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Notations. ¢ > 2 is an integer, A4, = {0,1,...,¢ — 1}; n =

M

€j(n)¢’, €j(n) € A, is the g-ary expansion of n.

0
We say, that f : Ng — R is g-additive, if f(0) = 0, and f(n) =

= > f(ej(n)¢’) holds for every n € N. The set of g-additive functions is
§=0

J

denoted by A,.

P = set of primes, p with or without suffixes denote primes, w(n) =
number of distinct prime factors of n, Q(n) = number of prime factors of n
counted them with multiplicity. Let P(n) be the largest prime factor of n. Let

Pr={n|w(n) =k}, Ny ={n|Qn) =k}. Let n(z) = ; 1, mp(z) = #{n <

<z, n€ P}, Nplz) =#{n <z, ne N} Let xy =logz, 3 =logzy,....
®(x) = Gaussian normal law.

The letters ¢, ¢y, co, ... denote suitable positive constants not the same at
every occurence. Let furthermore {y} = fractional part of y, ||y|| = min({y}, 1—
—{y}), ely) =¥

In this paper we shall formulate some generalizations of earlier results of
the second named author.
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66 L. Germén and I. Katai

For f € A, define

(1.1) my= =3 F0a), o = = S (F(bel) —my),
q b=0 q b=0
N-1 N-1
(1.2) M(N)= > m;, D*(N)=)_ oj.
=0 =0

Let & be independent random variables, P(§; = f(bqj)) =1/q (b €
€Ay, nv =& + ... +&n-1, and so E(§;) (=mean value of §;)=m;, Eny =
= M(n), E(ny — M(N))? = D*(N), and so

(1.3) ¢ Y (f(n) = M(n))* = D*(N).

In [1] it was proved, that

(1.4) Y (f(p) = (N))? < eD*(N).

T QN) pg

This inequality had been deduced from a nontrivial estimate for

#{p < qN | €51 (p) = b1, Ejz(p) = b2}7

where 0 < ji,j2 < N, j1 # j2, bi,ba € A;. The proof depends on the
Siegel-Walfisz theorem for primes in arithmetical progressions, on sieve results
for the upper estimation of primes in short intervals, and on two theorems for
trigonometric sums with prime variables which will be refered now to as Lemma
1 and 2.

0
Lemma 1. (I.M. Vinogradov) Let H = ¢%V@1 o = %+ otk (a,Q) =
=1, 10/<1, 1<Q <z,

(1.5) S(@ | a) = e(ap).
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1
+ Q Then

1
Let R= — —
¢ HJr Q =z

(1.6) |S(z | @) < cx- 23R

(see in [2], Chapter 10, §2).

Lemma 2. Let ¢¢ > 0 be a small positive constant, v > Y >
>zem VT )< Q< eV (a,Q) =1. Then

a cY loglog @
1.7 — i = el =i
w @)=
(see [2], Chapter 10, §3).

Repeating the argument without any important changes which was used
to prove (1.4) we obtain

Theorem 1. Let 1 < B <z'/3 (B,q)=1, f€ A, *>q. Then

1

(%)

> (f(Bp) — M(N,))? < cD*(N,),
p<wz/B

where ¢ > 0 is a numerical constant, N, is the integer, for which x < ¢+ < qx.

In a joint paper of N.L. Bassily and I. Kdtai [3] it was proved

Theorem A. Let f € A,, and sup |f(bg’)| < c. Let P(z) be a
JEN, bEA,

polynomial with integer coefficients, r = deg P(z) > 1, the leading coefficient
of P be positive. Let N, = [10“]. Assume that D(N)/N/3 — oo (N — 00).

log q
Then

m L4 {Mx ’ f(P(n)) — M(Nr) <y}_@(y)

T—00 I D(Nr)
and
1 f(P(p)) = M(Nr) _
Jim, m# {p <z ’ DN < y} =o(y).

The proof is based upon some theorems of I.M. Vinogradov and L.K. Hua
for trigonometric sums, by which the following assertion was proved.
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Theorem B. Let A > 0 be an arbitrary constant. N = N, = [llgiﬂ Let
h be fized, bi,...,by € Ag and i, ..., I, be integers for which

(1.8) N3 <l <ly<...<l, <rN — N3
Let
Yi:=#{n<z|a,(Pn)=0b;, j=1,...,h}
and
Yo:=#{p<z|a,(P(p)=0b;, j=1,...,h}.
Then
(19)  ¢"Si=a+ O, "% = (@) + Oln(x) - a7 ).

The implicit constants in the error terms on the right hand sides of the formulas
(1.9) may depend on P, h, .

The deduction of Theorem A from Theorem B is quite straightforward.
One consider the normalized sums

1 f(P(n)) = M(rN)\"
o= 3 (R )
! f(P(p)) = M(rN)\"
) m%( o))
1 fln) = M(rN)\"
o (#) Z( o)

From Lemma 1 it follows almost immediately that ag(z) — cp(x) —
— 0, br(x) — cp(xz) — 0 (xr — o), for every fixed k =0,1,2....

By standard method of probability theory for sums of independent random
variables one can obtain that

lim ¢, = /xkd‘l),

whence by using the Frechet-Shohat theorem (see in Galambos [4]) Theorem
A immediately follows.

By using the method of proof of Theorem B one can obtain the following
assertion which we quote as
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Lemma 3. Let N = [igiﬂ , A > 0 be an arbitrary constant, h € N. Then

h

(I/B)#{Bp<x | &1, (Bp) = by,

sup sup
N1/3<l1<..<lp<N—N1/3 by,..,bp€A,

j=1,...h}—1|<

uniformly as 1 < B < z'/3, (B,q) = 1.
Hence by using the argument which was applied getting by Theorem A

from Theorem B, we obtain

Theorem 2. Let f € A;, sup |f(b¢’)] < c. N = ngdc} Assume
jJEN, beA, &4

that D(N)/N'/3 — oo. Let 1 < B < z'/3, (B,q) = 1. Then

- $) - M)\
fgiiiye[“i‘.imm;)#{p”w‘ By <)) <o)

where 7(x) — 0 as ¢ — oo.

According to a theorem of H. Delange [5] f € A, has a limit distribution,
if and only if

(1.10) Z Z f(ag’) is convergent and
j=0a€A,
> .
(1.11) Z Z f*(ag’) < 0.
j=0a€A,

Katai proved that f € A, has a limit distribution on the set of primes,
if and only if (1.10) and (1.11) hold true. The sufficiency of the conditions
has been proved by J. Coquet and I. Kétai, independently, earlier. Here we
formulate now without proof

Theorem 3. Let f € A,, assume that (1.10), (1.11) hold. Let &, &1, &a, . ..
be independent random variables, P(&; = f(bg?)) = 1/q if j > 1, b €
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€ A, P(éo = f(b) = 1/o(q) if b € Ay (boq) = 1. Let 0 := > &. Then
=0

the right hand side is almost surely convergent. Let F(y) := P(5< y). Let
1<B<2z'3 (B,g) =1,

F. 5(y) = ! )#{p< % :f(pB) < y}-

™ (%

Then

max sup|Fy.5(y) — F(y)] < 6.,
1<B<zl/3
(B,g)=1
0z — 0 (x — ).

2. Let k = k(z) € N be a function of z, such that 1 < k < §(x)xs, where
0(x) — 0 monotonically, as © — oo. It is known, that

(2.1) (@) = (L ou() ST
' Tk N * Tl (k — 1)'7
k—1
T oz
2.2 Ni(z) = (1 1) ——2—
( ) k(!L‘) ( +O$( ))Il (k*l)'
uniformly as 1 < k < d(x)xe. Let j, := [1, d(x)xs]. Furthermore, it is clear

that uniformly in k& € J,

#{n<z|nePy (ng >1} -0 (z— ),

1
Wk(.’b)

1
< € ,q)>1}—0 )
Nk(x)#{n <z |neN (n,9) >1} =0 (z—00)
Let us write every n € Py (and n € N}) as n = 7p, where p = P(n).

Lemma 4. Assume that 6(x) — 0 (x — o0), monotonically. Then there
exists some suitable e(x) — 0 (x — 00) monotonically such that

(2.5) L#{ngx |nePy, m>p @Y 50 (z— o),

()
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and

1
(2.6) W#{ngx |neNe, 7n>p @} -0 (2— ),

uniformly as k € J,.

Proof of Lemma 4. The case k = 1,2 is clear. We assume that & > 3.
From (2.1), (2.2) one can deduce easily that

1
——#{n € Pr, n <z, n# square free} — 0,

7k (2)

1
ECarny < f 0
Nk(x)#{n € N, n <z, n# square free} — 0,

as ¢ — oo uniformly in k& € J,. Consequently it is enough to prove (2.5).
Let y € [Vz,z], pe P, p < a'/4,

T=T(y,p) = Z log n.

n<y
nEPE_1
P(n)<p

Then

k— e
7= togtymes (55) < 215 oy 1B sy <

ep A 1 (/ﬂ - 3)' t<p to
t<p o< gl/4
k—3
CYy Ty —1/5
— 1 @
S 3y er (yz=77),
whence we obtain that
cy a5 ° 15
27 #n<y nePra, Pln)<p}< 5 =3 logp + O(yz™"7).
I !

Let € > 0 be fixed. We shall estimate those n = 7mp € Py, for which n < =z,
7 > p<(*). We can drop the integers (P 3) n up to . Itne {f—l,x} then
x> pr > p'te and so p < 27, Let us count first those n € Py, for which

p < a2, where p is a small positive number. As we observed we may assume
that n = squarefree.
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From (2.7) we obtain that

#{n <z, n € Py, P(n) <x° n =squarefree} <

<Z {m<, m € Pr_1, P(m)<p}§

p<lzxe
k—
<Z T 1ogp
2 3)! Z O(a/Pa3) <
p<x?
k—3
<cg£ + O(a/5xy).
A (k 3)

Let n=mp € Py, ™ > pS, p> 22 Then ¢ < p° < 7 < 2172, and

(2.8)
k—2 1

_ cxx
Hn=mpePp, n<z, z° <7<t Q}<(k—22)! Z

mlog =

TEPR_1
ne[zee zl—e]

Let Uy :=2'72, U; :==279Uy (j =0,1,...,70), where jo is the smallest integer
for which U;, < z¢. To estimate the sum on the right hand side of (2.8) we

subdivide it into subsums > . We have
m€[Uj+1,Uj]
1 c k=2
Z T < z ﬂ'k_l(Uj) < i 2 -
m€[Uj41,Uj] mlogs — Usalog U; (log U;) log z¢27 (k — 2)!
Since

(log Uj)longQj ={(1 - 0)x1 — jlog2}{ox1 + jlog2} =
= [21 — (o1 + jlog 2)](ox1 + jlog2)

and
or1 < ox1 + jlog2 < gz + jolog2 < (1 —eg)z; —log2,

furthermore jolog2 < (1 — o — €p)x1, after some computation we obtain that

Jo 1 < clogl/g’

j;) [x1 — (0x1 + jlog2)][ox1 + jlog2] — a3
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whence

cxlogl/o acg*z

T1 (k‘—2)'

#{n <z, n=mnp€ Py 2% < w< ' 7% n = squarefree} <

Collecting our inequalities Lemma 4 follows. By using Lemma 4, further-
more Theorem 2 we shall obtain

Theorem 4. Let f € A, k € J,, and sup |f(bg’)| <c. Let N =N, =

j=1,2,...

bEAG
= “‘Siﬂ Assume that D(n) /N3 — oo. Then
1 f(n) — M(N) ‘
- <z, neP L cyl—® — 0
|yt s e P | Ty <o
as x — oo, and
1 f(n) — M(N) '
- <z, nenN L B A O 0
22 sy = e e | Ty < o]
as x — 0o.

Theorem 5. Let f € Ay, and assume that (1.10), (1.11) hold. Letk € J,,

() = o <. n € Pe. fn) <),
W) 1= g <o n e Ne, fn) <.

Let F(y) be defined as in Theorem 3. Then

lim sup [H{® — F(y)| =0,

TR0 ked,

lim sup |G — F(y)] =0

T=0 ked,

if y is a continuity point of F.
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