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ON DIVISOR FUNCTION OVER Z[i]

P.D. Varbanets and S.P. Varbanets
(Odessa, Ukraine)

Dedicated to the memory of Professor M. V. Subbarao

Abstract. We investigate the distribution of values of the function 7 ()
of Gaussian integers « whose norms belong to an arithmetic progression
and construct an asymptotical formula for summatory function for 7(c).

1. Introduction

As usual, N, Z denote the set of natural and integer numbers, respectively.
Denote by Z[i] := {a+bi | a,b € Z, i*> = —1} the ring of the Gaussian integers.
We write N(a) = a? +b?, Sp(a) = 2a for o = a + bi € Z]i]; Z, (respectively,
Zy[i]) is Z/qZ (vespectively, Z[i|/qZli]), Z; = {a € Zq | (a,q) = 1}, Z;[i] =
={a € Z,[i] | (a,q) = 1}; v is the Euler constant; for (a,q) = 1 we designate
through @ a solution of the congruence ax = 1 (mod q); the Vinogradov symbol
7 «” means the same as the Landau symbol ”O”.

Let 7(n) denote the classical divisor function, which is defined by

Tn)=Y 1 (neN),

d|n

Mathematics Subject Classification: 11M06, 11M37



76 P.D. Varbanets and S.P. Varbanets

where the sum runs over all natural divisors d of n. The Weil bound for the
Kloosterman sums implies that for every € > 0 there exists § > 0 such that for

q <K rie

(1) n_g%;)d q)T(n) = zg (1 - ;) x

-1 1-6
X 10g:c+271+2n(1]1)) Z% +O<xq>

plg dlg
(see C. Hooley [5], D. Heath-Brown [4]).

O. Gunjavy [2], M. Jutila [6,7], W. Banks, R. Heath-Brown, I. Shparlinski
[1] considered the sums of divisors with weighted additive character

Z T(n)e%i%.

n<z

Similar results have been achieved for p(n) instead of 7(n), where p(n) is n-
th Fourier coefficient of Maass wave form, or the number of the representations
of n in form n = Q(u,v), where @ is a binary positive quadratic form.

P. Varbanets, U. Zhanbyrbaeva [10] studied the divisor function over the
ring of the Gaussian integers Z[i] and the following asymptotic formula was
obtained

2) > r<a>=co<ﬁ>Ngfm+cl<ﬁ>me+o< “)

a=ag(mod 3)
N(a)<z

where
Co(8) = N (a0, )% (25 ) N7 (e ),
L M) log N (o) vt
Ci(8) = 2 2y —1+2 ,><4)+2;|:§N(p)—1 @g(l N(p)™),

P(a) denotes the Euler function in Z[d].
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The asymptotic formula (2) is analogous to the asymptotic formula of the
Dirichet divisor problem in an arithmetic progression (1).

The geometry of the Gaussian integers is "more rich” than the geometry of
the natural numbers and thus we can consider the distribution of values of the
divisor function not only in an arithmetic progression, but in narrow sectorial
region also. Moreover, we can study 7(a)) not only in an arithmetic progression
a = ap (mod ), but in an arithmetic progression of norms N(a) = ¢ (mod q).
Such problem does not have an analogue in the rational case.

From (2), it follows that

Yoo r(a)= > Yoo ()=

N(a)=£(mod gq) ag€zy[i] a=aqg(mod q)
N(ese N(ag)=£(mod q) N(a)<z
x i x

where (4, ¢) is the number of solutions of the congruence

N(a) =4 (mod q), o€ Zgli].

It is well known that

1 ifg=1 (mod 2),

%(E,q)aqu(IM), ag =14 1 if ¢=2 (mod 4),
la p 2 if ¢ =0 (mod 4).

From here it follows that the asymptotic formula (3) is non-trivial for
18 zEE,

Our aim is to expand a region of non-triviality of the asymptotic formula
(3). Moreover, we obtain an asymptotic formula for

Z T(a)e%iN(%).
N(a)<z

Our main results are as follows.

Theorem 1. Let ,q € N, ({,q) = 1. For x — oo and ¢ < x5~ the
following asymptotic formula



78 P.D. Varbanets and S.P. Varbanets

1 1
> (@) = A(z,q) + O (902*8614)
dezli]
N (a)=£(mod q)

N(a)<z

holds, where

L'(1 7X4) ogp log p ,
X < logx + 2 + + 2 ,
gor2 (vt 78 )2 I 2R IT 25+

1
rlq rlq
p= 1(4) p=3(4)
1 if ¢=1(2), 0 if ¢g=1(2),
/
€qg = €q =
1 if ¢=0(2), 0 if ¢q=0(2).

Theorem 2. Let S, denote a sector p1 < arg o < @o. Then for £,q €
N, (6,q) =1 if o> a7 2% . ¢%, we have

2@ 1. % 1‘1_6
a;% T(a):?A(x,q)—i—O(:erq )—l—O(np . )

N(a)=f(mod q)
N(a)<z

Theorem 3. Let av, B be Gaussian integers, (g, ) = 1. Then for x — oo
and N(B) < z1—¢

N%;w (@)™ N (55) = 0,(8) a;\l;()%)x +C5(B)z+0 (ﬁﬁ) L0 ($%+5N(6)> 7

where C;(3) are computable constants, N(3)™¢ < C;(8) < N(B)%, i =1,2.
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2. Some lemmas

Let ¢ > 1 be a natural number. For every Dirichlet character x, (mod ¢)
we denote the function x(g; *) on Z[i):

x(q, @) = xq(N(a)), « € Z[i].

Obviously, x(q,«) is a character of the residue group modulo ¢ in Z[i].
The following lemma holds.

Lemma 1. Only the real characters x4 can generate principal character
x(q,*). If q is odd or ¢ = 2q1, q1 is odd, then a nonprincipal character x,

generates a nonprincipal character x(q,*). If ¢ = 2%q1, k > 2, (q1,2) = 1,
then a real character xq generates a principal character x(q,+*) only in two
cases

Xg = X4X0g1 O Xq = X5X0q1+

where x4 1s the nmonprincipal character modulo 4, x§ is the nonprincipal
character modulo 8, defined by equalities

xs(1) = xs(5) =1, xs(=1) = xs(-5) = —1,
and Xogq, @5 a principal character modulo g .

Let E be the Hecke character of second kind

(1]

(@) = e*™aey (g, a) (a € Z[i], m € 7).

If m =0, x(q,*) is a principal character mod ¢, we denote E = = and call it
the principal Hecke character.

For the Hecke zeta-function

the assertion holds.

Lemma 2. If 2 # 5y, then Z(s,Z) is an entire function. If E = =g, then
Z(s,E0) is analytic in the complex plane except at s = 1, where it has a simple
pole with residue
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1 (mod 2),
0 (mod 2).

1\? 1 1 i
e IL(5) () w={3 71

rlq rlg
p=1(4) P=3(4)

Moreover, for a primitive character x(q,*) the functional equation

1-2s T(2lm|+ 1 —s)

Z(s,2) = k(xq) (2) L(2|m| + s)

Z(1-s,E
- (1-55)

holds, where k(xq) = q* EZ:[ | Xq(N(a))e”SP(%)
[e1Sy/m

(here E(a) = xq(N(a))e s @),
The assertion of these lemmas is well-known.

Lemma 3 (see [11], Theorem 3). Let o,8 € ZJ[i], ¢,q € N, (£,q) = 1,
(o, 8,q) = 1. Then

K(a’ﬁ; l, q) — Z em’Sp(%ﬂm) -0 (q%+€) )

u,vELq 1]

The constant on the right hand side implied by O term does not depend on
o, B3,4,q.

Lemma 4 (see [3], formula (12)). Let D C Z[i] and let
. 7r
Sy = {aEZ[z] | nglgargagwggi, <p2—ap1:<p}.

Then for any function a(a), o € D and integer My > 1 we have

Z a(a)e4miarga

a€eD

2 1 Mo
:;”Za(aHo(MO Z|a(a)> +o<¢z

m=1

) |
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3. Proof of Theorems 1 and 2

For every Dirichlet character x, and m = 0 we have

Z*(s,5) =) “NT (Rs>1).

Hence,

@ 1
(4) > NQS*TZ

[e3
N(a)=£(mod q)

Now, taking into account that in (4) N(a) runs on an arithmetic progression,
we obtain for T'> 1, ¢ =1+

1 .
logz*

Y Tlw=

N(a)=t(a)
N(a)<z
A 0\ =* log”
_ 1 T o T Y z zlog” x .
i | o Za0z6.2) - G2 ) T o (TS ) 1 o),
c—iT Xa
where c({) = > 7(a) = > r(m)r(n) = O®), r(n) is the number of
N(a)=¢ mn=~{

solutions of the equation n = u? + v%, uw,v € Z, the constants implied by O
terms depend only on €, € > 0 is arbitrarily small.

Shifting the line of integration to % s = —4 (0 < § < ;) we have

B 1 N (N
Z T(a) = Z res 2@ qu(ﬁ)Z (s,2) e +
N(a)=¢(q) s=0,1 Xq
N(a)<z
. —64iT ) 0 s loo?
— — 0)72(s,5) - & L Te T )=
T ori / w(q)xzxq() AT HO( g )T
—6—iT a
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S DY D )

@ qilg Xay
—0+iT
= T2(s)  N(q)l—sXa\\&)7ods
—6—1iT
+0 max 1 Z (0)Z%(s,2) — ) = +
—5<o<ite | [p(q) Xq T 05 T

1 2
+0 (“" ;gq ”“") +0(z°).

Since Z(s,Z9) = 4¢(s)L(s,x4) [T(1 — N(p)~*), where p denotes a general
pla
Gaussian prime number, we have

o (ggem ) =T T (-5) T (- 5)

pla rlq
p=1(4) p=3(4)

L'(1,x4) logp logp |,
X logx+2(7+L(1 +2 Z +2 Z pzi_+5q10g2 =

’X4) pla rlg 1
p£1(4) p=3(4)
= Az, q),
say, where
1 if ¢ =0 (mod 2),
€q =
0 ifg=1 (mod 2).
Moreover,
1 6) x® .
(7) res 2@ ; 1= O(z).

Now, by definition of k(x,), we infer

X O3 o (V)R (q1)g? ™ =

q1q Xay
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=S Y @) | Y )

q1lq Xa1 BEZLqd]

gt S ) S G (N (318N - D) =

qlq B1,82€2Zqy [i] Xay

B1+52

(8) quéls . i% Z Trlsp(ﬁlq1+52q2 qu 5152a£))

q1lq 9 B1,82€24[i] Xq

oYt SR — o) Y g B, (0N (),

ailq 81,62 €Zqy [i] q1lq
N(B182)=LN(a) (q1)

where

q TiSp B1tBy
q2 = —, Elh(h): § € ( K )
gl 81,82 €Zqy [1]
N(B182)=h (mod q1)

Hence, from (5)-(8) we get

(9) Y, la)=

N(a)=£(mod q)

N(a)<z
. @ 1 —5+iTF2(1 )
T(a —s5)y®
a qilq —6—iT
4o max (|- Y (D Z%(s,5) - O 27 ),
—ssoze | |lg) £ Xq T T
zlog? x .
—|—O( T4 )—I—O(x ),
where y = = ijz(a)
Let
. —6+iTF2(1 ) g
—5) y
I(a) = —d
(@) 27i / I'2(s) s
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The integral I(a) can be computed by standard way using the estimates of
exponential integrals by the first and second derivative tests. We have

(10) I(a) =

3
43’/% e~ % e-ivi —|—O(y4 rmn( log N(a) ,T5>>+
+O (T4 (gta 1) (@)

if N(a) < X,

y~° log T'min <T2+45 T4 (log ) ) if N(a) > X,

where X = ( )4 T'q"

x

Further, by Lemma 3, we have

(11) qu 53 - o

gs
NZo(z()llf)Jre <L g tte ifs=1+e,
N(a)=t(q)
N(a)>q
<
> LD I E00) | o g2 ([t + 120429 if 5 = —5 +iT.

Hence, by the Phragmen-Lindel6f theorem we obtain

1 - . cO)] x° 3 Y pite
(12) _5I£raé)§+6 7ZXq(E)Z2(S’:‘) _ 673 ? < q2+55:17 T1+46+T7q'
|Ss|=T
1
Thus, by combining (5), (6), (9)-(12) and taking 0 = £, T = %z, by simple

<
Mo

computations we obtain the assertion of Theorem 1

S T(a) = Alw,q) + 25T,

N (a)=£(mod q)
N(a)<z

where A(z,q) is defined in (6).
Let m # 0. Denote

7_(m) (a) — T(a)e4miarga
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and consider the Hecke zeta-function with character
=(a) = xg(N(a))etmise,

We have

(m)( ) 1 _

7M)(

—_— = — 0)Z%(s,2).

Y Ny o 2 X0Z6.)
N(a)=£(mod q) Xq

Thus, repeating the argument of the proof of Theorem 1, we obtain

(13) > () =

N(a)=¢£(mod q)
N(a)<z

+1iT
=%ZZEq1<fN<a>>T(m)<a).L / F2<2'm'“‘s)-l§d8+

N(a) 2mi T2(2|m| + 5)
@ qilq —6—iT
1 - al
+0 max — xe(0)Z%(s,8) — = 7™ (a)| = +
—szoze | |o(q) ; 776 2) ng—e @7
O QJ1+€ O £
+ ( Tq ) + O ()
The integrals
ST
() 1 / I2@2lm|+1-s) a°
m\ )= o0 I2(2lm|+s) s

—6—1

can be computed similarly as the integrals I(«) (in the estimates we write
(T2 +m?2)2 instead of T).
It gives for m # 0

(14) S M(a) = g m P ot tegh,
N(a)=f(mod q)
N(a)<z

Now we apply the formula of Lemma 4. We take

D:={a€Z[i]: N(a)={(modgq), N(a)<z},

_5
4-

a(a) = 7(a), My = 22 — 2eq
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Hence, Theorem 1 together with (14) proves the assertion of Theorem 2.
4. Proof of Theorem 3

At first we formulate the theorem which is an analogue of theorem from
[2] (for the divisor function 7(n)).

Theorem A. Let A =140, 0 < < 1 and let the following conditions
hold:

7g(z), f(x) are defined on [N,AN] and ¢'(x), f”(z) are monotone func-
tions and moreover g(x) < g(N), ¢'(N) < %Q(N), % < |f(N)] <
< \{'(90)\ < |fML F ] < [f(2) + 22f"(2)] < [f(N)] 17 (@)] <
< m|f’(N)| for z € [N,AN]”.

Furthermore, let o(x) be the inverse function of x - (f'(x))2.

arbitrary small positive € we have

> r(mg(m)etm/ ) =

n~N

= 3 r(m)gle(m) VI (m)]eRmil et =2v/melm)

m~N(f/(N))?

Then, for an

g(N)
f'(N)

+o (e

)+ oula+

1 1
(@) 2 min ! , ,
¥ QMNNN ( P wa))

where
L df fIN)(f'(n) +2Nf"(N)) >0,
rin)= > 1,  wp=Q —i if f(N)>0, f(N)+2Nf"(N)<0,

i if F(N)<0, f/(N)+2Nf"(N) >0,

k ~ K denotes that k runs over the interval [K, AK].
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This theorem can be proved by the application of van der Corput trans-
formation of the exponential sum (see [9]) and the truncated formula for the
error term P(x) in the circle problem

N

= —% n;Mr(n)n_z Cos (277\/%4_ %) +0(2°) + 0 (x%-s-sM—%)

(here 1 <« M < x#, A > 0 is any fixed constant).
Corollary. Let a,q € N, (a,q) = 1. Then the asymptotic formula

(15) Z r(n)e*™ s = %E +0 (:U%"’E) + O(gx%)

n<lx

holds for ¢ < 237¢ and an arbitrary small € > 0.

Proof. The function f(z) = %F satisfies all conditions of the Theorem A
and, hence, for any N <z

> et = T(m)'Ze2”3”+0(x€.3)+0<x5+6 (3)2>_

2
n~N m~N. 2=

q2
%
_ 9 2mi 2L ( Eq) licf0a
= — a O — 2 — s
, Z r(ny)e +0 |z " + <:r (q) )

ni~Ni

2
where Ny = %N, 1<b<a,b=—q (mod a). We apply Theorem A again
q

and then at most through log ¢ iterations obtain

(16) Z r(n)e®™ 5 = ¢ r(n)+ O (JcE (% + a)) .

n~N n~ 2
2

Hence,

Z r(n)e?™ % = Zio ((9:% + q) xs) .

n<zx q
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We are now in a position to prove Theorem 3. We set N(ag) = a, N(f)
= ¢. Then we have

Z T(a)esz( %)

N(a)<z

=a, —
_ Z eQTriaN(al)N(az)

q
ay,ag€Z[i]
N(ajag)<z

Z r(m)r(n)e%”
=23 > v

q =
Z 2711 _ § E §
d|q (m,a9)= ~d n< dlg m<T2 n<z%

m<a:2
(17)

(m,q)=1

= 221 B Zg’
say.

mn

27_” amn

For (m,q) = d we set m = myd, q = q1d, (m1,q1) = 1
Corollary we deduce

= 1. So, from the
>, Z Do rlmd) 30 (et
1

2

’ml<T

a =
ngmzld
i4e €
T r(myd) x \? x
I ol 3 (5 va (S _
dlg dq1 1 miq 1 mld mld
mlfﬁ mlsﬁ
¢ (m1a1)=1
PRk
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where A;(q), A2(q) are computable constants, ¢7° < A;(q) < ¢°, i =1,2. As
before, we have

d,=2. > rm (W;f +0 (mi+5) +0 (q1x5)> -
d| 1

(19) T omsaf

(m1,q1)=1

= Bla), +0(#17) +0(aur),

where ¢7¢ <« B(q) < ¢°. Collecting together our estimates (17)-(19) we derive
the desired result of Theorem 3.

5. Concluding remark

The result of Theorems 1 and 2 can be extended to the case of an arbitrary
imaginary quadratic field. It would be interesting to improve the bounds of a
nontrivial estimate for ¢ > 2% in Theorem 3.
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