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SOME REMARKS
ON THE ¢ AND ON THE - FUNCTIONS

I. Katai (Budapest, Hungary)
M.V. Subbarao (Edmonton, Canada)

Abstract. Some theorems are proved for the functions n — p(n), o(n)—
—n, r(n), or(n), where p(n) is Euler’s totient function, o(n) is the sum
of divisors function, ¢y and oy are the k’th iterate of ¢ and o.

1. Let ¢(n) be Euler’s totient function, and o(n) be the sum of divisors
of n.

We shall use the following notation: w(n) = number of distinct prime
factors of n; pr(n) = k-fold iterate of w(n), or(n) = k-fold iterate of o(n);

¥(n) :==n—e(n); pn):=oc(n)-mn

P = set of primes. p,q with or without suffixes always denote prime numbers.
Furthermore we shall write x1 :=logz, o =logzy,... .
W. Sierpinski asked in 1959 ([12], pp. 200-201) whether there exist
infinitely many positive integers not of the form (n). J. Browkin and A.
Schinzel [15] proved that none of the numbers 2* - 509203 (k = 1,2,...) belong

to ¥(N). Erdés proved earlier in [14] that there are infinitely many integers
not of the form p(n).

The second named author asked whether are there infinitely many n for
which w(n) = k = fixed and ¢ (n) = prime, or not. If n = p, then ¢¥(p) = 1, if
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n = p?, then ¢ (p?) = p. If n = pq, p # q, then ¥(n) = p + ¢ — 1 which can be
prime for appropriate choices of p, q.

By using Vinogradov’s method for the odd Goldbach problem one can get
the following

Lemma 1. Let e, — 0, slowly, E, := """, B, <U <V <z, AU =

U 1%
= (log U)~’ AV = (og V)~’ where K is a large constant, and let

(1.1)
MIU,AU; V,AV]:=#{p+q—1€P, pe[U,U+AU), g€ [V,V +AV]}.

Then
(1.2)

_ _en([U,U + AUNR([V,V + AV]) 1
M(U,AU; V,AV) = log(U +V) (1+O<10g4>> 7

where ¢ is an absolute positive constant.
We omit the proof.
Hence one can deduce the following

Theorem 1. Let M(x) be the number of those n < x, for which w(n) =
=2, ¥(n) € P holds. Then

(1.3) M(z) = c%@(l +0g(1)).

Proof. Let Uy = E,, Ujy1 = U; + AU, V; = U;. Let us estimate those
prime tuples p, ¢ for which

(1.4) pg<zx, p< E,, pt+tq—1€P.

By [1], Corollary 2.4.1, we obtain that for every fixed p, the number of
those ¢ <  for which geP, (p—1)+q€ P, is less than
p

(-1 z/p
e(p—1)log”z/p’

i
which by summing up to p < z°=, is less than

z x
(1.5) 0230? loglog E, = O (m%sm ~x2> .
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Let
(1.6) A=Y M(U,U; + AU V3, Vi + AV)),
UILVS]J<T
(1.7) Ay = > M(Us, U; + AU;; Vi + AV;).

i<j
(U; +AU;) (Vi +AV;)) <z

The difference Ay — Ay is clearly less than the number of those p,q € P
for which p+¢—1¢€ P, and

(1.8) p €U Ui + AUy),  q € [V}, Vi + AV,
for such choices of ¢, j for which

Let 4, j be fixed, so that (1.9) is satisfied. If p, ¢ is such a couple for which
(1.8) holds, then

r — C2 CoX

1.10 D —— < —_—
( ) (log U;)* SPes T (log U;)"’

and we have to estimate those ¢ € P, for which

CoX

x <qg< g
- ———— <<=+
p  p(logU;)~ P P

_r
(log Ul)"; ’

g+ p—1 € P holds, then sum over p € (U;, U; + AU;).
Then, by sieve ([1], Corollary 2.4.1) this is less than

X €T 1
(1.11) P S
pe[Ui%:+ AU o(p)(logU;)s(logz)? — 22 (logU;)2~

Furthermore

1 1 !

z>n>FE, n€U;,U;+AU;]
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and the right hand side is bounded in z, therefore

Al—AQ_()(ﬂ).

L1

To complete the proof of Theorem 1, it remains to apply Lemma 1 to (1.6).
The proof is completed.

Similar theorem can be proved for p(n).

2. Let m be such an integer for which (m,p(m)) =1. Let p € P, (p,m) =
1. Then

(2.1) Y(mp) = mp — (p — 1)p(m) = p(m — p(m)) + p(m).

Remark. According to the Hardy-Littlewood conjecture, if (A,B) =
=1, A, B > 0, then in the set

{Ap+ B |peP},

there exist infinitely many primes.

Erdds [2] investigated the set of those m for which (m,p(m)) = 1. He
proved that the set {m | (m,¢(m)) = 1, m < x} is almost the same as {m | m <
<z, p(m) > 2} and proved that

#{m <z | (mp(m)) =1} = 1L+ o () [] (1 B 11?> '

One can prove easily that for every fixed k > 2 there exist infinitely many
m with w(m) = k for which (m,p(m)) = 1. Consequently, if the Hardy-
Littlewood conjecture holds, then for every fixed integer k > 2 there exist
infinitely many n for which ¢ (n) = prime, w(n) =k + 1.

Similar assertion can be proved for o(n).

3. As we mentioned earlier, Erdds [2] proved that

e {n <a, (np(n) =1} = (L+0.(1) [T (1 =1/p).

p<z2
We shall investigate the set

(3.1) Bit1={n <z, (n,¢pr+1(n) = 1}.
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For k > 1let wy(z) = [] <1_1>.

p<gc}2C p
For a fixed prime @ let kg, k1,... be a sequence of completely additive
functions defined for primes p as follows:

1 ifp=0Q
Ko(p) = { s mia(p) = ) Ky(9).

0 ifp#Q 355
Let
(3.2) @ =@ = J[ @-1/p).
ﬁkfli;)iﬂ

To emphasize the value @) on which x; depend, we write x;(p|Q) instead
of k;(p).
Let

(3.3) Ni(Qlz) =#{n <z | Q) vr+1(n)}.

In a paper of Indlekofer and Kétai [3] the following two theorems are
proved, which will be quoted now as Lemma 2 and Lemma 3.

Lemma 2. Let z3z5 < Q < x% Then

Ni(Ql2) = 201 (Q) (1 e (x)) |

Q
1 22 3 xologQ
1 - o2 208 )
%@ 2" (Q2+ Q

Lemma 3. Let e >0, k> 2 be fized, x§+5 <Q< w’j“fs. Then

Nu(@I2) = pr(Q) (1 e (1)> ,

T2

and, moreover

log 1 — A o(L)io0 z3
B @) At (Q)+ o)

k+1 k+e/2
X x
Art (@) = g —1)+O<2 )

(k+ D@ Q
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We shall say that po,pi,...,pn is a chain of primes if pj;1 —1 = 0 (mod
pj) (7=0,...,h—1) holds.
We shall give an upper estimate for Ny (Q|z) for those @ which satisfy the

conditions given in the Lemmas 2 and 3.

Let Mi(Q,z) be the number of those n < z, for which p(n) = @, and
Qfpr+1(n). Let Q,qo,...,qx be an arbitrary chain of primes, i.e. gr_1|qx —
—1,...,90 | @1 —1, Qlgo — 1. If Qfpr+1(n), then clearly (gx,n) = 1. Hence we

obtain that
1
1—-)- ,
( p> Pe(Q)
where pi(Q) is defined in (3.2).

Let us estimate pi(Q). Let %; be a truncation of k;, more exactly let
Ko = Ko, and

(3.4) M(Q,z) < % I1

<@

(3.5) Rj1(p) = Z kj(q).
L
Let )
Fr(q) 2 _ £ (q)
Ay =) == - By = o
q<V q<V

From the Bombieri-Vinogradov inequality (see e.g. in [10]) one can deduce the
following Turan-Kubilius type inequality:

— 2 — 2 —
(3.6) E (krs1(p) — Ay )" < ogV B +0 ((log V)D> ,
pe[V,2V]

where D is an arbitrary large constant.
Assume that k = 1. Then Ay = B%, and so

(3.7 #{peVi2V], ma(p) =0} < C(lo‘g/V) ' Tlv o ((bgVV)DAv) '

Furthermore

k1(q) 1
Ay = E = E _
—1 —1
g<(2V)L/6 1 Q<qg<(2v)1/6
4—1=0(mod Q)
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Assume that V1/6 > exp(Q'/7), where T is an arbitrary fixed number.
Then, from the Siegel-Walfisz theorem we obtain that

(2v)'/s
1 1
Ay > du —
), et
exp(QY/T)

with an absolute constant ¢;. Then

(38) AV > ﬁ {10g10g<2V)1/6 — ;logQ} —c.

Let Q < x9/x3, Vi be defined so that

loglog(2Vp)/¢ 1

Q-1 e’
where ¢; is an arbitrary (small) positive constant. Then

1
. Ay > —
(3.9) V2o

if £1 is small enough.

Thus
S 1p=wzy—loglogVo— Y. 1/p+0(1),
B =
and
Z 1/p <2ceq(z2 — loglog V),

R2(p)=0

Vo<p<z
consequently
(3.10) wa(z) < exp(—(1 — e2)x2)

with an arbitrary €5 > 0.
We proved the following

Lemma 4. Let Q < xo/x3, £2 be an arbitrary positive number. Then

(3.11) Myi(Q,x) <

Olog0 exp(—(1 — e2)x2).
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Assume now that k£ > 2, and that Q < x’jf‘g, where ¢ is an arbitrary small
positive constant.

For integers [ and m let

0(x,m,l) = Z 1/p.

p<a
p=l(mod m)

Lemma 5. Forl=1 or —1 and m <z, x > 3 we have

C1T2

(3.12) 0(x,m,l) < ()

where ¢1 is an absolute constant.

For [ =1, this is Eq. (3.1) of [4]. The proof of (3.1) in I = —1 is the same,
SO we omit.

Let

. K2
.13 4 =B ey =y B

In [4] the following assertion has been proved.

Lemma 6. With some constant c;, for z > e2, we have

(loglog 2)7

Let m be an arbitrary positive integer, and let y > ¥ ’Q”. Then

(loglogy)7 1 (log log )
@19 A = G o (Gt )

The constants implied by the error terms may depend on j and m.

Since

D)= | X mla)| =

p<y \glp—1

=S R 2@ a. )+ . mela)mr(a2)d(y, q1a2,1),

1742
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by Lemma 5 and (3.13) we obtain that

D} 1 (y) < eDj(y)loglogy + c(loglogy) Az (y) <

(3.16) 1 1 2k+1
< eD?(y)loglogy + CM.

Q2
We have sl
oglogy
Di(y) = Ai(y) < 2280,
Q
whence ) s
loglogy)® | (loglogy)
Di(y) < ( ,
Q(y) Q Q2
loglogy)® | (loglogy)®
D2 < ( ,
3(;1/) Q Q2
and in general
loglogy)**1  (loglogy)?F+1
3.17 D? < c(
( ) i1(y) < Q Q2
From (3.6) we obtain that
#{p € [V,2V], kp+1(p) =0} <
3.18 1% B2 %4
= B o V)
logV A3 (log V)P A3,
we can substitute Ay = Ag1(V), BE = Dy (V).
From (3.18), (3.17), (3.15) we can deduce that
1
v—#{p € [V.2V], Kippa(p) =0} <
log V'

Q 1
< (loglog V' )k+1 + loglog V'’

whenever V >V and V > e? Q7 (see Lemma 6).
Let V1 be so defined that

Q

(loglog V7 )k+1 —
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0 1/k+1
where €7 is a small constant, i.e. V; = exp (exp (<>> )
€1

Then, for V > V; we have

#{p € V.2V], o (0) 0} > (1 220)

whence we can deduce that

x

log wg(z) = — Z ! <—(1 —251)/ du +0(1) =

lo
Kk+1(P)#0p v, ulogu

—(1 —2¢1)(loglog z — loglog V1) + O(1) < (1 — 3e1)xo

Thus the following assertion is true.

Lemma 7. Letk > 2, Q < a257°, ¢ > 0 be fized. Let e, > 0 be another
arbitrary small constant. Then

Mi(@Q, ) < exp(—(1 = e1)).

Ccxr
Qlog Q

Lemma 8. Let

S(z|Q) : Z 1.

n<z
p(n)=Q

Then, uniformly in 1 < Q < xy (say), we have

1
S(2]Q) = Qp]]@ (1—p) (14 0n(1)) =

see [1].
Now we shall prove the following
Theorem 2. Let k> 1. Then

(14 0.(1))e™

1
—#n <z | (nera(n) =1} = (k+1)xs
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Proof. By using the notation (3.1), we have
#Bin= D #(B)+#(Bin) = +# (Bi)-
Q<m§+1

where

B’(f*)l ={n € Biy1, p(n) = Q}, Bjyy = {n € Brya, p(n) > a5}

Assume that k > 2. We split 3, = >0 + 3@ 4+ 5@ 4L 570 where in
YW o<t m NP <@ <ab™ in N aft <@ <afT 7 and
in 2(4), xl2€+175 <Q< x12€+1+5.

From Lemma 8 we obtain that

(2) 1 T
<Lz L e—,
Z QlogQ xs3

k— k
oy “<Q<ay e

and similarly that
(4) x
Y <.
T3

From Lemma 7 we have E(l) K T exp (—%), say, and by Lemma 3, that

3)
Z < z/x3.

Thus
#wﬂgs#wag+o(j).

3

Finally we shall prove that

k+14¢
7

p(n) > x5 n<x

implies that n € By,1, for all but a small percentage of the integers.

If n € Biy1, p(n) > 25" and (n,pr1(n)) # 1, then there is a prime

number @ for which Q|n, and Q|pk+1(n).

Thus either Q2| (n) or there is some g = 1(mod Q) for which qo|¢r(n).
In the first case Q|¢k(n) obviously holds. Thus always exists a chain of primes
@ — go — ... — gj, such that n = Qm, g¢;|m.
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Thus

E:=#{n<ux, p(n)>a5"" (n,pp41(n) # 1} <

k
S > #{n=Qm<x, plm) > a5, g5lm},

Q>x’;+1+5 7=0

where g; is the final term in the chain Q@ — ¢o — ... — ¢;.

Let
BY = {n=Qm <z, p(m)> 25T, g | m}.
Then
EY <<— 11 (1—) Z*
p<Q
Since i+1
J
cx
— < cx = )
Z 2 Z qji-1 Q
therefore i+1
j
) L Ty
E -
< Plog0’
and so
ML :
> oy« =4
Q
Q>afttJ=0 “ log Q
Thus

‘We proved that

#(Bri1) =#{n <z |p(n) > 25"} +0(1)

73
Hence the theorem readily follows.

The case k = 1 is similar, somewhat easier.

4. By using the above method, one can prove the assertions formulated in
the following
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Theorem 3. Let k> 1, I, h # 0 be fized integers,

SO (z) = #{n <z, (n,or(n+1)) =1},
T () = #{n <z, (n,op(n+1)) =1},
R () = #{p <z, (p+h, onlp+1) =1},
U (2) = #{p <@, (p+h, eulp+1) =1},
Then
o) —y 0 .
@ _ (1 4o, T® gy ap
T kxs T kx3
(Lh) (g e 7 (L) (g e 7
Bt o, S o arans,

~v = Fuler’s constant.

5. Let
N(@) = #{n|p(n) < z}.

N
Erdds proved in [5] that ;a:) — A (#£0), and in [6] he noted:

Let a(n) be a nonnegative multiplicative function, and assume that there
exists its density function f(x). Let

M(x) = #{n | na(n) < z}.

Then .
@ —>/f(u)du.

Bateman [7] proved that

N(z) = Az + O (z - exp (—c\/z1 - 22)),
¢(2)¢B)

A="%)

with some ¢ > 0, by using analytic method. Later Balazard and Smati [8]
deduced the same result with elementary method.
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We can see that, for £ > 1,

n
28] ) = TT -1/,
Pk (’I’L) k
p<Tqy
for almost all n < x. This was observed first by Erdés [11].
Let us write

by apl "
Then
(5-3) Prr1(n) = wi(z) ... wi(2)k(n) ... T1(n)p(n),
and so pgy1(n) < z holds if and only if
(5.4) Ti(n)...Ti(n)p(n) < m =Y,
where
(5.5) Y = (1+0,(1))klabz.

If ppt1(n) < @, then n < cxmé“, which directly follows from the

inequality
cn

p(n)

> — .
~ loglogn

Thus pr4+1(n) < z implies that n < Z = cmxé“ for a suitable c.

Let € > 0 be an arbitrary constant. We shall prove that

(5.6) %#{n<2] IDu(n)...Ta(n) — 1] > &} — 0,

as r — OQ.

Hence, by the analogon of Erdés’s theorem directly follows
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Theorem 4. Let k > 1 be an arbitrary fixed integer. Then
#{nlprai(n) < 2} = 1+ 0. (1))# {w(n) < klafa}.
Proof. It remains to prove (5.6). If
Tx(n)...T'y(n) — 1| > ¢,
then, for some j € {1,...,k}.
(5.7) ITj(n) — 1] > 48, where 1+6=(1+¢)"/*.

Let vz < U < 22, and count those integers n € [U, 2U] for which (5.7)
holds. Let €1 > 0 be a small constant. We have

] 1 3
E glogj,i—’_El +O(> < -¢gy,
Jjte1 J

1
- p J— €1
z} “l<p<ay

whenever x is large enough. Thus

(5.8) Lj(n) = e Pi(n) . gri(n) . (0er)

where

(5.9) Bi(n)=— Y log(1—1/p),
P>m';+€1
plej(n)

(5.10) )= 3 log—

. vi(n) = 0g T p'
pfej(n)
pﬁmg+51
Let
(5.11) Bj(U)= Y Bin),
U<n<2U
(5.12) Cir(U)= > Ajn).

U<n<2U
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By sieve method one can prove that

U ,

1< —2— if p< (loglogu)i—
M;n) < ogpye 1 P < (ogloguy ™,
nE[é,ZU]

whith a suitable constant ¢ > 0 (see (4.2) and Theorem 3.4 in [9]), whence

U.I?g
C
L1

(5.13) BJ(U) <

follows.
Let us estimate (5.12). We have

Cir(U)< D] : oo

P g q---dr ay---arle;(n)
2 nelU,2U]

r—1 1
+2 > e D DR S

s=l gl iH el cg1<<q, g 4 a1--aslej(n)

ne(U,2U]
1 2

The main contribution of > 1 is smaller than
q1---arlej(n)
n€e(U,2U]

U
Zm...ﬂ'r’

where 7, is the tail of the chain of primes

g —pN —pP — . —=pi™ =,
for every v, thus

)

1 log log U)? J
Z;S(Ogog)<<&

v q;
consequently
T
C;.r(U) < Uzl (Z 2)
Since
Y S
a2 i+ ’
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we obtain that
Cir(U) < U -2,

and so
, Z
(5.14) Z 7i(n) < e
2

n<Z

Since r can be arbitrary large, therefore

VA
#{n < Z [ v;(n) >0} < ey
2

Hence the theorem is straightforward.
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