
Ti—1 Tk—1

The sum in the last expression of (4.9) is

> I > H

—2 —2
g1 <P pi|mrp—1 i ),y Sab pl|m pl pl
<2 g 2 g3

p _

Th—1<xP p;|mE_1 o Saf pilmy
k—1\ 2

1
<<mz Z* ,

p<xﬁ p>M,
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which implies our assertion.
The next theorem can be found in [5] for shifted primes.

Lemma 7. With suitable constant 1 and c¢1, and multiplicative g : N — C
such that |g| = 1, and

1 !
— <
x| 2 9m)) <
n<zx

we have

(4.10) Y ogh+1)]<1-6

Bk (.’L‘) n€Uy(x)

Proof. We use the ideas of Hildebrand without any important changes.
Therefore we shall give an outline of the proof, only.

It is enough to prove that if the conditions hold, then

1
1-— 1 1.
Bl Z g(me + 1) >
TrkEUk(:r)
Some computation shows that
@) 1—|—— Y gmAD)| = Y [ wg(met 1)
' By (:E — 2By (:L'

7w €U (x) 7 €U (2)

with an appropriate complex w, with absolute value 1. Setting

RQ =g o M-uwsm+nf 1

Ok L

we get with 0 < n < 1/4 and = > 21/1 after some computation that the right
hand side of (4.11) is at least

2

7 .
1
Sioga 87 24, R Q)
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so it is enough to prove that R (Q) > @ uniformly with z > zg, 27 < Q <

<z Letd <1 /4. There is an w complex number with absolute value 1 such
that

i Q
(4.12) > 1> — .
Q<q<2Q 10 1Og Q
lg(q)—w|<s

Set

s= Y Y

TR €U () almp+l
QR<g<2Q
The ’ in the inner sum means the restriction to prime numbers g for which
lg (¢) — w| < § with this appropriate w. We get a lower bound for this sum
applying Lemma 4 and Corollary 1.

5= Y Bieg-nz 20 5 1+O(B’“<z>>.

A
Q<q<2Q 10 S log™
If 7 + 1 =nq and ¢ fmp + 1, then after some computation we have
[1—wg (e +1)| = |g (n) —ww| — g (q) — wl.

Thus |g (¢) — w| < § implies |g (n) —ww| <26 or |1 —wg (7 +1)| > 0.

Let , .
Si= > 2. X%
T €Uk (2) Q<q<2Q | T
where " in the inner sum means the restriction to integers for which |g (n) —

—ww| < 26. Let

* !
So= > 2L
7w €UR(x) almp+1
Q<q<2Q

where * in the outer sum means the restriction to the prime numbers for which
|1 —wg (mp +1)] > 6. Let

ss= Y Y1

T EUR(z) a?lmp+1
Q<qg<2Q
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We have S < 81 + Sz + S3. It is easy to see that S3 < 217", We use R (Q) to
estimate Ss.

e Y Mt DE s Bl )

62 52
WkGUk(z) q|m+1
Q<q4<2Q
Putting it all together it is enough to prove that S; < 4B§g) "
Q<g<2Q

We have

s, < Z// Z/ L

T4l Q<q<2Q
n< =5 gn—1=m,

Applying the Cauchy-Schwarz inequality we get

2

" !

CAE DYEIR S Sl I Sl

z+1 z41 Q<g<2Q
n< Q n< Q qgn—1=my

S11 S12

We get

1 !

S12 = Z Z 1.

Q<gq,9'<2Q 'rLS%

If ¢ = ¢’ then this sum is O (x). For the other case we can use Lemma 6, and
we get

x (loglog z)*—! 2 / / )
Su<<Q10g2x< o1 ) YooY Ve-d) + =

Q<g<2Q Q<qg'<q

After some computation we get that the inner sum does not exceed

5\ "1/2 ,
Q<g<2Q
(see Hildebrand).
We have

2
_ loglog z)F~! /
Sip < 5122 (! S .
12 Qlog® (k—1)! T
Q<q<2Q



Distribution of an additive arithmetical function on the set of shifted integers

213
It is not so hard to prove that if the conditions of the lemma hold, then
511 S %(510g %

Putting it together we get

Q 5 Q3/2 Z L.

Q<g<2Q
Choosing small §, we finished the outline of the proof.

Sl<< (51/5Hk (l') +$10gQ> !

The following two lemmas can be found in [5], thus we give only remarks
accordingly to our case.
Lemma 8. Assume that

1—g(p) p™"
min Rez _—

1<i<ec;
T<co p<x p

with a suitable co > 0. Then (4.10) holds.

Remark. One can prove that if this condition holds, then the condition
of Lemma 7 holds, too, with a suitable large c5.

Lemma 9. There are constants 3, cz such that for fited x > 2, h > 0
and

max{n € Uy(x) :

R f(n+1)€la,a+hl} > (1—d3) By (z)
we have 2
- (min (h, f (p) — Alogp)) < e3h?.
A<esh? 7= P

Proof. We must show that the condition of the previous lemma is violated
if h = 1. We have

1 itf (ri+1) 1 it(f(mi+1)—a)
D = = o >1— |t| — 265
By (2) . e B (z d. e 21—t 3
m €U () m, €U ()
Set §; < &

L and [t) < 2

%. The result of Lemma 7 is violated. We have from
Lemma 8 that for k =k (t) < ci and 7 =7 (¢), |7| < ¢

Z Re (1 — e“f(pk)fh)

< Co.
p<z p
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The following lemma can be found in [1] Lemma 1.9.

Lemma 10. Let F, be a sequence of distribution functions, and let o, B be
real functions. If F, (z + «(z)) and F, (z 4+ 8 (x)) converge weakly to a limit
distribution with x — oo, then lim (a(z) — B (x)) exists, and is finite.

Proof of necessity part of Theorem 1. Assume f has a limit
distribution. Then

#n<z,nePr: f(n+1) €[22} > (1 —03) I ()

holds for some z real number. We get using Lemma 9 with h = 22

Z (min (h, f (p) = \s logp))” < c3h?

p<z p

with [A\;| < cgh?. Tt follows that

3 (min (h, f (p) — Mogp))?

> b

converge for some A\. We get immediately that for g (n) = f(n) — Alogn the

series )
1 g (p)
Z -1’ Z p—1
lg(p)|>1 lg(p)I<1

converge. From Corollary 2 and Lemma 10 we get that

Alogx + Z 5(_2))1

p<z
lg(p)[<1

converge. This implies A = 0 and the convergence of
Z f(p)
-1’
i<t P

and the proof of Theorem 1 is completed.
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