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A JOINT LIMIT THEOREM
FOR HURWITZ-FUNCTIONS
WITH ALGEBRAIC IRRATIONAL PARAMETERS

A. Laurinéikas (Vilnius, Lithuania)
J. Steuding (Wiirzburg, Germany)

To the memory of Professor M. V. Subbarao

Abstract. We prove a limit theorem in the sense of weak convergence of
probability measures on the r-dimensional complex plane for a collection of
Hurwitz zeta-functions with algebraic irrational parameters.

1. Introduction

Let s = o+it be a complex variable, and « be a fixed real number satisfying
0 < a < 1. The Hurwitz zeta-function (s, a) with a parameter « is for o > 1
defined by

s 1
((s,0) =3 ——
2 Tarar

and by analytic continuation elsewhere, except for a simple pole at s = 1 with
residue 1. If @ = 1, then ((s, o) reduces to the Riemann zeta-function ((s).

The first limit theorems in the sense of weak convergence of probability
measures for the Hurwitz zeta-function were obtained in [1], for the further
development see [7]. However, these results considered ((s,a) with transcen-
dental or rational parameter o. For the case of an algebraic parameter o a new
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method was needed, and this case was treated in [6], [8] and [9]. We will recall
the latter results.

Denote by meas{A} the Lebesgue measure of a measurable set A C R,
and define, for 7' > 0,

vh(.) = %meas{t €[0,7]: ..},

where in place of dots a condition satisfied by ¢ is to be written, and the sign
t in V4 indicates that the measure is taken over ¢ € [0;T]. Let B(S) stand for
the class of Borel sets of the space S. We also need the following topological
structure.

Suppose that « is an algebraic irrational number. Define the system
L(a) = {log(m + a) : m € Ny},

where Ny is the set of non-negative integers. J.W.S. Cassels in [3] proved
that at least 51 percent of the elements of L(a) are linearly independent over
the field of rational numbers Q. Let I(a) be a maximal linearly independent
subset of L(«). We assume that I(a) # L(a), because otherwise we would
have the same situation as in the case of transcendental «. Define D(a) =
= L(a) \ I(«). Then, for any element d,, € D(«), the system {d,,}JI(a)
is already linearly dependent over Q, and therefore, there exists a finite set of
elements iy, , ..., im, € I(a) such that

ko(m)dpm, + k1(m)im, + ... + kn(m)ip,, =0
with some non-zero integers k;(m), j = 0,1, ...,n. Hence, we find that

_ E1(m)  kn(m)
(1) m+a=(m;+a) Fm . . (m, +a) Folm,

Now let M(a) = {m : log(m + a) € I(«)} and N () = {m : log(m + a) €
€ D(a)}. Define
Q= H Y

meM(a)

where ,, =y = {s € C: |s| = 1} is the unit circle for all m € M(«). Since 7 is
compact, it follows from the Tikhonov theorem that the torus 2 with product
topology and pointwise multiplication is a compact topological Abelian group.
Therefore, on (€2, B(2)) the probability Haar measure my exists, and we obtain
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a probability space (Q, B(2),mg). Denote by w(m) the projection of w €  to
Ym- If m € N(a) and relation (1) is true, then we define

_k1(m) _ kn(m)
(2) w(m) = w(my) Fom . w(m,) Fo0m,

where the principal values of the roots are taken. For o > % let

(saw) =Y (;(m)

m=0 +a)8

Then ((o,o,w), for o > %, is a complex-valued random variable on the
probability space (2, B(2), mg). For a region G in the complex plane, denote
by H(G) the space of analytic functions on G equipped with the topology
of uniform convergence on compacta. Let Dy = {s € C : ¢ > 1} and
Dy = {s € C: 4% <o <1} Then ((s,a,w) is an H(D;)-valued random
element as well as an H (Ds)-valued random element defined on (2, B(2), my).

Now we are able to state limit theorems for ((s, a).

Theorem 1. [8] Suppose that « is algebraic irrational, and that o > %
Then the probability measure

vip(C(o+it) € A), AeB(C),

converges weakly to the distribution of the random variable ((o,a,w) as T —
— 0.

Theorem 2. [6] Suppose that « is algebraic irrational. Then the prob-
ability measure
vi(((s+ir) € A), AeB(H(Dy)),

converges weakly to the distribution of the H(D1)-valued random element
((s,,w) as T — oo.

Theorem 3. [9] Suppose that « is algebraic irrational. Then the prob-
ability measure
vi((s+iT) € A), A€ B(H(D2)),

converges weakly to the distribution of the H(Ds)-valued random element
((s,ayw) as T — oo.

The aim of this paper is a generalization of Theorem 1 for a collection of
Hurwitz zeta-functions. Let aq, ..., o, be distinct algebraic irrational numbers,
0<a; <1, and,fora>%,

S 1
C(S,aj) = Z W, j= 1,...,7.

m=0
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Let a = (a1, ...,a,) and ¢ = (071, ...,0,). Define on (C", B(C")) the probability
measure Pr, o by

Pr, o(A) = vh((¢(or + it a1), ..., ((or +it, o)) € A).

Moreover, let
@ =TT,
j=1

where

meM/(ay)

with v, = v for m € M(q;), j =1,....,r. Then Q) is also a compact topo-
logical Abelian group, and we obtain a probability space (Q("), B(Q(")), mg)),
where m(lg) is the probability Haar measure on (Q(,B(Q(")). Note that

m(HT) is the product of the Haar measures on Q;, j = 1,...,r. Denote by

w = (w1, ...,w,) the element of Q", where w; € Q;, j = 1,...,7, and define on the

probability space (Q), B(Q("), mg)) a C"-valued random element ((o, o, w),
1

for 1r<nJ1n oj > 5, by

((o,a,w) = (C(o1, a1,w1), ..., C(0r, ap,wr)),

where

o0
((oj,05,wj) = E j=1,...,r

m (07
m=0 + j

and
projection of w; € Q to vy, if m € M(qy),
wj(m) =
relation of type (2), otherwise,

j=1,...,r. Denote by P, , the distribution of the random element ((c, o, w),
that is

Pyo(A) =m? (g €0 : ¢(0,a,w) € A) . AecB(C.

Theorem 4. Suppose that «q,...,a, are distinct algebraic irrational
numbers such that the set
i
U ()

j=1
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Then the probability

(SIS

is linearly independent over Q, and that 1r<nl£1 o; >
<j<r

measure Pr s o converges weakly to the measure Py o as T — ooc.

1/2

Example. Let a; = p; ", where p; denotes the j-th prime number (in

ascending order). Then the hypotheses of Theorem 4 are satisfied.

2. A limit theorem on Q")

We start the proof of Theorem 4 with a limit theorem on Q). For A €
€ B(Q™), define
Qr(A) =

vk (({(m + al)it :m € M(ar)}, ..., {(m+ ar)” im € M(ar)}) € A) .

Lemma 5. Suppose that the numbers aq, ..., a,. satisfy the hypotheses of

Theorem 4. Then the probability measure Qr converges weakly to the Haar

r
measure mg{) as T — oo.

Proof. The dual group of Q") is isomorphic to

é D Zm:

i=1 meM(ay)

where Z,,; = Z for all m € M(a;) and j =1, ...,r. The element

k= ((kml)me./\/l(a,,w)a ) (kmv mEM(ar) @ @ Zmi

J=1 meM(ay)

acts on Q") by
r .
=T I @i,
J=lmeM(ay)

where only a finite number of integers k,,; are distinct from zero. Therefore,
the Fourier transform gr (k) of the measure Qr is

-/ I II < emdor

Q) J=1meM(ay)
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where, as above, only a finite number of integers k,,; are distinct from zero.
Thus, by the definition of Q7 we have

/H [ (et ag)ntdt =

0 J=lmeM(ay)
T
1
:T/exp ztz Z ki log(m + o) p dt.
0 Jj=1meM(ay)

-
Since the set |J I(«;) is linearly independent over Q, hence we easily find that
j=1

1, if k=0,

gr(k) = eXP{iTZ 2 ks log(m+aj)}—

j=1meM(ay)

= , otherwise.
ATy > kg log(mtay)

j=1meM(ey)

1 ifk=0,
i vt~ {

Teo 0 ifk#0.

Therefore,

Hence, by general continuous theorems on locally compact groups, see, for
example [5], Theorem 1.4.2, we obtain that the measure Q7 converges weakly
(r)

to my’ as T'— oo.

3. Joint limit theorems for absolutely convergent series

For fixed o1; > % and m,n € Ny, we put

m+a;\ 7Y
vi(m,n,a;) =expq — T ,
j
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and define, for o > %,

o0
vi(m,n,a;)
(m+a;)

Cn,j(saaj) = .] = 1; w1

m=0

In [8] it was observed that the latter series converges absolutely for o > 1.

2
Since |w;(m)| = 1, the series

oo

wi(m)v;(m,n,a;)
i (m)v; J _
Cn,j sozj,wj E NPT , J=1,..r
—0 L J

is absolutely convergent in the region o > %
This section is devoted to the weak convergence of the probability measures

Prag.a(A) = Vh((Coa (o1 +it, 1), ey G (0n +it,ar)) € A), A€ B(CT),
and
Propg.a(A) = Vh((Cua (o1 + ity a1,01), .y Gur (07 + ity 0, @) € A),
A e B(Cn),

where & = (&1, ..., &) is a fixed element of Q).

Theorem 6. Let 11f<1111f<1 o > 5. Suppose that the numbers aq, ..., o, satisfy
<j<r

the hypotheses of Theorem 4. Then there exists a probability measure Py, 5 o 01

(C", B(C")) such that both the measures Pr.p.g.o and Pr, 5o converge weakly
to Ppg.o as T — oo.

Proof. Let the function h,, , o : Q") — C" be given by the formula

hng.a (({wr(m) :m € M(ar)}, ... {wr(m) : m € M(a)})) =

B i v1(m,n,a) i (m,n, a,)
N m=0 (m + a1)01w1 ’ =0 m + Qr UTwT(m) '

Since the series

o0

Sl g

A= (m+ag)%iw;(m)’

converges uniformly with respect to wj;, the function h,, o is continuous.
Moreover, we see that

hno.a (({(m +a)) :me M(a))},...{(m+a)" :me M(a,.)})) =
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= (Cua(or +it, ), .o, Gur (00 +it, o).
Therefore, Lemma 5 together with Theorem 5.1 of [2] shows that the probability
measure Pr, ; o converges weakly to the measure mg{)hnb o

Now let Ay o : Q) — Q) be defined by

as T — oo.

71& o ({wi(m) :m e M(aq)}, ..., {wr(m) :m € M(a,)})) =

= ({wi(m)er (m) :m € M(ar)}, ..., {wr(m)@, H(m) : m € M(ay)}).
Then we have that

2 &1 (m)vr(m,n, o) = &y (m)v,(m,n, o) _
(Z (m+ a1)° ’Z (m 4+ a,)or >_

m=0 m=0

= g (ha, o(({0m+a1)™ :m € M(an)}, o {(m + 0, s m € Mar)}))

Thus, similarly to the case of the measure Pr , s o, We obtain that the measure
PT’W,,Q converges weakly to mg)(hn’g’gﬁg’ Q)_l as T — oo. Since the Haar

measure mg{) is invariant, we have

mg) (hn.o.a Bg, o) = (mg)ﬁélg)) h’n}f a = m(r)hn}y o

and the theorem is proved.

4. Approximation in the mean

For z(1) = (z%l), ...,zﬁl)), 2 = (z?), ...,252)) € C", let

2
2

p(zV,2@) = | 30|40 - 27|
j=1
Then p is a metric in the space C” which induces its topology. In this section,

we will prove some preliminary results in order to pass from Theorem 6 to
Theorem 4.
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For brevity, define

(o, o) = (C(o1 +it, on), ..., (o + it ar)),

gn(g,gy t) = (Cn,l(al + it»al)a ~~~a<n,r(0'r + itvar)),

and
C(gagvga t) = (C(al + Zta a17w1)7 eeey C(UT + Zt7 Qo wT))a

gn(gv o, W, t) = (Cn,l(al + Zt7 aq, wl)a ceey CTL,T(UT + Zta Qp, Wr))

Theorem 7. Suppose that 1I<n‘in o;j > Loand aq,...,a, satisfy the

<j<r 2
hypotheses of Theorem 4. Then

T

lim limsup%/p (Q(g,@, t),¢, (o, qa, t)) dt =0

n—0 T 400
0

and, for almost all w € Q)

T
1
lim limsupf/p(i(g,g,%t)( (@%%ﬂ) dt = 0.

n—0o0 T_,~o - =n
Proof. By Lemmas 6 and 9 of [8] we have, for each j =1, ..., 7,

T
1
lim lim sup T / (o +it,a;) — Culoj +it,a5)| dt =0,
0

n—0 T—oo

and, for almost all w; € Q;,

T
1
lim limsup T / IC(o; + it, aj,w;) — Cnloy + it, o, wj)| dt = 0.
0

n—oo T—00

This and the definition of p prove the theorem.
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5. Ergodicity

For t € R, define

Atq = {({(m +a) " ime M(aq)}, ., {m+a,) " im e M(ar)})} )

Now let {¢¢.q : t € R} be the one-parameter family of transformations on
Q) for w € Q) defined by

Dta(W) = arow.

Then {y; o : t € R} is a one-parameter group of measurable measure preserving

transformations on Q7). We recall that a set A € B(Q(")) is invariant with
respect to the group {¢; o : t € R} if, for each ¢, the sets A and A; = ¢, o(A)
differ one from another by a set of zero mg)—measure. All invariant sets form a
o-subfield of the field B(2(")). The one-parameter group {¢; , : t € R} is called
ergodic if its o-field of invariant sets consists only of sets having m(Hr)—measure
equal to 0 or 1.

Lemma 8. The one-parameter group {¢¢ o : t € R} is ergodic.

Proof. Let x : Q") — ~ be a character. Then
Ko
xw =11 I wm),
J=1meM(ay)

where only a finite number of integers k,,; are distinct from zero. If x is a
non-principal character, then

Xao) =] T[ (m+ay) .
J=lmeM(ay)
Since the set

U I(ay)

is linearly independent over QQ, hence we find that there exists a ty # 0 such
that x(at,o) # 1. The further proof runs in the same way as that of Lemma 7
from [8].
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6. Proof of Theorem 4

Define on (C", B(C")) another probability measure

PTv Q(A) = V%((C(Ul +it7a17w1)7 "~a<(0r + it,ar,wr)) S A)7

1

where (wy, ...,w,) € Q).

Theorem 9. Suppose that gnr<1 o; > %,
<<

satisfy the hypotheses of Theorem 4. Then on (C",B(C")) there exists a

probability measure Py o such that both the measures Pr s o and PTE& converge
weakly to Py o as T — oo.

and that the numbers aq, ..., o,

Proof. By Theorem 6, both the measures Pr , ;. and me&g converge

def (7’) hol

weakly to the same measure P, 5 o = oo 8T — 0o. We will prove that

the family of probability measures {Pmg :n € Ny} is tight (for the definition,
see [2]).
By the definition of Py, , and Chebyshev’s inequality, for M > 0, we
have
Prnga({z€C:p(z,0)> M}) =

=vh (p(Calo, a,t),0) > M) <
T

/ (o,a,t),0)dt <
0

Z‘Cn iloj +it, a7)|2 )| =

Jj=1

| /\

I/\
Nl
O\H

1 1
(3) = M Z T/'Cn, j(Uj +it,&j)|2 dt

Since the series for (,_ ;j(o; + it, ;) converges absolutely, we have that

1
limsupT/Kn,j(Gj +it,(1j)|2 dt =
0

T—o0
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oo

o0
m n, ozj 1 def
< = - X0
Z (m + ) 20772(77’11"’0(]‘)203' Rj <

m=0 m=

0
for j =1,...,r. Therefore, in view of (3),

limsup Prn.00({z € C": p(2,0) > M}) <

T—o00
1
T T 2
1 R
(4) < sup hmsup = Cnsloj +it )P dt | < =
neNg T—oo — T M
j=1 0
with
1
r 2
R= Rj < 0.
j=1

For arbitrary € > 0, let M = Re~!. Then (4) yields the inequality

(5) limsup Prp00({z € C":p(2,0) > M}) <e

T—o0

Obviously, the function h : C" — R given by h(z) = p(z,0) is continuous. This,
Theorem 6 and Theorem 5.1 of [2] show that the probability measure

vk (p(Culo,a.),0) € A), A€ B(R),

converges weakly to P, , oh ™! as T — oo. Since the set {z € C" : p(z,0) > M}
is open, this, Theorem 2.1 of [2] and (5) imply
(6)

Phoa{z€C:p(2,0) > M}) < liqminf Prypoa{z€C:p(2,0)>M}) <e

The set K. = {z € C" : p(z,0) < M} is compact in C", and by (6)
ProoK:)>1—¢

for all n € Ny. So, the tightness of the family {P,,o : n € No} is
proved. Hence, by the Prokhorov theorem [2] this family is relatively compact.
Therefore, there exists a subsequence {Py, 5.0} C {Pn,,a} such that P, ;o
converges weakly to some measure Qs on (C",B(C")) as ny — oo. Let
Xn, a(g) be a C"-valued random element with the distribution P, , o, and
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let 2 denote the convergence in distribution. Then the weak convergence of
Py, 5o to Py o as ny — o0 is equivalent to the relation

(7) Xnral@) 2 Qo

ni1— 00

Let 6 denote a random variable defined on a certain probability space
(Q, B(Q),P) and uniformly distributed on [0,1]. We set

X7 n,a(0) = Caula,a,0T).

Then the statement of Theorem 6 can be written in the form

(8) X1na(@) 2 Xnal0).

— 00

Moreover, by the first assertion of Theorem 7, for every € > 0,

lim limsup P (p (X7,n,0(0), X7,0(0)) > €) =

n—oo T—00

= lim limsup v/% (p (C(Q,g, t).¢, (0, o, t)) > 6) <

n—oo T—00 _— -

T
1
lim limsup —/p ¢(a,a,t),¢ (Q7Q7t)) dt =0,
n—0 T 00 T n
0
where
X1a(o) =((a,a,0T).

Now this, (7), (8) and Theorem 4.2 of [2] show that

(9) Xra(0) 7 Qoo

which is equivalent to the weak convergence of the measure Pr s o to Py o as
T — oo.

It remains to obtain the same result for the measure PT,Q,Q. First we
observe that in view of (9), the measure P, , is independent on the sequence
Pp, o.a- Thus, from the relative compactness of {P, 5} we have that

(10) Xna(0) > Qo.a.

- n—00
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Now putting
XTna( ) = Calo, a,w,07)

and A
XT,Q(Q) = g(gv a,w, eT)7

and using (10), Theorem 6 and the second statement of Theorem 7, we obtain

in a similar way as above that the measure Pr, . also converges weakly to
Qoo as T — oo.

Proof of Theorem 4. By Theorem 9 it remains to check that the limit
measure Qg o is the distribution Py o of the random element ((c,a,w). This

can be done by a standard argument. Let A € B(C") be a continuity set of the
measure Q. Then we have by Theorem 2.1 of [2] that

(11) lim VT (C(Q,Q,Q, t) € A) = Q£7 Q(A)

T—o0

for almost all w € Q). Let us fix the set A, and on (2", B(Q)(") define the
random variable 1 by

1 if ¢(o,a,w) € 4,
n=nw) =
0 otherwise.
It is easily seen that the expectation E(n) of n is
(12 Em= [ ndm) =m(we 20 (o,00) € A)) = Pra(4).
Q)

Taking into account Lemma 8, the process (¢, (w)) is ergodic. Therefore, by

the classical Birkhoff-Khintchine theorem, see for example [4], we obtain that
T

(13) Jim 7 [ n(euate)dt =BG
0

for almost all w € Q). However, by the definitions of 7 and Ot,a

el

T
/77 <Pta = V%(Q(Q7Q7Q> t) € A)'
0

Now this, (13) and (12) yield
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Thm V%(Q(Q7 a,w, t) € A) = PZ,Q(A)
for almost all w € Q). Thus, by (11), Qu.a(A) = P, (A) for all continuity
sets A of Qq,o which is sufficient to deduce that Q, o(A) = Py o(A) holds for
all A € B(C"). The proof of the theorem is completed.

References

[1] Bagchi B., The statistical behaviour and universality properties of the
Riemann zeta-function and other allied Dirichlet series, Ph.D. Thesis,
Indian Statistical Institute, Calcutta, 1981.

[2] Billingsley P., Convergence of probability measures, John Wiley and
Sons, New York, 1968.

[3] Cassels J.W.S., Footnote to a note of Davenport and Heilbronn, J. Lon-
don Math. Soc., 36 (1961), 177-184.

[4] Cramér H. and Leadbetter M.R., Stationary and related processes,
John Wiley and Sons, New York, 1967.

[5] Heyer H., Probability measures on locally compact groups, Springer
Verlag, Berlin, 1977.

[6] Laurinéikas A., A limit theorem for the Hurwitz zeta-function with
algebraic irrational parameter, Zapiski Nauchn. Sem. POMI, 322 (2005),
125-134.

[7] Laurincikas A. and Garunkstis R., The Lerch zeta-function, Kluwer,
Dordrecht, 2002.

[8] Laurinéikas A. and Steuding J., A limit theorem for the Hurwitz zeta-
function with an algebraic irrational parameter, Arch. Math., 85 (2005),
419-432.

[9] Laurinéikas A. and Steuding J., A limit theorem in the space of an-
alytic functions for the Hurwitz zeta-function with an algebraic irrational
parameter (submitted).

(Received October 2, 2006)



30

A. Laurincikas and J. Steuding

A. Laurincikas

Dept. of Probability Theory
and Number Theory
Vilnius University
Naugarduko 24

LT-03225 Vilnius, Lithuania

J. Steuding

Department of Mathematics
Wiirzburg University

Am Hubland

D-97074 Wiirzburg, Germany





