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ON THE AVERAGE PRIME DIVISORS
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Dedicated to the memory of Professor M.V. Subbarao

Abstract. Let k(n) = Zp, w(n) = number of prime divisors of n,

pln
k(n) . )
p(n) = m Refining the result of W.D. Banks and his coauthors we
w
prove that
#{n < x| p(n) = integer} = (1 + Om(l))c@

with some constant ¢ > 0.
1. Introduction

Let P = set of primes. p with and without suffixes always denote primes,
w(n) := Zl,
pln

wn) =S p p(ny =

o w(n)

R(z) := #{n < z | p(n) = integer}.
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In [1] W.D. Banks and his coauthors proved that

R(z)log1
(1.1) 01<M<02

holds for x > xg, where xg, c1, co are positive constants.
By using our method evaluated in [2], [3] we can prove the following

Theorem. We have

(1.2) R(z) = (1+ 0.(1))e (& — o),

log log x

where ¢ is a suitable positive constant.

Let ¢ be the Euler’s totient function, 7(z) = number of primes up to z,

m(x, k1) = Z 1, m(z):=#{n<z|wn)=r}

p<z
p= l(Inod k)

Let 2z >1 and

=1 v B@k) =4
11 v ~ Anlz)’

Let P(n) be the largest prime factor of n. We shall write furthermore
ry = logw, x9 =logxy, x3 =logxs,... . Let furthermore e(a) := 27,

2. Lemmata

Lemma 1. Let

(2.1) con) = HOPR) K

(see in Tenenbaum [4], p.35).
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Lemma 2. We have
1 B
(2.2) #in<zx ‘ |w(n) — xo] > 522 L x/ry,

where B is an arbitrary large constant.

This is an easy consequence of the Hardy—Ramanujan inequality, namely
that )
z (x o)
m(z) < 017%
ze (r—1)!

Lemma 3. Let U(xz,w) be the number of those integers n < x for which
there exists a square divisor d* such that d > w. Then

(2.3) Uz, w) < %

The assertion is clear.

Lemma 4. Let G (x) be the number of integers n < x having two prime
divisors p1 and py satisfying L < py < pa < 4p1. Then

xZ
(2.4) Gr(z) < log L’

Proof. Since

T 1 x
Gp(x) < E — <cx E < ,
Ln <y, PID2 ety logp:  loglL
pP1p2<®
(2.4) holds.

Lemma 5. Let |y := exp(x4'), where A is a large constant. Then

(2.5) #{n e Allo) > el ™} <

This can be deduced easily from the wellknown estimate

d(a,y) =#{n <z | Pn) <y} <wzexp <_21ilgy>

(see for instance Tenenbaum [4]).
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Lemma 6. Let A and ly be as in Lemma 5. Then there exists a constant
b > 0 such that

(2.6) #{n <z | w(Anlly)) > brs} < JCQLA

Proof. The left hand side is less than

s 3 T(Alnlo)) <

n<lz

T T 1 T
< obes Z 1/d < s H 11/ /p < Shas exp(loglog ),
P(d)<lo p<lo

whence the assertion follows.
Lemma 7. Let ¢, B be arbitrary constants,
z B
;gygx, kE<zy, (Lk)=1.
1
Then

li(x+y)—liz

27 w4y k1) —n(zkl) = o(8)

(14 O(exp(—c2v/71)))

uniformly in k, 1.

Lemma 8. Let Z; be the set of reduced residues classes mod q, A\g n(s) be

the number of solutions of Iy + 1o+ ...+ 1 = s (mod q), where I, run over Z;
independently. Then

1491 sa h
(2.8) Agh(s) == el ——)cq(a)".
i q
Consequently, if ¢ = odd, p* is its smallest prime divisor, then
el@" g qa o)

while if ¢ = even, then

(210) ‘i\;’(i;gi) _ 6 {1 4 (_1)h+s}




On the average prime divisors 141

where p* is the smallest odd prime factor of q.

Proof. Clear.

3. Proof of the Theorem

3.1. Let v be a fixed large number, and assume that 1 < h < Bz,
T ..
2 < ¢q < 2xs. Let us choose a large constant A, and a positive constant cg.
We shall consider the set

(3.1) L={l;:j=01,2. 0}
where
l; .
(3:2) lo = exp(23), L1 =1 + W (j=0,1,2,...).
y
. . . du
Let I(l;) = [I;,1+1), B(;) = lilj41 — lil;, where liy = Toga If u €

2
€L, u=1,, then Au:=1,11 — 1, and so I(u) = [u,u + Au.

3.2. Let Y € [#'/2 x]. We shall consider such h-tuples (uy,...,us) for
which

(3.3) lh<uy <...<wup, u, €L (v=12,...,h).

We say that it is feasible if u;,...,up < Y, it is well spaced if u;4q >
>wu; (j=1,...,h—1), and that it is completely suitable if

(u1 + Aug) ... (up + Aup) < Y.
3.3. Let
(3.4) En(uy,...,up):=#{p1...on | pv € I(uy), v=1,...,h}.

In [3] we proved
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Lemma 9. If (u1,...,us) is a well-spaced feasible h-tuple, then
h e
(3.5) En(uy,...,up) = H B(u,) - (1 +0 <6—63I2 )) .
v=1

3.4. For a given ¢ and prime p > Iy let H(p) = Hy(p) € [1,q9 — 1]
such that H(p) = p (mod gq), and if (Ip <)p1 < p2 < ... < pp are primes
then let H(py...pn) = H(p1) ... H(pn) be the word standing from the letters
H(p1),...,H(psn) concatenating them.

Let a =lily...ln, I, € Zy ={u € [1,¢ — 1], (u,q) = 1}. Furthermore let
(3.6)

EXuy,. . up | @) = #{p1...pn | p; € I(uy), Hy(pj) =1;, 5=1,...,h}.

In [3] we proved also

Lemma 10. We have

(3.7 E9Du,...,un | )

h
7 1 8t0) - (14 Ofexp(-cay/a))

if uy, ..., up is a well-spaced feasible h-tuple.

3.5. Let r4(n) = Zp (mod g), especially kg(p1...pp) =l +l+ ...+
pln
+ip (mod q), if Hy(p;) = 1; (j = 1,...,h). Thus the value of k4(p1...pp)
does depend only on the value of (= Hy(p1...pn)). We shall write Iﬁ:q( ) =
=10 + ...+ 1(mod q).

From Lemma 8, 9, 10 we obtain

Lemma 11. Let uq,...,up be a well-spaced feasible h-tuple. Then, for
every s (mod q)

a) in the case q= odd

Za EPuy,. .. up | @) = éEh(ulv o un) (14 0(=ea (V) =

kq(a)=s (mod q)
O( 1 Ep(u U ))
= 7 ap h\UL, .- UR )
p(p)"

where p* is the smallest prime divisor of q (then p* > 3!);
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b) in the case ¢ = even,

Za E}(Lq)(ul,...,uh|a):

kq(a)=s (mod q)

= 2{1 + (_1)h+s}Eh(U1, Ce ,uh)(l + 0(6_02\/E))+

+0 (Eh(ul,...,uh) . @(11*)") )

where p* is the smallest odd prime factor of q.

Lemma 12. Let us summarize Ep(uq,...,uy) over those feasible well
h h

spaced h-tuples for which Hul, <Y < H(uy + Au,), and then over all
v=1 v=1

h < Bxzy. The amount is less than < Y/xzoAc.

This assertion is proved in [3].
4. Completion of the proof

Let us consider the integers n < x. Let Iy be as in (3.2). Drop those
integers for which ( ‘w — I ‘ > —, or (2) B(n|lp) is not square free,
or (3) B(n|lp) has two prime lelbOI”b p1,p2 such that p1 < ps < 4ps,
or (4) A(n|lly) > exp(xzy™), or (5) w(A(n|ly)) > bxs, or (6) if n =
= A(n|l0) (n|l0) B(n|lo) = p1...pn, and by p, € I(ny), v =1,...,h, then

by Y n|lo Huy<Y<Hul,+Aul,

By using our lemmas we obtain that the size of the dropped integers is

0] <a:2> Now we classify the others.
T3

Let D be a fixed integer, for which P(D) < ly, D < exp(z5 1), w(D) <
< brs. Let Y = % Let €p be the set of those integers n < x, for which
A(nl|ly) = D, and which are not dropped. Let Sj(jh) be that subset for which
B(nl|lp) contains exactly h prime divisors, B(n|lp) = p1...pn. If n is not

dropped, then p, € I(u,), v =1,..., hsuch that (uy,...,up) is a feasible, well
spaced, completely suitable h tuple.
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Let now uq, ..., up be fixed, 51(3h) (u1,...,up) be the numbers p; ... py such
that p, € I(u,), v=1,...,h.

Let t = w(D), ¢ =t + h. It is clear that n = Dpy ... pp satisfies k(n) =
= O(mod w(n)), if k(D) +p1 +...+pp = O(mod q). Let k(D) = —s (mod q).
Then x(n) = O(mod ¢) holds if and only if p; =1; (mod ¢q) (j =1,...,h) and
li+...4+ 1, =s (mod q).

Our assertion easily follows from Lemma 11.
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