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GENERALIZED CONVOLUTIONS
OF THE INTEGRAL KONTOROVICH-LEBEDEYV,
FOURIER SINE AND COSINE TRANSFORMS

Nguyen Xuan Than and Trinh Tuan

(Hanoi, Vietnam)

Abstract. Generalized convolutions of the integral Kontorovich-Lebedev,
Fourier sine and cosine transforms are introduced and studied. Applications
of these new convolutions to solving systems of integral equations are
suggested.

I. Introduction

In 1941 Churchill R.V. introduced the convolution of the Fourier cosine
transforms ([2])

+oo
1
1 * T) = — w)lg(z +u) + g(|lx — ul)|du, =z >0,
W (7p9) 0= / Flgte + )+ g(lz —u)
which satisfies the factorization equality

£ (1 59) 0 = EHWEDW. >0

At the same moment, for the first time, Churchill introduced the generalized
convolution of the Fourier sine transform and the cosine Fourier transform ([2])
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+o0o
@ (r19) @ == [ Flale =) = glo -+ wldu, >0,
0
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which satisfies the factorization equality
F(f19) @) = (FH)(Feg)w). Yy >0,

Subsequently, in 1990 Yakubovich S.B. published a series of papers devoted
to the generalized convolutions of several index integral transforms, such as
integral transforms of Mellin type [15], integral transforms of Kontorovich-
Lebedev type [17], the G transform [10] and the H transforms [18].

In 1998 Kakichev V.A. and Nguyen Xuan Thao proposed a construction
method for defining the generalized convolutions of the tree arbitrary integral
transforms ([6]). In recent years, several generalized convolutions of integral
transforms were published [7-9]. We mention here the generalized convolution
of the Fourier sine and cosine transforms ([8])

+o0
) (£50) @ = = [ Slsianu—wja(u =)+ glu-+ 2)ldu. >0,

which satisfies the factorization identity

F(£19) ) = (BDWEG@). Yy>0.

Convolutions of integral transforms and their applications attract attention
of many mathematicians and have been announced, e.g. in [3, 4, 11, 12, 13,
15, 16]. In this paper we define two generalized convolutions of the integral
Kontorovich-Lebedev, Fourier sine and cosine transforms and apply them to
solving two systems of integral equations.

II. Generalized convolutions of the integral Kontorovich-Lebedev,
sine and cosine Fourier transforms

Definition. The generalized convolutions with the weight v(y) =

= Sh_l(’/Ty) of the functions f and g with respect to the integral Kontorovich-
Lebedev, Fourier sine and cosine transforms are respectively defined as follows

+o0o +0o0o

: : —u.ch(z+v
(4) (ng) (x) = 2 O/ 0/ [Sh($+v)e h(z+ )+

+sh(x — v)e_“":h(w_”)} fluw)g(v)dudv, x>0,
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(Fi0) @) =2

[Sh(x + v)efu“:h(”“)f
T

o\%—
o\ér

—sh(x — v)efu‘("h(‘r*“)] fw)g(v)dudv.

1
Theorem 1. Suppose that f € L (,R+>, g € L(Ry). Then, the
x

convolutions (f%g) (x), (f%g) () belong to L(Ry) and respectively satisfy

the factorization equalities

(6) Fo(19) ) =) (K1) W) (Feg) (), Yy >0,

(") Fe(£}9) ) =) (K7'F) 0)(Fg)(w), ¥y >0.

Here K~ is the inverse Kontorovich-Lebedev transform ([1]).

Proof. Since u.sh(z + v)e” M=+ — (0 when u,v — 400, we have
400 +00
/ / ‘sh(x + 0)e @) L gh(z — w)e " hET] | £ (v)||g(v)dudy <
0 0
+o0 +o0
<C / %|f(u)|du / |g(v)|dv < +o0.
0 0
Because
+o00
(8) / sh(z + v)e - h@tv) gy — %e‘“'Ch”
0
and
+0o0 +0o0
/ ‘Sh(:E —v)e W@ gy = / sh(z — v)e @) gy
0 v
(9) - /sh(a: —v)e weh@EV) gy —
0
_ 7%6%@1(17@) :OO+1 —u.ch(z—v) 0
et g—u-chy
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it follows from (8), (9) that

+oo 1 +00 400 +00
[loline =z [ [ [ foie e
0 0 0 0

+|sh(z — v)|67“'Ch(“"7”)] |f (w)|g(v)dudvdz =

9 +o00 +00
<= [ [ o) -duto -
0 0
+oo +oo
2 L1
== [ e slsidn [ lge)id <
0 0
—+o0

IN

[ lswa 70|g<v>|dv < +o0.
0

0

Thus, (flg) (z) € L(Ry).
Now we prove that the generalized convolution (4) satisfies the factoriza-

tion equality (6). Since

(W) (K1) W) (Feg)(y) =

400 400

=sh™!(7y) \/>/ cos (yv) 2ysh(ﬂ'y) Ky (u)— f(u)g(v)dudv:

+oo +o0

\f / cos(y) ()9 v) -y Ky (w)dud,
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from the formula 1 ([1] p.130) we get

K1) () (Feg)(y) =

+o00 +00 +oo
\/> / cos(yv) f(u)g(v) { / s1n(ya)sha.e“Ch°‘da} dudv =

(10
+oo +o0 —+oo
2
:71-2\[\/7? / / [siny(a + v) + siny(a — v)] sha.e *"da 3 =
0 0 0
— F(w)g(v)dudy
Further,
(11)
“+o00
/ [siny(a 4 v) + siny(a — v)]sha.e “Pda =
0
+0o0 +oo
= / sin(yt)sh(t — v)e “PE=) gt 4 / sin(yt)sh(t + v)e ) gt —
+o0
= / sin(yt)[sh(t + v)e ") 4 sh(t — v)e V) qt—
0
v 0
- /sin(yt)sh(t - v)efu'Ch(tfv)dt + /sin(yt)sh(t + v)er'Ch(H”)dt.
0 —v
As
0 0
/sin(yt)sh(t + v)e wehtv) gp — /sin(ys)sh(v — s)e"wchv=s)gs —
(12) —v v

v

= /sin(ys)sh(s —v)e wohm) g,
0
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it follows from (10), (11), (12) that

“+o0o
V() (K71 f) (y)(Feg)(y) = \/Z / Sim(yt){ﬂl2
0

+sh(t — v)efu'Ch(tﬂ’)] f(u)g(v)dudv}dt =

[Sh(t + U)efu.ch(t+v)+

o\ér
o\-é—

= (f19) W)

Thus, the factorization equality (6) is proved.
Similarly,

400 +o0

YY) (K1) (y 7Tz\f/ /sm yo) f yKly( w)dudy =

—cosy(v + a)]sha.e_“'Cho‘doz}f(u)g(v)dudv =

“+o00 +o00o
:ﬂ¢i//f {/mwmumkmwwt
— / cos(yt)sh(t — v)e wht= ”)dt} dudv =

400 o0
S —

—sh(t — v)e~weht= ”)} dt+
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0
+ /cos (yt)sh(t 4 v)e V) gy
+ /cos yt)sh(t — v)e _“'Ch(t_”)dt}dudv.
0

Taking the equality

0 v
/cos(yt)sh(t + v)euehV) gy 4 /cos(yt)sh(t —v)e Vg =0
o 0

into account, we obtain that

Y() (K1) (y ( 9)(y) =

400 400

\/» cos(yt) { / / |:Sh(t+v)e_u.ch(t+v)_

0

—sh(t — v)e_“'Ch(t_”)} f(u)g(v)dudv}dt =
=F, (f%g) (¥)-

The equality (7) is proved.
With the same reasonings we conclude that the convolution (5) exists and
belongs to L(RRy).

Theorem 2. The convolutions (4), (5) are non-commutative, not asso-
ctative and the following identities hold

D si(oin) =t (r3n).
2 i(otn) =93 (F1h).
5 (a0) = (19) 0
9 Fi(ozn) = (139) g
9 Ti(ogh) =rs(fte)
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Proof. Theorem 1 implies that the convolutions (4), (5) are non-
commutative and not associative. It remains to prove 1) - 5). We have

It follows

Similarly, we can prove the remaining identities. As an example, we prove 3).
We have

F (53 (s0) ) @) =07 ) (K1) 05 (9 0) ) =
= ) (K F) (). (Feg) ) (o) o) =
=P (F19) W(ER W) = Fs ((F19) £h) ).

ri(ogn) = (ra) g0

Remark. The following identities hold

Hence

Proof. It follows from Theorem 1 that
Fo((FHain))s0w) = F (13 (930)) @) (Fk) @) =

=sh™(my) (K7 £) ()-(F2) (973 1) ) (Fel) () =
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(FE(o50)) =74 (o5 (140))-

Similarly we can prove 2).

Hence

Theorem 3. For the generalized convolutions (4), (5), we have the
identity
(13)

(F19) @+ (f}9) @ =

- ﬁ\f;/m F(u) Ksht.e—“-cht F g(t)) (z) - (sht.e—ucht : g(t)) (:c)] du.

c

Proof. We have

(14)
(o)~
Rt
== / / {Sh($+v)e—uch(x+v) +sh(|z — o) @] F(u)g(o)dudv+
T it

= ?\/i / fu) (sht.e u-cht g(t)> (z)du+
0
+00 +00
+ % / sh(z — v)e™ @) £(4) g(v)dudv.
0 =z

(f%g) () =
1 “+o00 400
=— sh(z 4 v)e @) _gh(|z — v])e @] f(u)g(v)dudv—
2 0/ 0/ [ ]
9 +00 +00
=) / sh(z — v)e” ") () g(v)dudv =
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+oo
:7% / 7y (sht.e ™ x g(1)) (x)u—
0

(15) 9 400 +o00
= / sh(z — v)e™ @) £ (4) g (v)dudv.
0 =z

From (14), (15) we obtain (13).

I11. Application

Theorem 4. Consider the system of integral equations

400 +00

f@xn [ [ o olptugeldudo = his),
(16) 0,
Ao [ Ox(z,v)f(u)du + g(x) = k(x), = > 0.
/
Here,

1
01(x,u,v) = ) {Sh(f +v)e ) 4 gh(x — v)e*“Ch(””)} ;

Oa(,u) = —=[sign(u — 2)¢(ju — z|) = ¢ (u + )],

1
V2T
1 . ‘ ‘
p € L(,R+>, Y, hk € L(Ry) are given functions, A1, \s are given
x

constants and f,g are the unknowns. Then, with the condition
L= AoF, (940 (1) £0,
the system (16) has a solution
v ¥
Fla) = hia) + (hq) (@)~ M (pF) (@)~ o ( ! (q . k)) (2) € L(R,),
h

© ¥
1) @)= 2e (030) ) - (0 (0

Fe

9(z) = k(z) + (q
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with q(z) € L(R4) satisfying

MAF. (939) ()

(Feq)(y) = 5 :
oY 1—)\1)\2Fc(80>§¢)(y)

Proof. Using (10) and the factorization equalities, we obtain the linear
system

(Fof)(y) + Xash ™ (my) (K~ 0) (y).(Feg) () = (Fsh)(y),
A2 (Fsp)(y)-(Fs f)(y) + (Feg)(y) = (Fek)(y)-
We have

1 Aish™ (). (K1) (y
A2 (Fsp)(y) 1

=1-MF, (910) (5) #0,

A:

~—
|

‘ y ) Ash™H(my). (K1) (y) ’
)(y) 1

= (Fsh)(y) — Msh™ ! (my). (K1) (v).(Fak)(y),

Ay =

1 (Fsh)(
Ao (Fsp)(y) - (Fsh)(
= (Fek)(y) — A2 (Fst)) (y) (Fk) (y)-

Hence

(Fsf)ly) =

A Fe (@*¢)()
= |1+
1—X\ /\ch(sD;w)( Y)

[(Fh)(y) — Msh ™ (my). (K') (9)-(Fek) (y)] =

B[~

] [(Fsh)(y) — Ash ™ (my) (K~ Y) (y)(Fek) ()]

In virtue of Wiener-Levi’s theorem there is a function ¢(x) € L(R,) such that

A1 Ay (@*ﬂ’) (v)
IEDIPY c(wgw) (y)

= (Feq)(y)-
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From this and (1), (2), (4) we get

(F)w) =[ 1+ (Fe)w) | [ (Fh)(y) = Aush™ (my) (K0) () (Fe)(w) | =

= (Fsh)(y) + Fs (h*;q) (y) = A\ F, (w% ) (y)—

- M F (so% <q x k)) (y)-
From the last equation and Theorem 1 we obtain
fa) =) + (1) @) = (310) (0) = 0 (03 (02 0) ) (@) € LR
Similarly,
(Fug)) = + [(F)(0) — Al Fe)(0) (Fuh) ()] =

) -
[H(Fq ) ][ ) - Az(Fw)()(Fh)()}z

< a ) -k (o)
~ Xa(Feq)(y).F w;h)u
8 (0 1) 0= 2aFe (050) 0) = 2eF (g (950) ) )

o(z) = k(z) + (q : k) (@) = de (v3h) (@) = 2o (43h) () € LR,

By the same way we can prove the following result.
Theorem 5. Consider the system of integral equations
“+o0

£@) + M / 03, w)g(u)du = h(x),

0
(17) e

/\2/ /94a:uv v)dudv + g(z) = k().
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Here,
1
%@WWZVEﬂW@—UD—¢@+UW
94(%,’&, v) = % [Sh(x + U)efch(:v+v) _ sh(x _ v)efuch(mfv) )
T

The functions ¢ € L

S

1
,R+> i w,hk € L(RL) are given, A1, A2 are given
x

constants, and f,g are unknown functions. Then, with the condition
1—XAo.F, (t/);: w) (y) #0
the system (17) has a solution
£le) = h@) + (hra) @)~ 2 (01k) (2) — A <90* (q
o) = k(o) + (a2 5) )= (030) @) = %0 (4 (h30)) () € (R)
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