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SOME PROPERTIES OF
POLYNOMIAL-LIKE BOOLEAN FUNCTIONS

J. Gonda (Budapest, Hungary)

Abstract. In [3] a linear algebraic aspect is given for the transformation of
a Boolean function to its Zhegalkin representation, and in [4] we determined
the eigenvectors of that transform. In [5] we introduced the notion of the
polynomial-like Boolean functions as the Boolean functions belonging to
the eigenvectors of the transform mentioned above. In this article some
simple properties of that type of Boolean functions are given.

In this article the elements of the field with two elements are denoted by
0 and 1; Ny denotes the non-negative integers, and IN the positive ones.

In [3] we pointed out that if we consider the coefficients of a Boolean
function of n variables and the coefficients of the Zhegalkin polynomial of n
variables, respectively, as the components of an element of a 2"-dimensional
linear space over Fy, then the relation between the vectors belonging to the
two representations of the same Boolean function of n variables could be
given by k = A(™q. Here k is the vector containing the components of
the Zhegalkin polynomial, « is the vector, composed of the coeflicients of the
Boolean representation of the given function, and A is the matrix of the
transform in the natural basis. In the article mentioned above it is proved that

(1), if n=20,
A =8 A gD _
A(nfl) A(nfl) ) ifneN
and as consequence that
A — 1)

where I and 0™ denote the 2"-dimensional identity and zero matrix,
respectively. From this follows that if k = A(™q, then a = A™E.
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In [4] it is pointed out that the minimal polynomial of A(™) is \2+1, except
for the case of n = 0, when the minimal polynomial is equal to A+ 1. The only
eigenvector of the transform is 1, and the nullspace of the unique eigenvector

of A™ is a 2"~ '-dimensional space, if n > 0. u € F%n is an eigenvector of the
(0)
transform if and only if u = (Z(l) )7 where u(!) is an arbitrary vector of the

27~1_dimensional linear space over Fy, and u(?) = (A"_1 + I"‘l) u®.

The definition of the polynomial-like Boolean functions can be found in
[5]. If f is a Boolean function of n variables, « is the spectrum of its canonical
disjunctive normal from, and k is the vector of the coefficients of its Zhegalkin
polynomial, then f is polynomial-like if and only if o = k.

In the following part of our article, we apply the results stated in [3], [4]
and [5] to the Boolean functions.

Notation. Let n € Ny, let T be the 2"-dimensional linear space over

Fy, for 2" > i € Ny let mgn) be the i-th minterm of n variables and an)
(n) _

i

the i-th elementary Zhegalkin polynomial of n indeterminates, that is m

"= G m _ T (=0 ()0
=11 (Ejz @xj) and S;" = [] (Ejl —|—xj), where i = 3} a;72/, and @ is
j=0 Jj=0 j=0

the Exclusive Or, and + denotes the logical sum. If o € T™ k = A(™q,

2m—1
and f = > ozimgn) is a Boolean-function of n variables, then p(f) = p =
i=0

2m—1
= & kiSi(n). For the previous f and p, f = fﬁn) and p = pFJ‘), where r =
i=0

m_1 1
= > w2and s= ) k2%
i=0 i=0

Proposition 1. The EXCLUSIVE OR of polynomial-like Boolean func-
tions of the same wvariables is a polynomial-like Boolean function of these
variables.

Proof. This statement is obvious, as k = Aq, and then

i& = i A(n)gi =AM igr
i=1 i=1 i=1

Proposition 2. The logical product (that is the And operation) of
polynomial-like Boolean functions over pairwise disjunctive sets of variables
s polynomial-like Boolean function over the union of these sets of variables.

Proof. Let f = f(zo,...,2r—1) and g = g(xr, ..., Zr45—1) be polynomial-
like Boolean functions, where {zg,...,Zr—1} ({@r,. .., Tr1s—1 = 0, and f =
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27 1 2" —1 X
> agf)mgr), g = Z a(g)m . Then o(f) = @ Oéz(-f)Szm and ¢(g) =
i=0 i=0

& a5, Ag

=0
r—1 ) s—1 ]
k=0 =0
r—1 - r+s—1 o
= H ( )@x ) (al(2 ])@xl> — H (agl"rQ ])@xt) —
k=0 l=r t=0
_ mz(iow ST 15Ty Trgs—1)
and
r—1 ) s—1 )
Si(zo7“'7IT_1)SJ(‘IT“”7xr+s_1) = H (a%) +'rk) (EI(J) + x’”+l) -
k=0 =0
r—1 r+s—1 r4+s—1 ) )
:H(()+I1«) H ((2J)+xl> H (a§z+2j)+$t>:
k=0 l=r t=0
( ey br—1,Lr,..lpr s—l)
= Szf)QT‘ ’ ! ot ’
SO (al('f)ml('ﬂim-u,wrfl))(agg)m;ﬂﬁoyuwsa)) _ a(f)agg)mgioé7 ST 1Ty Tps— 1)’ and

a similar equality is true substituting m by S. Then, considering that the
logical product is distributive over both the OR and the EXCLUSIVE OR
operation, we get that

fg = f(x(),...7l'7~_1) 'g(xrv'--a'rT+s—1) ==

21 2°—1
= (Z agf)mgwo,..‘,mrl)) Z agg)mgwr,...,zwﬁ,l) _
=0

=0

2" —-12°-1
§ a(f)a(g)m ,,,,, mr—l)m(zr ----- Trps—1) _
7=0

=0

orts_q
_ (f) (g) (ZO )"ET‘*I):ETV'WIT‘FSfl) _
= ® (k" mod 2T)aLT7;Jmk =
k=0
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orts_q

E Oé(fg (3«0 T 13Ty Trgs—1)

and
e(Helg) = (@0, zr1) PO (T, Tgs1) =
2"-1 2°-1
_ (Z az(f)sl_(wo,...7wr1)> Z Oég)Sj(.mT,.“,errs,l)
i=0 =0
—12°-1
Z Z O{(f Oé S(x(h ST — 1)S($r7 Tpds— 1)
=0 75=0
orts_1
(f) ( ) (-L 3oyl —1,TpyeeeyTypgs— ) _
Z ® (k" mod 27) LQLJSIC ° ' Y =
=0
2rte g
Z afg)S(‘/I‘,OM“sx'r‘fl1Ir7~u,-/137~+571)7
where for any 2" > k € Nj alifg) = agi)mod 2r)a(ng)L%J’ so fg is a
polynomial-like Boolean function of the variables belonging to {zg,...,z,—1}U

U{Zp,...,Zrys—1}. From here we get the stated property by induction on the
number of the Boolean functions.

Remark. In Proposition 1 it is important, that the set of the variables
of the functions are the same, while for the product in Proposition 2 the
disjunctivity of these sets is important. For instance, both xg @ 7 and x5 are
polynomial-like Boolean functions, but xo ® x1 @ x5 is not, and xg ® 1 D x1x2
is not a polynomial-like Boolean function, too, although x5 is a polynomial-
like Boolean function of two variables. For the product let us consider as
first example again the polynomial-like Boolean functions zg @ z; and zjxs.
Their product is (z¢p @ x1)z122 = T122 @ Tox12T2, and the right hand side
is equal to z1x9 ® Tor122 = (1 B To)T122 = Tox122. Now we can see, that
the Zhegalkin polynomial of the product is a binomial, while the canonical
disjunctive normal from of the same function contains only one term, so the
function is obviously not a polynomial-like Boolean function. Similarly, the
product of the polynomial-like Boolean functions xgx1®xoxs and zox Px122 is
not polynomial-like, as the product function is equal to zgz1Bxor1T2 = ToT1T2.
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Proposition 3. If f = fi(n) s a polynomial-like Boolean function of n
variables, where n is a positive integer, and 22" > i € Ny, then i is an even
number.

Proof. Every element of the first column and the diagonal of A(") is
equal to 1. If 4 = 1 then k is equal to the first column of A(™, so w(a) =
=1# 2" = w(k), where w is the weight of a vector, that is the number of the
components of the vector equal to 1. Now suppose ¢ is an odd number greater
than 1. Then a9 = 1, and there is at least one index j so, that 0 < j < 2™,
and a; = 1. Let [ be the smallest index with the previous property. Then

klz(A(”)Q)lzaz,OEBaz,l21@12075120417SOQ7£E~

Proposition 4. én), fé;?,]iz, fé;},l and ]”2(;2),72 are polynomial-like
Boolean functions of n-variables.

Proof. If @ = 0, then A™a = 0, too. For a = (0,0,...,0,1), A™q is the
last column of A which is equal to (0,0,...,0,1)T. As the number of ones in
all of the rows of A(™ with a positive indices is even, and the first element of
any row is equal to one, too, furthermore the first row of the matrix contains
exactly one 1, the image of @ = (0,1,...,1,1) is equal to the original vector.
Finally, as (0,1,...,1,0) is the sum of (0,1,...,1,1) and (0,0, ...,0,1), and the
transform is closed for the addition of the vectors, from the previous results we
get that the image of (0,1, ...,1,0) is equal to itself.

Proposition 5. fi(”) is a polynomial-like Boolean function if and only if
?Ei)l s a polynomial-like Boolean function, too.

Proof. As the set of the polynomial-like Boolean functions of the same
variables is closed for the EXCLUSIVE OR, and f2(§2_2 is a polynomial-
like Boolean function of n variables, the Boolean function f of n variables
is polynomial-like if and only if f* = f & f§§2_2 is polynomial-like. In the
spectrum of the canonical disjunctive normal form of fg(;l)_z every coeflicient
but the one belonging to the index of 0 is equal to 1, so in the spectra of f
and f @ f (;12_2 the members belonging to the index of 0 are identical, while

2
all other coefficients are different. If f is polynomial-like, then ag = 0 and so

Waror=rMery = thatis f£ = f @ f and if f = £,
then - considering that ag =0 - fl(n) Qf= f(ﬂ

(2
Proposition 6. If f(xp_1,...,Tit+1,Ti, Ti—1,--.,2Z0) s a polynomial-like
Boolean function, then f(xp—1,...,Tit+1,Ti,Ti-1,...,2Lo) 1S a polynomial-like
Boolean function if and only if f =0 or f = 1.
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Remark. f =1 is a polynomial-like Boolean function if and only if f is
a Boolean function of 0 variables.

Proof. As the polynomial-like-property is invariant with respect to
the permutation of the indices of the variables, it is enough to prove, that
if f(zp—1,%Tn-2,...,20) polynomial-like, then f(Z,—1,Zn—2,...,20) is not
polynomial-like, except of the case when f is a constant function.

If f is a Boolean function of zero variables, then it is obvious that inverting
any variable of the function we get the same function, so the new function is
polynomial-like if and only if the original one is polynomial-like, and both of
the Boolean functions of zero variables are polynomial-like.

Now suppose that n is a positive integer, and f is a polynomial-like
Boolean function of n variables. Every Boolean function of n variables can be
written as f = Tp_1 [ @ x,,_1 fI1, where fI9 and f[ are Boolean functions
of zg,...,x,_2, and f(fn_l,a:‘n_Q, L. ,afo) = En_lf[l] (§5) l‘n_lf[o]. If fis
polynomial-like, then a!°! :( A1) ) ol and if also f(@n-1,Tn-2,...,20)
is polynomial-like, then a!!] =( A 410 al%. Tt means that in the latter
case

Al =(A® 410 ) o) =( A £ 100 )2 41T =

and then o =( A + 1) olt) = 0, too, so f = 0.

Remark. If f is a Boolean function of n variables, and n > j > i > 0,
then both of the two Boolean functions

f (SCn_l,...,.Tj+1,l’j,l'j_1,... y Lid1y Liy Lj—1y+-+5 L0 )

and
f (In_l,...,Ij_;,_l,fj,dfj_l,... ,zi+1,fi,zi_1,...,x0 )

can be polynomial-like. For instance, if
3) o _
= f1(5z)3 = T2T1%0 + T2X1T0 + T2T1%0 + T2T1To + T221T0,

then Q(158) - (0, 17 17 17 1a0307 1)T’ a’nd

100 0 0 0 0O 0 0
110 0 0 0 0O 1 1
101 000 O0O 1 1
11110000 1] |1
100 01 0 0O 11 |1
1100 1 1 00 0 0
101 01010 0 0
11111111 1 1
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so f is a polynomial-like Boolean function. Now
f(T2,21,T0) = T2T1T0 + T22120 + T2Z2To + TaT120 + ToZ1To =

_ _ _ _ _ 3
= ToT12g + Tox1To + 2T 1To + ToX1To + ToT1Xg = f2(131

and the spectrum of this function is equal to a(*'¥ = (0,1,1,0,1,0,1,1)7. In
that case

1 00000 0 0\ /0 0
11000000]|](1 1
10100000]][1 1
11 110000]|[of [o
10001 000|[2f[" [
11001100|]o0 0
101010101 1
11111111/ \1 1

that means, that this function is a polynomial-like Boolean function, too.
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