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NON-NORMAL LIMIT THEOREM
FOR A NEW TAIL INDEX ESTIMATION

L. Szeidl (Pécs, Hungary)

Dedicaled to Professor Imre Kdtai on the occasion of his 65th birthday

Abstract. The recent work deals with a new tail index estimation based
on empirical power processes (Szeidl [14]. Szeidl and Zolotarev [16]). It is
proved that this estimation converges to the tail index with probability 1. it
converges in mean square and the limit distribution of linearly normalized
estimation is non-Caussian law.

let X1, X.... be a sequence of independent, nonnegative and identically
distributed random variables with common distribution function F(z). We
suppose that the asymptotic condition

(1) Fz)=1-F(z)=2"%L(z), z—

holds, where a > 0 is constant and I.(z) is a slowly varying function at infinity.
The condition (1) means that the tail distribution function regularly varies at
4> with index «, i.e.

rli_m (1=Fte)) /(1 = Ft)) =272, z>0.

In the last decades several mathematicians have been dealing with the
estimation of the tail index « (see, for example, the papers of Hill (8], De Haan
and Resnick [5], Hall [7], Csorgé. Deheuvels and Mason {3], Csérgd and Viharos
[4], Viharos [17], Resnick and Starica [11] and others). The known estimations
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are essentially based on the usage of ordered samples. The paper of Csorgd
and Viharos [4], partly gives a good survey on the statistical behavior of the
estimation of this type. Below, we are going to introduce and analyze the
asymptotic behavior of a new estimation for the tail index that comes up when
investigating the empirical power processes (Szeidl [14], Szeidl and Zolotarev

(16)).

Consider the empirical power processes
143
Zn () :ZXJ?. 0<i<o>, n=12....
i=1

Let A > 1 and s > 1 be given constant numbers and let us define the sequence
of random moments ¢, ., n = 1,2.... with the help of the empirical power
processes Z,(t), for which ¢; ¢ = 0 and in the case n > 2
b= min{t : Z,(t) =n°}, if max{X;:1<j5<n}> A,
™0, fmax{X;:1<j<n} <A

Let us introduce the sequence of statistics

N 1
Ons = —tys, N2 1
8

with the help of random moments t, ;. This paper deals with the statistical
properties of the estimates &, ., n=1.2,....

By choosing appropriate (deterministic) functions a,(t), ba(t) # 0, n =
= 1,2,... the process Z,(t) = (Z,(t)—an(1))/ba(t) cn the interval 0 < ¢ < a/2
can be approximated by Gaussian process (Csorgd, M. et al. [2], Szeidl {13,
14], while on the interval a/2 < t < 2o the limit process is continuous with
probability I and has stable marginal distributions (Szeidl [13, 14]), Szeidl and
Zolotarev [16]). In the special case, on the interval a < t < oo choosing the
deterministic functions as follows

an(t) =0, n=12,...
ba(t) = D:, where D, =sup{uv:n>u*L7 (u), u> 0},

the finite dimensional distributions of the process Z ,(t) = Z,(t)/bn(t) converge
to the suitable finite dimensional distributions of the process ((t/a), a <t <
o0, where the integral in the definition of the process

() = t/]\/’(u‘)u“1 du, 1<t<oo
3
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is defined in the sense of quadratic mean and {N(u), w > 0} denotes a
homogeneous Poisson prccess with intensity 1. The random variables ((¢)
defined above take only nonnegative values with probability 1, their distribution
functions G(z) are stable and the characteristic functions can be determined
explicitly, see Szeidl {14], and its canonical form (see Zolotarev (18] p. 17.) is
the following

fe &

gr(N) = / e?dG,(x) =

-

= exp{—|A|"/*T(1 — 1/1)e = 7/2080A - A e R, 1<t < .

So for the given values z the distribution function of random variables {(¢) can
be numerically determined.

Note that the convergence of one-dimensional distributions means special
case of the classical limit theorems (see Gnedenko, Kolmogorov [6]).

[t is clear from the definition of D, that it can be expressed in form of D, =
= nt/2(h(n))¥/® (see, for example. Ibragimov and Linnik [9]), where h(n) is a
slowly varying function at +a¢. From this, it immediately follows that for all
fixed constant s > 1 the quotient of the coefficients of random variables Z,(so)
and Z,((s + £)a) in the definition of Z,(sa) and Z,((s + €)a) for arbitrary
constant 0 < |g| < s —11is
nf(h(n)).

It means that the exponents of the coefficients differ from each other in
a positive value. This ohservation makes possible the estimation of the tail
index « using empirical power processes. The next theorems deal with the
asyniptotic properties of the sequence of estimates &, s, n =1,2,... .

Theorem 1. If the condition (1] holds, then &, s — o, n — o with
probability 1.

Theorem 2. Suppose that the condition (1) holds, then for all real
numbers > 0 the following statement is true

{2) lim P (

Qn,s

n— 20

log h(n) r v pmszy 1 sz
1+ E—! > @ = Gs(f ) +1 Gs(e )

Theorem 3. Suppose thal the condition (1) holds. Let p > 0 be an
arbitrary positive constant, then the following relation holds

(3) Elén s —aff <a (s, +o(l/logn)), n—o,
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where

log 1 -log d,. (&
an:inf{sr oglogn + log '()<s}, n=

= 2,3,...
logn e
and ,
8,(€) = max[L(nt/*C=)], 1/L(nY/ 0%, n=1,2,... .

Corollary 1. If there exists a finite limit value lim L(z) = co, then for

all real numbers = > 0 the following statement is true

dn.,s 1 log Co
logn

T):Q@%+pﬂ¢%.

lim P <
n—oc logn

The case 0 < ¢o < o0 coincides with the so called Zipf of Pareto type
distribution functions, for which L(z) == co + 0o(1), i.2. the asymptotic relation

1— F(z) = (ca+ o(1))z7%, 2 —0o0

holds. In this case h(n) = co + o(1).

Remark. For all slowly varying at infinity function ! the following
convergence is true (see Seneta [12])

lim log {(n) =
n=ox logn

which is important from the point of view of Theorem 2.
Corollary 2. Since 4, = sup 6,(¢) is a slowly varying function (see
€1<1/2
later formula (21), then logé, /logn — 0. n — o and £, — 0, n — oc. Thus,
from the Theorem 3 it follows that the relation E|é, s — | — 0, n — oo is
true for all p > 0, therefore the sequence of estimates &, , is asymptotically
unbiased and strictly consistent.

Proof of Theorem 1. The assertion of Theorem 1 is equivalent to the
convergence of t,, s — sa, n — oc with probability 1, which is valid (see Petrov
[10] p. 215., L.emma 6) for every £ > 0 if and only if the following convergence

is true
o0
P ( U {ltm,s — sal > a‘a}) — 0. n—oo.

m=n

It is evident that we can suppose that 0 < = < 1.
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The event {|t,, s — sa| > ca.} can be expressed with the disjoint events in
the following way:
{|tm.c — sa| > ea} =
= {tm,s = 0P U{0 < e < (s —2}a} U{lms > (s +6)a} =
At s =0} U{Zn((s —€)o > m* )} U{Zn(s+ )a <m®, by >0} =
={Zn((s —)a>m )} U{Z,(s+)a < m}.

From this it can be seen that

r < U {{tm,s — sa' > &a}) ( U (Zn((s=2)a> ms)})

m=n m=n

+P ( U {Zn((s+e)a< ms)}) .

m=n
At first we prove that for every 0 < & < 1 the following convergence is true

Z ((S— “JOA)

(4 —— — 0. n — oo with probability 1,

oy
from which by the above mentioned lemma it follows that
P<mgn{—ms‘—‘>1 L0, 7o

Since

N
3

m e
)= X
g=1
is a sum of i.i.d. r.v., and since for the sequence ar = k%, k= 1,2,...
= 1
> o= O(n/an) (= o(1/n)), n— oc
ke=m &

then (see Petrov [10] p. 226., Theorem 16) the convergence (4) is satisfied, if
the following condition holds:

oC
(5) ST PXUTEe > %) < o
n=1
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From (1) it immediately follows that
P(_)((S_E)a > ns) =P (X > ns/[(s—s)orj) —pn1 »-E/(S—E)L(n[s/(s—é)az)v

where the function L(n®/(¢=€)%) is slowly varving and the exponent —1—¢/(s—
g) of n in the right hand side is less than —1, therefore (see Seneta [12], 1.5.§.)
the series (5) is convergent for all 0 < # < 1.

Now we prove the convergence

l,=P ( U {Zm((s+&)a) < ms}) — 0, n-—oc

m=n

With the use of the well-known inequality log(l + x) < z, |2| < 1 we have

e

In< ) P(Zn((s+e) - i P (Zx“*s)“ <m®| <
< i P ﬂ{X < ms (a-i.e)o» i ){ <ms/{(s+5)a]>]m _

{1 _P (X > mS/[(S+£)°7)]m =

Dlﬂﬂ

3
il
3

ol

exp {m log (1 -P (X > 'ms/i(s‘f")“f)) } <

3
I

7

exp {—mP <X > m.s/[(s*‘}°f> } .

3
i

n

By (1) we get
mP (X > ms"i(s*‘:)"]) =

— mm_—s/(s—'r E)L (,ms/[(s-'rs)o:‘;) — r775/(s+e)L (7ns/['(s+5)a-‘) .

therefore

S exp {_me/(m) L (ms/:(m)az‘)} < o,

m=1
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from which it follows the convergence

o0

< Z exp {~—m5/(’+E)L (ms/i(s“)a})} —0, n—o0.

m=n

Proof of Theorem 2. From the definitions of &, and ¢, it follows
that for arbitrarily chosen sequence -, > 0 and for sufficiently large n we have

p %ﬁ—l-l— log h{n) L
« logn logn
= P tn e — S+t 100 h( S =
’ lo‘r n log n
log h(n Tso
(6) =P (tn’s —sodt logn ~log n) +
h{
Y PR log uz . zsa\ _
' logn lotrn

= Pths <Unea)t Pllns > Vnsa) =
= P(Zn(un,s,a) >n®)+ P(Zn(’/n,s,a) < ns)7
where

log h(n) zsa 4 Vo so = s — logh(n)  zsa

U . = SO — S .
e log n log n

log n s " logn
First of all we note that in case of any sequence of real numbers
En—0, n—oc (s+£,>0)

we can get (see Szeidl [14])

Zn((s +€n)a) —d"g

(7 Znal(s +€n)a) = D£,3+6n)a

where the sign 2 denotes the convergence in the distribution. It is clear that
the following relations are true

(Zn(tn s,0) > exp{slogn — un,alog Dn}),



314 L. Szeidl

lna

. P(Zn(Vn,s,o.') <n®)= ( Vn 5 a) < 71SD;U"’S‘G) =
©) \

= P(Zn(Vn,s,0) < exp{slogn — v, 5,4 log Dp}).

Since from the well-known result concerning slowly varying functions (see
Seneta [12], §.1.5.) for arbitrary slowly varying at infinity function /(z) and for
any contant 3 > 0,

718
im (logl(n))®

(10) n—co logn

K

and moreover

slogn — up ¢ log Dy, =

log h(n) T 1
. — & n-t soa —_— — —_— - ﬂ‘h A =
(1) slogn  sa (1 Tog logn Ot(logn {-log h(n))
o2+ bloc h(n) + log™ h(n) s, m— 0,
logn log n ’
and
slogn — v, s 0log D, =
log h{n) T 1 :
— g —_ £ —_ o‘h 2 =
(12) slogn + sa (1 Tog + logn a(logn + log h(n))

—sx, n — o,

log h(n) = log? h(n)
=s|—z— 1 —
logn log ne

therefore from the relations (6)-(12) we can get immediately the assertion (2)
of Theorem 2.

Let us consider the sequence of r.v.s Z,(as), n = 1,2,..., s < s<s
where 1 < sp < 37 < oc. By the definition

Zn(as) =X+ ..+ X7, n=1.2,....

Here the distribution function of the i.i.d. r.v.s X3° is the following
Foo(z) = P(X2* < ) = F(zY/°%), z>0.

Let us denote

Foo(2) = F(a/®) = 1— 275 L(z?/>*), z>0.
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[n our case for a fixed constant s, sg < s < s; the Corollary 2.1. of
Borovkov [1] states that there exists a function ¢,s(t) | 0, £ | 0 such that

P(Z,(as) >z )

sup —(_(—)———)- <14 @as(l/t).

T,2>t nFa.s (I)

For the proof of Theorem 3 we need to verifv that this asymptotic relation
holds uniformly in s, so < 5 < s1.

Lemma 1. If the condition (1) holds, then there exists a function p(t) |
0. t | 0 such that

sup P(Z,(as) > x)

T S ltell/t), soss<s
>t n‘F:ts(I) '7/( /)7 0 1

Proof of Lemma 1. Using the proofs of Theorem 2.1. and Corollary
2.1. of Borovkov [1] it is enough to prove that there exists a constant ¢ and a
function B(¢) | 0, ¢ | 0 such that the following assertions are true (2/(us) < y,
)00 A= py — oc)

2/(us)
(13) Glp) = / ' dF, (1) < 1+ cFas(1/u),
3
3
(14) H{p,y) = / S AF (1) < e s (y)(1 + B(L/N)).
1/(ps)

Firstly we prove (13). Let us denote

x

M, = 2/(us). glx) = / gea~D=1 L (£)dt.
1

We note that by the known property of regularly varying functions (see
Seneta [12]) the following asymptotic relation satisfies

g(z) ~ ————2CeVL(z), 7 .
afsg—1)
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From this relation it follows that

g(z) <

2 olse .
- . (Su—l)L R T >
a(so—l)z (), =2z,

if z; is large enough. It is easy to see that the following inequalities hold

G(u) =
M, M,
=1-€Foo(Ms)+p / Mo (t)dt < 14 pet 4 pe®/ s / t YLt es)dt =
0 1
Ml es

=1+ pe* + pase?/* / uT " L(u)du =

Msl/czs
=1+ pe® + pase?/* / yolssadyaleo D=1 ) dy <
1
<14 pet + pase?/s ,'\[._}_'Q'Z'/Sg(ﬁ’[j/as) <
o/ 2 .
<1+ pe* + pase*/sw;—so/s——1—)M§S°“-1>/SL(M;/<*S) <

a8y —

X 4 - _ —_
S 1 +ﬂ6“ + a62/°°—(———1—]' o.s(A[s) < 14 CFas(l/P‘)'

a(sq — 1)

Proof of (14).
Y Y
Hiuw) = [ e dFau(t) < Fou(M) 44 [ @ Foultrdt -
AL, M,
(y—M)p
T (M) + e / e Py — u/p)du.

0

With simple calculation we have

(y—M;)p A 2/s F
e "Fooly —u/u)du < Fysly) / e ™ —Ois_(}/_/—u/wdu =
J - }‘as\y)
a 0
T VY L0 = )l
_ T ! 4 —Uu)/ U o .
=F,s(y) € (/\ — S) L1/ du.
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By the Karamata theorem the slowly varying function L can be represented
as follows

[
(15) L(z) = exp ¢ %s(x) +/ I—(Ii)dr . >0,
'

where Jo(z) and ¥(z) are bounded measurable functions, dz) =0, 0 < z <
1. ¥(z) is continuous for 1 < & < > and ¥o(z) — Fo, ¥ (z) — 0 as r — oo.
Using this representation of the function L we get

L{[(A — w)/p] /=) / [9(2)]
~ < e o )+ —_—
Tt/ <exp < Ou,y, 1) - dz 3,

(CSYMEE

where the function
O(u,y. ) = [Ioi[(A = u)/u]/**) = Fo(y'/>*)]

is uniformly bounded and it uniformly converges to zero on every finite interval
0<u<wugas A= py — oc. p— 0. Let us denote

U1 = max{|¥z)| : z > 1},

then
v‘,l»"&:‘

[ ()] 1 A

AN gz < 9y — ,
x dr < Lla.solog/\—u

(A—u /it s
From the relations above we get immediately
Hipy) <
X--2/s
< MV, oY) / exp{—u ~ (1/sq + U1/asg) log(l — u/X) -+ O(u,y, p) }du.
0

Since 0 < u < A~2/s, thus for all £ > 1

—log(1—u/A) <
<u/A+ w/N /24 N R (= /AT /A (k1) <
< (u/A)A+1/24 4 1R+ (1 =u/A) " Hu/N)/(k+1) <
< (u/N) log(k + 1) 4 us; /2{k + 1).
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Choosing k = [v/A] we can get the following inequality for A = py — o0, u — 0

H(p,y) < e¥Fa.(y)x
X /exp {—-u + u(1/s0 4 91 Jasa) (A" log([VA] + 1) + s1([VA] + 1)—1)} du =
0

:e“y?:—a’s(y)(l + ¢\/1//\))

where 3(1/A) — 0, as A — oc.
Proof of Theorem 3. First we note that if the inequality pax X; > A
Sisn
holds. then by the definition of the process Z,, we have Z,(u) > A*. u > 0.

From this relation it follows immediately

slogn

ths <minfu: A = n”} = .
n,s = { J 10g44

Let &, 0 < £ <€ 1/2 be an arbitrary constant, then

o PE|dns — aff = (sa) PE|t, s — saff <
<P(tn,. < sa(l —2)) + a PPP(|t,, — sa| < &)+
+ P(sa(l1+¢) <tne<(s+1)o)+
o) P
+ (sa) < i
=I(¢) + I2(e) + I3(e) + 14

(16)
slogn

P
> Plthe > (s+ 1)a) =

Observe that from the definition of ¢,, . we have immediately
ths <t Z,(l) >n’,

and
las >t Z,(t) < 0.

Using the asymptotic formula of Lemma 1 it is easy to verify that uniformly in
g, 0 <& < 1/2 the following relation holds (¥,, — 0, n — o0)

I1(g) = P(Zn(sa(l —€)) > n®) < (1 4 wp)nFy s1—e)(n°) =
= (14 vn)exp {— [e/(1—¢)]logn + log L(nl/"(l_s))} = I11(¢e).
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We have with simple calculations
(17) Ir(e) < a™PsP = Iy (e),
and
I3(5) € P(sa(l+¢) <t ) = P(Zn(sa(l +£)) <n’) <
<P (11%%2 X; < 71,1/"(1+E)> = [P(X{ < nt/e0+ym —
= [L= P(X; > /20597 exp {nlogl1 - P(X; > nt/e0+))]} <
< exp {—nP(Xl > nl//“(]‘s))} = exp {—nn‘l/(“e)L(nl/o‘(l“))} =

= exp {—'ng/(l*g)[/(n,l/“(1 =€) )} = I3;(e).

Since
Pit,o> s+ 1)a) = P(Z,({s+ 1a)<n’) <

<P ( max X; < nS/("-l)a) =[1-P(X; > n¥/GFDa =
1<j<n 7

== exp {_nn—-s‘/(s#l)[l(ns/(s--1)a)} = exp {__nl/(s+1)L(ns/(s+1)a)} ,

therefore

. S\ P
(18) I < Iy = (sa) P <:s%g_rz> exp (_721/(sf.1)L(ns,/(sﬂ)a-) = o(1/logn).

We have the following estimations for sufficiently large n
(19)

- , 1
[11(5a) = (14 €a) exp {=2a/(1 = ¢n) log n + L(n'/°C H}<a+ Un) og
]31(571) =
= exp {~explen logn — <2 /(1 + ¢,) logn + log L(n¥/2( 7=} <

< exp {—explloglogn — €2 /(1 + £,) log ]} = exp {—log nexp[—¢}, logn]} .
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Using the representation (15) it is easy to get the following inequality

nl/u(l-—e)
. 9
b, = sup d,() < exp 190(77.”"(]‘5’)+ / —(de <
lel<1/2 J '
(20)
< A, —expd |0 + / lu(f)'da ,
J :
where

¥, = sup [¥g(z)] < oc.
x>0

Since the function A, is slowly varying at the infinity, thus by the relation (10)
we get

oo 2
(loglogn +log A,) o(l). n— o0,

872:. log n S
log n

theretore

. 1
(21) Is1(z,) < e o(1/logn), n — 0.

Summarizing the relations (16)-(21) we have proved the Theorem 3.
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