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Abstract. We prove that if a function f with f(4)f(9) # 0 and a positive
integer k satisfy the condition

f(n*+m®+k)=f(n®)+ f(m®*+k) forall n,mée IN,

then f(n) = n for all positive integers n, (n,2k) = 1.

In this paper, we let IN, IN and P stand for the set of positive integers,
non-negative integers and prime numbers, respectively. We denote by M the
set of all multiplicative functions f such that f(1) = 1. Furthermore, we deal
with the set B C IN of non-negative integers which can be represented as a sum
of two squares of integers and with S the set of all squares of positive integers.

Following C. Spiro [7], we say that subsets A and B of IN are additive
uniqueness sets (AU-sets) for M if there is exactly one element f € M which

satisfies
fla+b)=f(a)+ f(b) forall a€ A and be B.

In 1992 C. Spiro [7] showed that A = B =P are AU-sets for M. In the paper
[3] written jointly with J.-M. DeKoninck and I. Katai we proved that A = S
and B = P are also AU-sets for M. For other results we refer to [1], [2] and
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[6]. For example, in [6] we proved that if a multiplicative function f satisfies
the equation
f(? +m? 43) = f(n® + 1) + f(m* +2)

for all positive integers n and m, then either f(n) =n or
f2+1)=fm*+2)=f(n*+m?+3)=0 forall n, mcIN.

Our purpose of this paper is to prove the following

Theorem. Assume that k € IN and f € M satisfy the condition
f(n*+m®+k)=f(n®)+ f(m*>+k) forall n,melIN.
IF F(4)£(9) #0, then
fn)=n foral mnelN, (n,2k)=1.
If f(9) =0, thenk=2 (mod 3), f(n?)=x3(n) forall né€IN and
(i) f(n® +m?+k)=xs(n) +x3(m) =1 forall nelN, me INo.
If f(9) #0,f(4) =0 then either k=3 (mod 4) and
(i) f(n®+m®+k) = xa2(n) + xo(m) =1 forall nelIN, me N,
ork=0 (mod 4) and
(4i1) f(n? +m?+k)=xa(n) +x2(m) forall nelIN, me IN,.

In the last two cases (ii) and (iii) we have f(n?) = xa(n) for all n € IN.
Here x; denotes the principal character (mod i), that is

xi(n) = {(1)7 7 gm 1

First we prove the following

Lemma 1. Let a and b be non-negative integers and F' be an arithmetical
function, for which the condition

(1) F(n?>+m?*+a+b)=F(n?+a)+ F(m?+b)
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is satisfied for all n,m € IN. For each j € IN let S; :== F(n? +a). Then
(2) Sn+12 = Sn+9 + Sn+8 + Sn—l—’? - Sn+5 - Sn+4 - Sn+3 + Sn
holds for all m € IN and

S7 =285 — 5,

Ss =285 + 54 — 251,
(3) S = 85+255 — 5 — 51,

S0 = S+ 355 — S3 — 25,

S11 = 86+455 — S5 — 52 — 2954,
S12 =8 +4S55+ 5S4 — 52 — 45;.

Proof. Let F be an arithmetical function with the condition (1). From
(1) we have

F(n*+a)+ F(m?+0b) = F(m® +a) + F(n*> +b)
for all n,m € IN, and so
F(n>40b)—F(n?+a)=F(1+b)—F(l+a):=D forall n¢cIN.
Thus, we get from (1) that
(4) Fn?>+m?+a+b)=Fn®>+a)+F(m?>+a)+ D

holds for all n,m € IN. In the following for each j € IN let S; := F(j% + a).
It follows from (4) that if the positive integers k, [, u and v satisfy the condition

k2+12:u2+'02,

then

F*+1P4+a+b)=Fk*4+a)+F(?+a)+D =

=Fw?+v*+a+b)=F@w?+a)+ F?+a)+ D,
which shows that
(5) K2+ 12 =u®+0? implies Sp+ S =S,+S,.
Since

2n+1)2+(n—2)* = (2n — 1)+ (n +2)?

and
2n+ 1)+ (n—77%=2n-5)%+ (n+5)?
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hold for all n € IN, we get from (5) that
(6) S2n+1 + Sn—Z = SQn—l + Sn+2

and
Sont+1 + Sn—7 = Son—s5 + Snys.

These imply that
Snts — Sny2 + Sn—g — Sp—7 = Sopn—1 — Sopn_s5 =

- Sn+1 - Sn73 + SQ’I’L*B - 32n75 = SnJrl - Sn73 + Sn - Sn747
which proves (2).
Now we prove (3). Indeed, by using (6), we have

S7 = S2341 =285 — 51,

Sg = S2.441 =857+ 56 — S2 = 56 + 255 — 52 — 51

and
S11 = 52,5_,_1 =S9 + 57— 83 =S5 +455 — S35 — Sy — 25;.

Finally, by using (5) and the facts
82 +12=724+42 1024+52=112+22 and 122+1%2=92 4382,
we have
Sy =87+5,— 5 :2S5+S4—251,
S10 =511 + 52 — S5 = Sg + 355 — S3 — 251

and
S1g =89+ Sg — 51 =S¢ + 455 + Sy — 52 — 454,

which completes the proof (3). Lemma 1 is proved.

Remark. It follows easily from (2) and (3) that

F(j*+a) =j*+a forall jeIN if F(j?°+a)=j*+a for j=1,---

Lemma 2. Assume that k € IN and f € M satisfy the condition

f(n2+m2—|—k) = f(*) + f(m*+k) forall n,m¢€IN.

6.
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If F(4)(9) £ 0, then
fu+k)=p+k forall peB

and
fw)y=v foral ves,

where B C IN is the set of non-negative integers which can be represented as a
sum of two squares of integers and S is the set of all squares of positive integers.

If f(9)f(4) =0, then statements (i) — (iii) in the theorem are true.
Proof. Assume that k € IN and f € M satisfy the condition

(7) f(n*+m®+k)=f(n®)+ f(m*+k) forall n,meIN.

‘We shall use the notations and the result of Lemma 1 with a =0 and b = k.
Let Sj := f(j2). It follows from (7) that

(8) fM*4+m?>+k)=fn>)+fm?)+D and f(n>+k)=f(n*+D

hold for all n,m € IN, where D = f(k+1) — f(1) = f(k+1) — 1.
First we note from (8) that if t* = u? + v?, then

fE+k)=ft)+D and f(t*+k) = f(u?)+ f(v?) + D.
Thus, we have
(9) F2) = f?) + f@?) i £ =u® 02,
For each odd prime p let t = (p?> +1)/2 and u = (p?> —1)/2. Then
t?=u?4+p? and (p,tu) =1,
and so from (9) we have
F(#) =1 W)+ 7@
On the other hand, for each non-negative integer «
ot = ) + [p°t]7 and  f [p202] = f [p%u?] + f {p“"*”} :

which using the multiplicatity of f imply

[

£IP] = 10 () and 1) = (£6°)"
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consequently
(10) Spa = (Sp)* forall a€ IN.

Similarly, by using 52 = 42 + 32 and 172 = 152 + 82, we also have

(11) f (22 = r2hr2*)
and
(12) £ (2270) = £(2%) £ (2%).

Since 52 = 42 + 3% and 6 = 2 - 3, we have

(13) {55 =S4+ 85,

Se = 5253.

Therefore, we infer from (3), (10)-(11) and (13) that

Sy =554 =354+ 2535 — 2,
(].4) { Sy = (53)2 =553 +25,+253 — 55 — 1,
S12 = 853854 = 59535 + 554 + 453 — Sy — 4.
On the other hand, we get from (8) and by using the multiplicatity of f
that

[f (R®)+ D] [f (n*)+1+D] =f(n*+k) f(n®+1+k) =
:f[(n2+k)2+n2—|—k] :f[(nQ-i-k)?} + [ (n?) + D,
which gives
02+ 1)*] = [ (%) + D)?
and so

(15) St = (Su+ D).

Case I: S5 =0.
We assume that S3 = 0. In this case, from (14) we have

59:254752*1:0 and S12:5S475274:0,
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consequently Sy = Sy = 1. Hence we infer from (14)-(15) that S5 = S =
=S12=0and S; =859 =854 =S5 =57 = Ss = S10 =511 = 1, which with (2)
imply that the sequence {S,,}22 is periodic, namely

3 [, if(n,3) =1,

Applying (15)-(16) with n =1 and n = 3, we have
(17)  Sgysz =Sk = f(k*)=D> and Spy1=f[(k+1)%] =(D+1)

Thus, we infer from (16) and (17) that & # 1 (mod 3), consequently (k +
+5,k+8) = (k—1,3) = 1. On the other hand, we have

fk45) = f()+f(2))+D =2+D and f(k+8) = f(2*)+f(2)+D = 2+D,

which imply that

(D+2)2:f(k+5)f(k+8):f[(k+6)2+22+k} -

:f[(k+6)2] + @)+ D=S,+D+1=D>+D+1.

This implies D = —1. Therefore, we have Sy11 = f{(k+1)?} = (D +1)? =0,
and (16) gives k =2 (mod 3). So, the assertion (i) of Lemma 2 is proved.

Case II: S5 # 0.

In the following we assume that S3 # 0. Since 142 + 22 = 10% + 102,
182 + 42 = 142 + 122, we get from (2) and (13)-(14) that

S19 = 5953 + 354 + 255 — 2

and
S18 = S14+ 512 — 54 =512 +2510 =S4 — 5o =

= S12 + 25553 + 554 + 453 — So — 4 = 2515 + 59.553.

Thus, by using the facts S1g = S2.5% and S3 # 0, we infer
S9S53 = 2854 + 5o,

which with (14) implies that

(S —-1)\° S;—1\> _(85-1)\" S3— 1
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It is clear from the last relation that if x = (532_ 1), then

(22 + 1)a? — 72* — 8z = 2z(x + 1)(x — 4) = 0.

Case II.1: 2 =0,55=1,5, =0.

In this case, it follows from (2) and (13)-(14) that the sequence {S,}52,
is periodic, namely S, = S(,,4). Therefore

Si+a = Sk, Skyaz = Sk and Spiz2 = Sita.

Thus, from (15) we have

S = (S2 + D)? = D?,
(18) {S:-H = (l)2+ 1)2.

If k=1 (mod 4), then (18) gives S; = 0 and D = —1, in which case we have

() )]

that is 0+ 0 — 1 = 1, a contradiction.
If k=2 (mod 4), then (18) implies that

52 = D2, 1= (D + 1)2 and Sg = (52 + D)2

The last relations imply D = Se =0 or D = -2, S5 = 4. Since

E\? k 2
(5 i (o)

which is impossible in the case D = S = 0. Assume that D = —2, Sy =4.
Then
fE+5)=f()+f2>)+D=1+4-2=3

and
fk+8) =f2)+f2)+D=4+4-2=6,

which is a contradiction in the case (k — 1,3) = 1, because
18 = f(k+5)f(k+8) = [ [(k+6)" + 22+ k| = f [(k+6)*] + /(2%) + D =

:Sk+6+SQ+D:S4+S2+D:0+4—2:2.
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On the other hand, if £ =1 (mod 3), then

(k+37,k+40) =1 and (k+37)(k+40) = (k +38)* + 6% + k,
which also is a contradiction, because
f(k+37) = f(62412+k) = 44+1-2 =3, f(k+40) = f(6°4+2°+k) = 44+4-2 =6

and
Flk+38)2+6>+k] =0+4-2=2.

Finally, it remains to consider the cases k = 0 (mod 4) and k = 3
(mod 4). First,let k=0 (mod 4). In this case (18) implies that D = Sy = 0.
Thus, we have proved that if k =0 (mod 4), then S = 0 and
f(n2+m?+k) = f(n®)+ f(m?) and f(n?) = x2(n) for all n € IN, m € IN,.

Now let k =3 (mod 4). In this case (18) implies (D, S2) = (—1,0) or
(D, S2) = (—1,2). Assume that (D,S2) = (—1,2), then it follows from (19)

that
1+2-1 :f[(k;?’)T +f(22)+D:ka;5>T =0,

which is impossible. So
f? +m? k) = f(n?) + f(m?) =1 and f(n?) = xs(n)
hold for all n € IN, m € INy. Thus, (ii) and (iii) are proved.

Case 11.2: z =—-1,55=-1,5,=1 and S5=0.

In this case, it follows from S5S3 = 254 + S that So = —1. So, it follows
from (2) that the sequence {S,,}22, is also periodic, namely

Sy =8mn if n=m (mod5) and S; € {1,-1,-1,1,0}
for all j € IN. We infer from (15) that
S, = D? since Sji52 =Sk and Syys2 = (S5 + D)? = D?,

consequently S, = D? € {0,1}.
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Assume first that S, = D = 0. In this case, we have k =0 (mod 5) and
so (k+8,k—+13)=(k—2,5)=1. Since

flk+8)=f(224+2°+k) =8 +S+D=-1—-14+0=-2
and
flk+13)=f(2°+3*+k) =S+ S3+D=-1-1+0= -2,
we have
4= f(k+8)f(k+13) = f ((k+10)> + 2> + k) = Spy10+S2+D = S —1 = —1,

which is impossible.
Assume now that S, = D? = 1. We get from (15) that

Sk+1 = (51 + D)2 = (D + 1)2 S {0, 1},

and
Skta = (S1+D)* = (D —1)* € {0,1},

consequently D # 41. This is a contradiction, because D? = 1.

Case I1.3: £ =4,53=9,5,=16,55 =25 and Sg= 36.

It is clear from (2)-(3) that in this case S; = f(j?) = j2 for all j € IN. It
is remains to prove that D = k. Indeed, if k is odd, then

k—12+k_ k+1\?
2 S\ 2
with (8) implies

k+1)2 k+1)2 E—1)2
(2) =/ (2) :(2> +D,

that is D = k. If k is even, then by

E\? k 2
= l+k=(=+1
(2)+ k (2+),

we have
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which implies that D = k. Finally, from f(k+1) = f(1)+ D =k + 1 and
(k+1)f(k) = f(k+1)f(k) = fk(k+1)] = f [+ k] = f(*) + D =K +F,

we have f(k) = k. This completes the proof of Lemma 2.

Now we prove our theorem. We will complete the proof of our theorem by
showing the following

Lemma 3. Let B C IN be the set of non-negative integers which can be
represented as a sum of two squares of integers. If k € IN and f € M satisfy
the condition

(19) fu+k)=p+k foral pebB,

then f(n) =n for all n € IN,(n,2k) =1.

Proof. Assume that n € IN with the condition (n,2k) = 1. It follows
from Theorem 1 of [5] that there are positive integers u and v such that

n(p+k)=v+k and (n,u+k)=1.
Thus, from (19) we infer that
n(u+ k)= vk =f i+ k) = f [n(u+ )] =

=f)f(p+k)=f(n)(p+k),
which proves that

f(n)=n forall nelN, (n,2k)=1.

The proof of our Theorem is completed.
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