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ON THE NUMBER OF PRIMITIVE INTEGER
POINTS ON ELLIPTIC CONES
IN ARITHMETIC PROGRESSION

P.D. Varbanets (Odessa, Ukraine)

1. Introduction and notations

Let T;,,(z) denote the number of points (u, v, w) with integer coordinates
located on the elliptic cone

(1) u? + mo?, 0<w<uz,

where m is a positive squarefree integer.

Let r,,(n) be the number of integer solutions of the equation n = u?+muw?.

Then
Tn(z) = Z T (n?).

n<zx

1
In some cases there is a constant g = g(m), such that —r,,(n) is a multiplicative
)

function. This true, if m = 1,2 (mod 4) and the kind of the form u? + mv? is
one-class. But this is not true in general.

If m = 1, then we have a circle cone and T (z) is Pythagorean number
triple (u,v,w) with condition 0 < w < z. The asymptotic formula for T} (z) is
obtained in [1, 2]. The primitive Pythagorean triples (u, v, w) are considered in
[3-5]. W.Muller and W.Novak [6] investigated the number of primitive points
(u,v,w) satisfying u? + mv? = w?, wv < x, assuming the fulfilment of the
Riemann conjecture for the zeta function.

The aim of this paper is to give an asymptotic formula for the number of
primitive points on the elliptic cone u? + pv? = w?, 0 < w < x, w = (mod q),
where I,q € N, (I,q) =1, p is a prime number.

Notations. As usual Q(v/d) is the extension field of @ generated by v/d,
K (v/d) is the ring of integers in Q(v/d). (a, ..., a) denotes the ideal generated
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by ai,...,a, € K(V/d), {a, 8} denotes the ideal in K(v/d) with basis a, 3. If
a,b,...,c € Z then (a,b,...,c) denotes their greatest common divisor.

S ' denotes that we sum over the integers a (mod ¢) for which
a (mod q)

(a,q) = 1.
We define
1 if n=0 (mod q),
0y =
0 otherwise.
For some set {...} we write #{...} to denote the number of elements of {...}.

As usual, p(n) is the Moebius function, I'(z) is the Gamma function of

-2
Euler, ( a) is the Jacobi symbol defined for odd a.

Furthermore, let exp(z) = e®, e(z) = 2™, e (x) = ¢ <$> for z € R. If
q

(a,q) =1, then @ is the residue class mod ¢ for which aa = 1 (mod q).
The Vinogradov symbol X <« Y means that X = O(Y).

2. Results

Let p(n) be the number of those coprime pairs u,v € Z for which n =
= 42 4 pv? holds.

Lemma 1. Let p be a prime, p =3 (mod 4). Then
0, if pln,
(2) p(n?) =< p(2n), if (n,p) =1, n even,
p(n), if (n,p) =1, n odd.
Proof. The assertion that p(n?) = 0 if p|n, is clear. Assume that n is
even, n = 2k. We shall prove that there is a one-to-one correspondence between

the primitive representations of 4k, and 4k? by the form u? + pv?. If (u,v) =1
then clearly u,v are odd. Let u1,v; be defined by

{u:2u1—|—v17
v = V1.



Number of primitive integer points on elliptic cones in arithmetic progression 27

Then (u,v) = 1 holds if and only if (u;,v1) = 1, and wv is odd if and only
if uqvy is odd. There is a one-to-one correspondence between the solutions of
u? + pv? = 4k and

+1
uf +uivy + pva =k,

and that of the primitive solutions of them. Thus, it is enough to prove that
the number of primitive solutions (3) and (4) are equal, where

1

(3) u? +uv + 1%”2 =k (v odd),
1

(4) u? +uv + 7%1)2 = k? (v odd).

Let ¢(u,v) = au?® + buv + cv?, d = b? — 4ac, (a,b,c) = 1. Let A be the ideal

vd in K(v/d) and norm N(A) = a. Then

1 b+ Vd b—d
o(u,v) = N{A) (au+ 21}) (au—i— 5 v) .

Therefore, if u, v is a primitive solution of (3) such that v =1 (mod 2), then

1 1++/— 1—/—
k:uz—l—uv—i—%?ﬂ: <u++2pv> (u+2pv>,

with basis a,

then

1+ /- 1—/— 1
k? = <u1 + +pv1> (ul + 2p111> = u% —|—u1vllivf,

2 4
1
u1:u2—p+ v2, v1:2uv+v2.
14— _ 1—/=p
The ideals A = {1,+2p}, A = {1,2]9} are coprimes, and

it is easy to verify, from (u,v) = 1 and v odd, it follows that (ui,v1) = 1,
(v1,2) = 1. Thus the primitive solution of equation (3) generates the primitive
solution of (4). On the other hand, if (u1,v1) is a primitive solution of (4) with
v =1 (mod 2), then from the equations

<u—|— H;/7v> <u+ 1;/7’1)) =k* wv=1 (mod 2),



28 P.D. Varbanets

and from the fact that A and A are coprimes, we obtain that A is the square
of a principal ideal. Since the order of the group classes of ideals of Q(v/—p),
p = 3 (mod 4) is an odd number (see [7], Th.4, Ch. V.4), and so A is a principal
ideal, too,

A:<u+1+£/jpv>, A:<u+1_;/jpv>7

u, v are fixed integers.

Then
14+ ~p Y
k=u+ uv u+ 17]?1)
2 2
and )
up = u® + %UQ,

v, = 2uv + v2,

vy =v (mod 2), v odd.

Thus every solution of (4) generates a solution of (3), uniquely. Thus,
p(n?) = p(2n) if n =even, (n,p) = 1.

Assume now that (n,2p) = 1. Let n = u? + pv?, (u,v) = 1. Then the
principal ideals {(u + /=pv), (u — /—pv) are coprimes and

n® = (u+v/=pv)*(u—v/=pv)* = (U — pv* + 2uv/=p) (u* — pv* — 2uv\/=p) =
= (u1 + v=pv1)(u — v/=pv1 = uf + pv3,

where u; = u? — pv?, vy = 2uv, (u1,v1) = 1.
Hence, a primitive solution of the equation

(5) uw? +pv? =n
generates a primitive solution of
(6) u? + pv? =n?

if (n,2p) = 1.
On the other hand, if

n? = u® + pv? = (u+ v/—pv)(u — V/—pv), (u,v) =1,
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then, by the ideals (u + /—pv), (u — \/—pv) are coprimes, we infer that A% =
= (u+ +/=pv), and A is a principal ideal, too.

1 ya
Let A= <u0 + +2pvo>. Hence,

Vo 2 Vo 2
(0+3) +2(3) =n
% must be integers. Hence, vy = 2v(), v(, € Z. Therefore
the solution (u,v) corresponds to the solution (ug + vg) of equation (5). So, if

(n,2p) = 1, then p(n?) = p(n). The proof is completed.

The numbers 2—0, ug +

Lemma 2. Let p be a prime, p =1 (mod 4), d = 4p. Then there ezists
such a primitive quadratic form p(u,v) = au® + buv + cv? with discriminant
-d, which is not equivalent to u? + pv?, such that

0 if (n,d)>1,
p(n®) =
p(n) + pp(n) if (n.d)=1.

Here p,(n) is the number of primitive representations of n by the form ¢(u,v).

Proof. The case (n,d) > 1 is trivial. If (n,2p) = 1 and n? = u? + pv?,
(u,v) = 1, then n? is the norm of a principal ideal (u + /—pv). Since (u +
+v/=pv), {u — \/=pv), are coprime ideals, thus (u + /—pv) = A%, where A is
an integral ideal. Thus, either A is a principal ideal (ug++/—puvg), or A belongs
to such a class of ideals of the field Q(y/—p) which have order 2 in the group
of classes of ideals. But, as we know, in this group there is only one class of
order 2 (see [7], p. 328). Then

p(n?) = p(n) + py(n),

where p(u,v) = au? + buv + cv? is the positive definite quadratic form of
discriminant —4p which belongs to the class A (A? is a principal class), and
such that ¢(u,v) represents n? primitively.

Lemma 3. Let p2(n) be the number of primitive representations of n as
u? + 202, Then

p2(22) =0 (k>1), p(p*) =2 (1 + (_2>)

p

1
if p is an odd prime, furthermore 5P2 (n2) is a multiplicative function.
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Proof. Let ro(n) be the number of representations of n in the form n =

= u? + 2v%. Then
-2
ro(n) =2 Z (d)

dln
d is odd

1
and, hence, §r2(n) is a multiplicative function.
Next, if p prime, then we have
0 if p=2,
2\ _ 2k 2(k—1)) _
p2\p) =12(P —T2<P )—
(#™) =2 (™) 2(1+(*72)) ifp>2.

Moreover, by
(uf + 207) (u3 + 203) = (uruz — 201v2)* + 2(urv2 + uzv:)?
we infer that if (uj,vi) = (u2,v2) = 1 and (u? + 2v?,u3 + 2v3) = 1, then
(urug — 2v1v9, u v + ugv1) = 1. Hence, pa(n?) is a multiplicative function.
Lemma 4. Letl,q e N, 1 <[ <gq. Then for (a,q) =1

q

Z eq(uly +vl2)3g (13 + ald — 1) < q* (u,v,9)7(q).

I1,lp=1
Here 1(q) is the number of divisors of n.
Proof. We have

q

S(u,v,q) = Z eq(uly +vl2)6, (13 +al3 — 1) =

ll,l2:1
1 q q
==Y e((F+al3 = Dh+uly +vlp) =
q h=111,lo=1
1 ' !
=3 > eg(—hl) Y eq(dhif +uly)x
q d|lg h(mod %) I1=1

q d
X Z eq(adhly + vly) Z eq(uzy +vza).

12:1 21,22=1
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Now, by substituting the values of the Gaussian sums and using the known
inequalities for Kloosterman sums (see [8]), we obtain

(7)

’ _ 1
S < S | S lea(—(hl+ R + a®0?)| < ¢ (u,0,q)
d|(u,v,q) |h(mod )

[N

7(q)-

Let g1, ga2, h1, he € R. Consider the Epstein zeta function [9]

Z,(g1,92,h1, he; s) = Z e(hiu+ hov)(p(u+ g1,v+¢2))"°, Res>1,

(u,0)

where ¢(u,v) is the positive definite quadratic form and the asterix * indicates
that the summation runs over all integers u, v, for which ¢(u + g1,v + g2) # 0.

Let o(u,v) = au® + 2buv + cv?, D = ac — b*> > 0, and let ¥(u,v) be

the inverse form to ¢, that is ¥(u,v) = a’u® + 2b'uv + 'v?, where o’ = %7
b a

bV =—-2—,c =—.
D°"D

Lemma 5. The function Z(g1,ge, h1, ho;s), defined for Re s > 1 by (7),
can be continued analytically over the whole s-plane. If (g1, 9o, h1,h2) & Z*
then Z,(g1, g2, b1, ha;s) is an entire function. If (gi,92,h1,h2) € Z* then
Zo(91, 92, 1, hass) = Z,(0,0,0,0;5) is a meromorphic function with a simple

pole s =1, res Z,(0,0,0,0;5) =

75

Moreover, the functional equation

7 °T(8)Zy(91, 92, 1, ha;s) =

1
= ——e(—(h1g1 + haga))m = "IT(1 — 8)Zy,(ha, ha, —g1, —ga; 1 — 5)

VD
holds.

Lemma 6. Let the Dirichlet series
D(s) :Zan)\;s, U(s) = an,u;s, s=o0 +it
n=1 n=1

be absolutely convergent for Re s > 1, and assume that ®(s),W(s) can be
continued analytically over the whole s-plane (except at the finite number of
singular points), moreover the functional equation

A*T(ms +v)®(s) = B 'T'(m(1 — s) +0)¥(1 —s)
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(A, B are constant) holds.
m

1
Then, for every 7 € C, arg 7 = (2 — t) sign t and for any fized stripe

a < o < b uniformly for |t| > to, A, B, T, the approximate functional equation

D(s) = Z anA,,° F (s, )\"jzl- >—|—

An<zlogzx
B=*T'(m(1 — s) +v) 1 ™
bops "F (1 —s,
i AsT(ms + v) Z Hn < > B > -
Hun<ylogy
ANT'T P
+0 (DC_M + y_M) + E res { (m) (mz—i—v)(z)}
st T z—5

holds, where M > 0 is any fired constant,

z

1 1

Flw, X) = L (mw + v) 21

/ T'im(w+ z) + v))i dz,

(A)

where A is so chosen that in the region Re s > A there are no singularities of
the integrand.

Moreover, we have uniformly for all parameters

Fw,X) =

X L X Re w+LRe v
o (e (-5 (1) L

where

-1

X|m
-

1 oifd <z opn <y,

l:{
0 else,

x=m™|7|~t - AR™, y = m™|7| - BJt|™.

This lemma is a special case of Lavrik’s theorem [10].
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Lemma 7. Let ¢(u,v) be a positive definite quadratic form p(u,v) =

Iy 1
= au® + 2buv + cv?, D = ac — b*> > 0, and Zy (1, —2,0,0; s) be the Epstein
q q

zeta-function for ¢. Then

T l l 2
1 1 b2 B s
[l X 2(pp0ns) - ¥ ewn | <1l
Y 11,l3(mod q) wneB
w(l1,l2)=1(a)

where B denotes the set of points (u,v) for which p(u,v) = 1 (mod q) and
0 < p(u,v) < 2q.

Proof. We apply Lemma 6 for the Dirichlet series

O(s) = i ann”?, U(s) = i bpn %,
n—1

n=1
n=I1(q)

where
1
an =ry(n) = E 1, b, = 7D E E eq(liu+lav)
(u,v)€z2 q (u,v)€z2 l1,l3(mod q)
e(uv)=n D24 (u,0)=n D¥(1,12)=l(mod q)n

with A = g, B=DA,m=1v=0,arg T =arg s, |7| = ¢"*D~3, and then
™
we repeat the reasonings in proofs of Lemmas 5 and 6 from [11].

Let V,(z,(,q) denote the number of the primitive integer points on a cone
u? +pv® —w? =0, w=I(modgq), 0<w< .

We shall suppose that (I,¢) = 1. The general case can be considered similarly.

‘We have
Vo(z,lg)= > p(n?).
n=Il(mod q)
n<x
Let

F(s) = Z p(n2)’ Re s > 1.

n=1
n=l(mod q)
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First consider the case p = 3 (mod 4). By Lemma 1 we have

N L
(s) = ns ns (2n)s’
n=1 n=1 n=1
(n,p)=1 (n,2p)=1 (n,p)=1
n=l(mod q) n=l(mod q) 2n=l(mod q)

If ¢ =0 (mod 2) then the second sum is empty. We have

(8) Z Pg:) _
(n'2py=1

n=Il(mod q)

§q(u? +pv? —1 > §q(u? + pv? —1)
- oy werm sl Mol S -
(e (U +pU ) w1 (U +p11 ) d|(u,v)
(u24pv2,2p)=1 (uZ+pv2,2p)=1 ’
_ ' w(d) rp(n)
Sy oy My
atmod o) a5t A
’ n=a—21(q)
Moreover,
p(4n)
9) =
; (2n)*
2n=l(mod q)
! - p(d) — 7p(4n) 1 — rp(n)
= 28 —_ —
Z dz d28 Zl (471)5 4s Zl ns
a(mod q) (5L, (=1 (nim=1
d=a(mod q) 4n=2a21(q) 4n=2a21(q)
We have r,(2n) = 0if n = 1 (mod 2). Hence,
> rp(n) rp(n) rp(4n)
1 p _ p p _
RS SRR S
n=1 (n,2p)=1 (n,p)=1
(n.p)=1 4n=2a21(q) 4n=2a21(q)

4n=2a21(q)
Now from (8)-(10) for p = 3 (mod 4), Re s > 1 we obtain that
' p(d) rp(1)
F(S) = Z Z d2s Z pns +

a (mod d=a(q) (n,2p)=1
( 9 (d,2p)=1 n=a21(q)
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(11) ) > Z dzs Z mﬁq(éln—Qagl)—

a (mod q)  d=1 n=1

(d,p)=1 (n,p)=1
d=a(q)
pld) o~ rp(n) o
Z Z 25 ; ns ~04(4n — 2a71).
a (mod q) (d, p) 1 (n,i;):1

d=a (mod q)

Now, if (n,2p) = 1, then in the representation n = u? + pv? the numbers
u, v should have different parity and hence,

n=l (q)
(n,2p)=1
N 2u)2 2 1)2)s
ll,l2(m0d q) ;Lz;vz:z;(c;c) (( u) er( v+ ) )
2v+1=l2(q)
+ Z 1—-p~ X5(12+p12—l):
it ((2u + 1)2 +p(2v)2)s q\t1 2
2u+1=1y (q)
2v=l3(q)
1 —p_é
12 _ y
(12) -

ll l2_1 ) (11—1 12 >> 2 2
X Z|—,——,0,0;s)+7 ,—=,0,0;5 ) ) 0,012 +pl2 —1),
Z )( <q1 T o a@ q(l bg )

l1,l2(mod ¢

where
2q if g is odd,
q1 = {

q if q is even.

If u? 4+ pv? = 4n, (n,p) = 1 then v = v (mod 2), and hence, for ¢ =
=1 (mod 2) we have

(i1
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1—p~° 1 1o
— P 72,2 0,05) +
e X (2(2 200
(q) l1,l2(mod q) noQ
l 11 1
_;’_Z(l—"_7 2+
q1 q1

,0,0; s)) 5,13 +pl3 — 1),

(here Z(g1, g2, h1,ha;s) is the Epstein zeta-function for the quadratic form
u? + pv?).
In the case p =1 (mod 4) we use Lemma 2:

i p(n®) _ i p(n®) _ i pln) i pe(n)
ns - ns - ns ns ’
n=1 n=1 n=1 n=1
n=Il(mod q) (n,2p)=1 (n,2p)=1 (n,2p)=1
n=l(mod q) n=l(mod q) n=l(mod q)

where p,(n) is the number of primitive representations of n by the form
o(u,v) = au® + buv + cv?, where ¢ belongs to the A of a quadratic form
with a discriminant —4p and class order 2.

But, as we have shown earlier
p(n) _ ' p(d)
Z ns - Z Z d2s

(n,2p)=1 a(mod d=a(q) n,2p)=1
n=1(q) ( 9) (d,2p)=1 (n,2p)

S ) =

nS

I pd)1-p°
(14) = Z Z d2s 2s X
a(mod q) d=1 q

d=a(q)
(d,2p)=1

Lh+11 I la+1
X Z (Z<1Jr ,(12,(),O;s>—l-Z(17 2+ ,0,0;s))dq(lf—kpl%—l),
1

11> (mod q) q1 q1 q1

D P DML o RN

(n,2p)=1 d d=a(q) 2p)=1
R a(mod g)  JZald), (n,2p)

where 7,(n) is the number of representations of n by form ¢.

In the class of forms equivalent to the quadratic form ¢(u,v) always can be
found a quadratic primitive form Au? + Buv 4+ Cv? such that A = C (mod 2)
and (A,p) = 1. Moreover, from B? — 4AC = —4p we infer B = 2B’, B’ € Z.
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Thus, if (A,p) =1, A =0 (mod 2) then from n = Au® + 2B'uv + Cv? it
follows that (n,2) = 1, if and only if (v,2) = 1.
Hence,

i re(n) _ i *5q(Au2 + B'uv+ Cv?)
— n® 4~ (Au? + B'uv+ Cv?)s
(TL,Q%()Tl (’1“;):1
n=l(q

e N 6y((Aut Bu)? 4 pu? )
(16) R S (7 TEY o E

w,v=—00
(Au+B'v,p)=1
(v,2)=1

oy "64(Au+ B'(20 4+ 1)? + p(2v + 1) — 1)
B (Au+ B'(2v +1)2 4+ p(2v0 4+ 1)2)s

U,V=—00

_ A Z dq((Au + B'v)* + pv* — 1)
Bl ((Au+ B'v)? 4 pv?)*

Au+B’(2v+1)=0(p)

1—p—*° li lIo+1
= 22 Y. Z, (1, 2 ,0,0;8> -
a1 11,12 (mod q) i @
w1(l1,l2)=1(q)

. Lh+1 1
—p Z thz ( ! 7q%7070; S) )

l1,l2(mod q) T
42 (l1,12)=1(a)

where @1 (u,v) = Au? 4+ 2B'uv + 4Cv?, py(u,v) = AU? + Buv + Cv?, and the
form o can be obtained from the form ¢; by using the substitution

_ !,/
{U_ABU’ AA" = —1 (mod p).

v=1,
It is obvious that AC — B2 = p, AC — iBz = pS.
Further, if (A,p) =1, A=1 (mod 2) then similarly we have

(17) Z r@(n) _



38 P.D. Varbanets

l—p° h+1 1y
= 2s Z ZSDS ( 573070;3 -

ql l1,lg(mod gq) 1 A
»3(l1,12)=l(a)
1+2AA"
—s ll 12 + - p
—-Pp § th4 *773();0;3 )
11,l3(mod q) @ !

pa(ly;l2)=(q)
where p3(u,v) = 4Au? + 2Buv + Cv?, p4(u,v) = Au? + Buv + Cv?, and ¢4
can be obtained from Au? + Buwv + Cv? by the substitution

u=2A"B'v + 2pv’,
v=1,
24A" = —1 (mod p), AC — i32 = 4p3.

In the case p = 2 by Lemma 3 we have

= s 2Xq( ) 2)(3(]7) —
> op (n)n 11 )<1+ o +...>_

2s
n=1 p=1,3(mod 8 p

1—p~2x2(p)
11 ((1—29— *Xq(p ))2>’

p=1,3(mod 8)

l\DM—l

where X, is the Dirichlet character mod g.
And thus

o0

2 2 — S qu)L(S qu)
(18) Z p2(n”)dg(n — 1)n T;X T(2s Xi)(lfg 25)”

n=1
(n,2)=1

where xgq = X8Xqs ng = X3X¢, X2 is a principal character mod 8.
Now from the expressions (11)-(13) we have

Theorem 1. Letl,q € N, (I,q) =1 and let p be a prime, p = 3 (mod 4).
Then for the number V,,(x, 1, q) of primitive integer points on the cone u*+pv* =
=w?, 0 <w < x, under condition w =1 (mod q), the asymptotic formula

VP I,(1,q) —2y—1 1 2
B be =a@pge e T 09 +0 (a7(q) 10g% )
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holds,

7 ifg=1 (mod 2),
colq) = 16 if ¢ =0 (mod 2),

where I,(1, q) is the number of solutions of the congruence

u? +pv? =1 (mod q).

Proof. For the Dirichlet series F(s) = > p(n?)d,(n — )n™* we have
n=1
1 c+iT 1
x® zlogx
Vo) = 3 p)sn =D = o [ FoZas o (TR ) o)
nse e—iT

where ¢ =1+ (logz)~}, T > 1, > 0.

We split the solutions (Iy,l3) of the solutions of the congruence 1% + pl3 =
=1 (mod ¢), 0 < l1,lo < g, into two classes, K; and Ks. We shall write
(l1,ls € Ky if 2 +pl3 > g and (I1,1s) € K5 otherwise. It is clear that §{(l1,l2) €
€ Ky} < ¢°. From the expressions (11)-(13) follows that we need to find upper
bounds for the integral of type

c+iT

%/ Z / Z w(d)dy(d — a)d =2 x

c—iT a(mod ¢q) (d,2p)=1

I + lo + z
3 7 (P 2 0,000 6,0+ 3 - )2
I la=1

(91,92 € {0,1}).

xlogT
Summing over d we can truncate till d <Y with error < — &
q

. After

truncating we shift the contour of integration to the line Re s = 5. Write

l l
Z( 1+91, 2+92,0,0;s> _
q1 q1

l l l 2 l 2\
_ Z(1+9172+9270,0;8)_<<1+91) +p(2+92>> n
q1 q1 q1 q1
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Lh+ag1\° ! 2\
+<(1 gl> +p<2+g2>
q1 q1
for (I1+g1,l2+g2) € Ks, and then we apply Lemma 7. Let usset Y = z,T = T3

S

and calculate res (F(s)x> If ¢ =1 (mod 2) then
5= s

s (PO ) =

ol X Y M- anta T

5 ( 11 1) .\
= L
a(mod q) | (d,2p)=1 \/Tj q1 1-— 1 4 8

1

p(d) 21— Txy/p I(l,q) —2\—1

+ Y —hld—a) ()= —" p = —Ja-p27"
(d,2p)=1 d VP ptl g plq

If g =0 (mod 2) then

s (PO

qQEIP(laQ)ix Z uid) 5q(d —a) = pr(l,q) H(l 7p72)71.

vp (d,2p)=1 @ T+l e

The proof is completed.
Similarly from (14)-(17) we infer

Theorem 2. Let p be a prime, p =1 (mod 4), and let0 <1 <gq, (I,q) = 1.
Then

8y I(l,q)
V}J(%LQ)—W P

[I0-p)7" + 0 (2#7(q) 10gx) .

plg

From the expression (18) we obtain

Theorem 3. Letl,q e N, 0<1<gq, (Il,q9) =1. Then

Va(z,1,q) = c1(q)

V8 Ix(l,q) p—1 1 2
i xgp_i_l—i—O(x?T(q)log x),
q2
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where
1 ifg=1 (mod 2),
ci(g) =
2 if ¢=0 (mod 2).

Remark. The error terms can be improved by using known results on the
zerofree domains of the Riemann zeta function and the that of the Dirichlet
function L(s, xq)-
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