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SOME FURTHER REMARKS ON THE
ITERATES OF THE ¢ AND THE +-FUNCTIONS

I. Katai (Budapest, Hungary)
M.V. Subbaraof

1. Introduction

Notations. N = set of positive integers, P = set of primes; w(n) = the
number of distinct prime factors of n, ¢(n) = Euler’s totient function, o(n) =
the sum of positive divisors of n. For some multiplicative function f : N — N,

let fo(n) = n, fi(n) = f(n), fi+1(n) = f(f;(n)) ( = 1,2,...). For the
variable x let 1 = logx, o = logxy,... . The letters p,q with or without
suffixes always denote prime numbers. The largest prime factor of n is denoted
by P(n), the smallest prime factor of n is p(n).

As usual let

(L1) Ulr,y) = #{n<z : P) <y} (2>y>2),

(1.2) O(z,y) =#{n <z : p(n) >y}

It is known (see Tenenbaum [1], Theorem 1.4.2) that

(1.3) <I>(a?,y)=$H<1_;,1,) {HO((logly)?)}

p<y

if

2§y§exp<1g;2)-
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Several questions on the prime factors of ¢i(n) (k-fold iterate of ¢), and
on oi(n), furthermore the size of the set of n < x satisfying (n,pr(n)) = 1
were investigated. A non-complete list of the relevant paper is: [2]-[14].

2. On the function Ej(n) := (n,¢r(n))

Let k > 1 be fixed,

(2.1) Er(n) :== (n, px(n)).

(2.2) Ki(n) := (n,or(n)).

Let

(2.3) A(n,y) = [] »*
p%In

Theorem 1. We have

(2.4) %# {n<z : Ey(n) # A(n,mg)} = 0,(1),

(2.5) é# {n<z : Ki(n) # An,25)} = 0,(1).

Proof. We shall prove only (2.4). The proof of (2.5) is similar, so we omit
it. Let £, be a sequence tending to zero (slowly). Let A; be the set of those

n < x for which p|n holds for some p € L, = {x];*“',xéﬁ“] Then

(26) #A)< S m gmog’;fi: +o<;> =o<<sz+1) zr)

T
PELy 3

Let Ay be the set of those n < x for which ¢|FE(n) for some ¢ > 2%.
We shall say that pg, p1, ..., pr is a chain of primes, if

pji+1—1=0 (modp;) (j=0,...,k—1)
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holds. Assume that po|gr(n). Then either pi|or—1(n), or not, and in the
second case p1|@g—1(n), where p; —1 =0 (mod pp). We can proceed as we did
in [13] and deduce that

2.7 #(As) < —
( ) 2 q; QPk

where we sum over all chains ¢ = pg, p1, ..., pp(< ).
The following assertion is proved in [4].

Lemma 1. Let

Sz, k)= > 1/p.

p<az
p=l(mod k)

Forl=1or—1and k <z, v > 3 we have

1T

p(k)’

Oz, k,l) <

where ¢1 is an absolute constant.

By using Lemma 1, we have

I DI 3 ELES ) DI
(m2<q pP1 P2 p1 Pk—1
<clx Zl/q =0 (1/x3).
q>a:2

(2.8) #(As) =0 (;;) .

zs3

Let Y, be a sequence tending to infinity slowly. We assume that Y, =
= O(x4). Let k(n) be the largest prime power divisor of n, with exponent at
least 2, i.e.

k(n) := max p®

p|n
a>2

Let Az :={n <z : k(n) >Y,}. It is obvious that

(2.9) #(As) < D ]% < \/%

a>2
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Let me P, m < 3312“761, and A, be the set of those n = v <z, v € N, for
which (7, ¢ (7v)) = 1. This holds only if (7, pr(v)) = 1.

Let By (m) be the set of all those primes py, for which there exists a chain
the starting element of which is pg = 7 (thus po, p1, ..., Pk is a suitable chain).
It is clear that (7, ¢k (v)) = 1 implies that (7, By (7)) = 1.

Thus, by Brun’s sieve we have

(2.10) #A) < Z IT a-1/p).
PEBy ()

™

By using the method given in [12], [13] we obtain that

ST 1p> s (say),

2
pEBy,
p<x
whence
x 1
(2.11) #(Ar) < —exp (xg) ,
T 2
and so

(2.12) > #(Ar) < wzay/71.

k—eg
T<T,

If n < x is such a number which does not belong to A; U Az U (UA,),
then Ey(n) = A(n,z%). (2.4) is proved.

By similar method one can prove

Theorem 2. We have

(2.13) #p<z : Bilp+a) # Ap+a,a5)} = om(x)),

(2.14) #{p <z : Kilp+a)#Alp+a,25)} = o(n(z)),

as x — o0. Here a # 0 is an arbitrary integer.
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3. Some lemmas

3.1. Let mp(z) = #{n <z : w(n) = r}. Hardy and Ramanujan [14]
proved that

z (xg+c) 7t

holds for every r € N, = > 3, with a suitable absolute constant c.

Hence one can prove immediately

Lemma 3. For every c; € R there exists co € R such that

(3.2) #{n<z : whn)>cr} < x:il .
1

3.2. Let @ be an arbitrary prime in the interval z§ < Q < zi/?’. Let

Ko, K1, ... be a sequence of completely additive functions defined for primes p
as follows:

L ifp=0Q,
(3.3) Ko(p) = {

0, ifp#£0,

(3.4) ki) = 3 i(0):

q€EP
qlp—1

(3.5) Si(y) =Y _r;(p)-

p<y

Lemma 4. Let z'/* <y < x. Then, for j > 2,

o (iy)(log logy)i—! (liy)(loglogy)’—2
oo s =R o (M)

and

(3.7 1) =1, 1) = -2 +0 (e V).
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Here m is an arbitrary positive integer, the constants implied by the error terms
may depend on j and m.

Lemma 4 is proved in [3] (Lemma 7).

Let

(3.8) T}ﬁk) ={v<Y : pv) > b},

(3.9) T8 (s5) = # {u e ™ w(B(v) = s}.

Lemma 5. Let /x <Y <z, z > 100. Then, with a suitable constant c
which may depend only on k, we have

(3.10) T® (s) < l' <C>SY

for every s > 1, and for every fixed sq

1 S
(3.11) 100) < 5 (£) #.ad),
S\ T3
ifs=1,...,s0. Here ® is defined by (1.2).
Proof. Let (z5 <) Q1 < ... < Q. be primes for which Q1 ... Qs|Ex(v).
Repeating the argument used in [13] one can see that the number of these
Ve Ty(k) is less than

Y
(312 2 ¢<Q1 Qs p® L p xl;)’

k k
il

(k)

where p; (0)) (1) (k)

is the final element of the chain of primes @, (= .
The contribution of the extraordinary cases when p(ll) = p;z;) (j1 # Jo),

or if pl % | or_¢(v) is smaller than (3.13) (which is an upper bound of (3.12)).
Since ®(Y, x5) <Y, we obtain from Lemma 1 that (3.12) is less than

Ya:’

(3.13) Q2 o
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whence by summing over all sets of primes (2§ <) Q1 < ... < Q, (< ) we
obtain that
1 1 1 c \°
e S ) )
Z Q?...Q% ~ sl x§§<m st \ 2z
Hence (3.10) is immediate.
To prove (3.11), we estimate Ti(,k)(s) by
Y k
Z Z (I)<Q 0. (k)’"%)"'
(#E<)Q1<...<Qs<a/® p{F) L pk) 1---KeP1---Ps
D S S P R DRO O
QU<<Qs (k) () Q1...Qs pPp---Ds
Qs>1'1 1 ls
As earlier, we obtain that
s—1
1 1 9 s Y
Z2§ Z@m Zl/Q (01$2)<<;17
Qs>al/? Q>
say. In >, first we sum over those p§k), e ,pgk) for which lglaxkpgk) < xl/%s,
For such collection of pgk), e ,pgk):
Y k Y ayt
(3.14) ® m m Y2 ) < ® _*)
Qi..-Qspy  -..Ds Q1..-Qs py  -..Ds

and for the others we use the trivial inequality

Y k Y
Gi5) o ( | ) < [ |
Qr...Qsp* .. .p Qr...Qpt* .. p

Summing up the right hand side of (3.14) over Q,...,Qs we obtain the

bound

1 e\’
-1
Vo v<x> -
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It remains to estimate the cases when max pl(k) > x1/45 We shall estimate

(3.16) >oooypY,

:D>p§k)>5131/45

where pl(k) is the final element of the chain Q;(= pl(o)), pl(l), e ,pl(k).

Let M := z'/** T be the smallest integer for which 2" M > z. Thus
T = O(z1). Let us define the sequence of the completely additive functions &;
by the rules (3.3), (3.4) with the choice @ = Q.

Applying Lemma 4 we get immediately that
k—
2

T 1 wQ
dopgp @My < ¢
=0 1/Q, it k=1

1
k2T e k> 2,

The proof of Lemma 4 can be completed easily.

4. Some theorems

Let z > 1 be a constant, h(n) := 2. Let

(4.1) My(z) :=">_ h(Ex(n)),
(4.2) T () = Z h(Kk(n))

Theorem 3. We have

(43) M) _ (1 4 0, 1))y,
(4.4) ka) = (1+0,(1))C(kzs)*"?,

where C' = C(z,k) is a nonzero constant.
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Proof. We shall prove only (4.1). The proof of (4.2) is similar, so we omit
it.
By using Lemma 3, we can find a constant cs such that

(4.5) Y h(By(n) < z/at,

w(n)>czza

say.
Let

(4.6) Ri={n<z|wh) > csa}.
Let

(4.7) Ro(V):={n<z| A(n,a5) >V},

where V € [x1,2'/4].
By using the known inequality

11
(4.8) U(z,y) < xexp (—212§§> as 2<y<zx

(see e.g. [1] Chapter III. 5. Theorem 1), we can deduce that

(4.9) #Ro(V) < x - kxgexp ( ! logV> .

2 kl‘g

Indeed,

Jo
(4.10) #Ro(V Z Z% T (2711, k),
7=0

V<D<zx
k
P(D)<ak

where jo is the smallest integer for which 270V > z. From (4.8), (4.10) the
inequality (4.9) follows.

Let now V = exp(x3). We have

(4.11) #Ra(exp(a3)) < z/zP,

where B is an arbitrary large positive constant.
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Let D < exp(z3) be fixed and let

U (D) == 3" h(Ex(n)

for those n = Dv, for which v € ’Tzk/D and w(E;(v)) # 0. If w(Eg(v)) = s,
then h(Eg(n)) < 2#(P) . 25 consequently, by Lemma 5,

U(D)<<ZW(D)J; il = s+ > L) <
! Dzxs st \ a3 s sl \ a3
(4.12) s=1 s>s0+1
<
Dz3

Collecting our inequalities we obtain that

My (z) < Z 2P (%,xlg) +

Dgexp(:cé)
P(D)Smg
(4.13)
w(D)
x z
+ O o Z D + O (x/x1), say.
? psex(sh)

P(D)gzg

Let €, be a sequence tending to zero slowly. Let us count for a fixed D

those v € 7, ,p for which there exists at least one prime 7 < xlg_sz, such that

7m|D and (7, o (Dv)) = 1.
By using the Brun sieve and repeating the argument for getting the
inequality (2.10), (2.11) we can deduce that the size of these v is less than

(4.14) <=2

Thus

My (z) > Z (P g (1‘17 1.5(1_81‘,)) +

Dy Sexp(mg)

(4.15) P(Dl)gz’;(l’sw)

+O<%ZS1>.
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Hence, by using (1.3) we deduce that

(4.16) M’;(I)Z(H%(l)) II a-vp ]I (Hpil)'

p<wk(1*51) p<xk(175m)
2 2

On the other hand, from (4.13) we obtain that

M (x z
(4.17) % <(1+o0.(1) [T a=1/p) (1+p_1>.
p<z§
Since
1
H 1— - 1Jri —1 as &, —0,

ola) p p—1

00 cpeal
therefore

2 = (14 0,(1)) exp <Z—I>Zl/p+31+o(x13) B

k
p<zy

= (1+0,(1))(kx3)*'C

with a suitable constant C' = C'(k, z) (# 0). Thus (4.3) is true.

By a somewhat complicated argument we would be able to prove the
following

Theorem 4. Let a #0, z > 1, h(n) := 2%,

Ur(z) ==Y _ h(Ex(p + a)),

Vi(x) =) h(Kx(p+a)).
Then
?(E:)) = (14 04(1))C" (k)™ ™",
‘7?((;)) = (1+0,(1))C* (kws)* ™,

where C* = C*(z,k) is a nonzero constant.
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