Annales Univ. Sci. Budapest., Sect. Comp. 24 (2004) 275-284

H» MULTIPLIERS ON THE DYADIC FIELD
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S. Fridli (Budapest, Hungary)

Dedicated to Professor I. Kdtai on the occasion of his 65th birthday

Abstract. In this paper we consider a classical multiplier condition, the
Hoérmander-Mihlin condition, originally introduced for the trigonometric
case. It implies that the multiplier operator is bounded on LP, 1 < p <
< 00. Here we study the corresponding problem with respect to the Walsh
transform and the noncompact dyadic Hardy spaces HP[0, 00), 0 < p < 1.
We also show that our result is sharp. We note that a similar program was
carried out for the trigonometric case and the classical Hardy spaces, and
for the Walsh system and the dyadic Hardy spaces on [0, 1] in our previous
papers [1] and [2].

1. Introduction

o0 .
Set R* = [0,00). The binary expansion of z € RT is z = > ;27971
j=—00
where z; = 0 or 1. In case of dyadic rationals, i.e. when there are two
expansions of this form, we take the one that terminates in 0’s. Then the

Walsh functions are defined as

i TrY—k—1
(1.1) wa(y) = (1) (z,y € RT).
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We note that if 2 = 28 (k € Z) then w,(y) = war(y) = (=1)¥-+-1.
Consequently, wyr is equal to the k-th Rademacher function.
Let the Walsh-Dirichlet kernels be denoted by D; :

t

DMD=/wAmmi (t,y e RT).

It is known (see [5] or [12]) that

m 0<y< 27,
(1.2) Dan(y) =
0 27"<y<oo (neZ).

It is known that the Walsh system can be considered as the dual group
of a locally compact Vilenkin group, the dyadic group. Taibleson ([13]) has
developed a distribution theory for local fields. Following his concept of
distributions we will consider the dyadic Hardy spaces HP(RT) (0 < p < 1) as
subspaces of the space of dyadic distributions. More precisely, H?(R™) will be
defined by means of atomic decomposition of distributions. To this order let
the intervals of the form [k27",(k+ 1)27") (k € N, n € Z) be called dyadic
intervals. The Lebesgue measure of a measurable set A will be denoted by |A].
Then a function a : Rt — R is a p-atom if there exists a dyadic interval I such
that

i) suppa C I, i) [lallpeemt) < 11|~ iii)/a =0.
T

We say that a dyadic distribution f belongs to HP(R*) (0 < p < 1) if there

o0
exist «y real numbers with > |ag|? < co and aj p-atoms such that
k=0

(13) f:Zakak.
k=0

The decomposition is understood in the sense of distributions. The HP(RT)
norm is defined by

0 1/p
| fllep r+) = inf (Z |akp>
k=0

with taking the infimum over all decompositions of the form (1.3).
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Let ¢ : Rt — R, then the Walsh multiplier operator T} is said to be
bounded on HP(RT) (0 < p < 1) if for every f € HP(RT) there exists a
Ts € HP?(R") such that

Tyf(z) = drf(x)  (0<x <o),

where f stands for the Walsh-Fourier transform. Throughout the paper C
will denote an absolute positive constant not necessarily the same in different
occurrences.

2. Results

In our first theorem we consider a Hormander-Mihlin ([7], [9]) type
condition. We prove that it is sufficient to give boundedness on certain HP (R™)
spaces.

r
2r—1
€ L>°(R") is differentiable and the inclusion ¢’ € L} (R") holds. If

loc

Theorem 2.1. Let 1 < r < 2 and < p < 1. Suppose that ¢ €

git1 r

(2.1) L/wvww <2 iU (jez)
27

then T, is bounded on HP(RY).

In our next theorem we show that Theorem 2.1 is sharp in the sense that
the condition on p can not be relaxed by replacing the right side by any number
smaller than r/(2r — 1).

Theorem 2.2. Let 1 < r < 2. If p < r/(2r — 1) then there exists a
differentiable ¢ € L (R™) that satisfies (2.1), but Ty is not bounded from
HP(R*) to LP(RY).

For previous results on multipliers on the dyadic Hardy spaces, and Hardy
spaces over locally compact Vilenkin groups we refer the reader to the papers
[1], 3], [4] and [11].
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3. Proofs

For the proof of Theorem 2.1 we need the following lemma which is a Sidon
type inequality. The trigonometric version of it was proved by Mdricz [10].

Lemma 3.1. Letn,N € Z, and 1 < q < 2. Then for any v € Lloc(R+)
we have

ool 2™ 2" 1/q
(3.1) / /'y(t)Dt(x) dt| dz < ¢,2~ N0V /|7(t)|th
2N |0 0

Proof. Without loss of generality we may assume n > N. Let us start
with the following decomposition formula ([6]) for the Dirichlet kernels

D —’LUt Z t’wg Ji— 1 D2 Ji— 1( ) (t,x€R+).

j=—00

Before using this in the left side of (3.1) note that the integration with respect
to = is over the interval [2V00). By (1.2) we have that Dy—;—1(x) = 0 holds
for any 2 > 2V if j < N — 1. Hence

col| 2™ on

/ /’Y(t)Dt(x)dt d:cf/ ng i—1(x)Dy—j-1(z )/tjfy(t)wt(x)dt dr .

oN |0 oN |[J=N 0

After changing the order of integration and summation we obtain

QZZ (t)Dy(z) dt dm<;vz[ Wo—j—1 () Do—jr (x )07 V(#)we() dt| d.

We proceed by introducing the notation gj(z) = sgn [ t;jy(t)wi(x)dt, and
0

rewriting Dy—j-1 as 2_(‘j+1)X[072j+1]7 where x|o,2s+1] is the characteristic func-
tion of [0,27F!]. Then, after performing a change in the order of integration,
our estimate takes the form

ool 2™ 2" 00

/ / () Dy (2)dt| dz < i 9=+ / £y(2) / Xio.2+1)(2)g; (@)wr (x)ddt.

2N |0 Jj=N 0 oN
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The inner integral will be considered as the Walsh-Fourier transform, in

notation (g;x[0,2+1])(t), of gjXx[0,25+1] at t. By using Holder’s inequality for the
outer integral and then the Hausdorff-Young inequality for the Walsh-Fourier
transform we obtain

ool 2™

o0
/ / AV(O)Di(e) dt] d < 3 275D 0 sl oy 05X o ey <
2N |0 j=N

1/q

2™ 50
<, /|’Y(t)|q dt Z 270 |Ix10,20+1 95| La )
0 j=-N

where 1/p+1/¢ = 1.
By the definition of g; we have [|x[o 241195/l Lar+) < 26 +1/4_ Therefore

oo oo
Z 270D |x0.20+195 | Loy < Z 2~ U1/ <
J=—N J=N

< CqQ—N(l—l/lI)

which is the desired estimate.

Proof of Theorem 2.1. We will show that (2.1) implies that ¢ satisfies
the following condition:

_ ; P
50 2—" 27
(32) > onh / / o(tywy(z)dt| de | < C2P~Y  (jen).
n=—00 —(n+1) pi—1

It was proved by Kitada [8] that (3.2) is sufficient for T}, be bounded on H? (R™),
0 < p < 1. Let us split the sum in (3.2) at n = j and consider the case n > j

first

9—n 9d p

12:i2n<19—1> / / o(E)wy (2) dt| da

—(n+1) pi—1

If z < 27" then 3, = 0 for every k < n. Similarly, t < 2/ means t;, = 0 for every
k < —j. Since j < n we have by definition (1.1) that w;(z) = 1. Therefore,

27 P

Iy =" 2=l | o=(nD) /go(t)dt
n=j

j—1
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Making use of the fact that ¢ is bounded, we obtain
I, < ZQn(p—1>(2—<n+1>2jC)p < C2ir—1),
n=j

which is corresponds to (3.2).
Let us take the n < j part:

i1 2=n | o P
L= Z on(p—1) / /ap(t)wt(x) dt| dz
n=-oe —(n+1) pi-1

We start with using integration by parts for the integral with respect to ¢

27 ) 27
2]
[ etw@at =], - [ @D
27-1 2i—1
Hence
2j 2j
/ (tywn() dt| < |0(29)| Dy () + [0(2)| Days () + / o/ (t)Dy() dt| .
j—1 j—1
Then we have
j—1 N ?
ne Y 20| @)+ e@)Da ) ds | +
n=-o0 —(n+1)
-1 2™n 29 P
+ ) ol / /ap’(t)Dt(x)dt de | =1+ L.
n=-o0 —(n+1) pi—1

If n < j —1 then [2=("*1) 27"] C [279F1 1]. Recall that Dy; = 27Xy 2-s), and
Dyj1 = 2j_1X[07271+1). This means that the sum in I; reduces to a single
term

I = 2(]’71)(1771)(ij‘(p(gjfl)pjfl)p.

Again, it follows from the boundedness of ¢ that I;; < €27 (p=1),
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Applying Lemma 8.1 to the integral in Iy we obtain

2 n 27 27 r
[ @O as < v | [
2—(n+1) pi—1 2j—1

Hence we have by (2.1)

Jj—1
Ly<C ¥ 200D (2<n+1><171/r>Qj(l/rfn)” —

j—1
— ¢oir(l/r—1) Z gn(2p—1-p/r)
It follows from the assumption p > 5 ! 1 that 2p — 1 — p > (. Consequently,
r— r

I1o < C20P(1/r=1)9i(2p=1-p/r) — C0i(p—1)

Combining the estimates for I7, and Is we obtain the claimed estimate.

Proof of Theorem 2.2. Set

1
—(1—cos2nmt) if 0<t<1,
o(t)y=1¢ 2

0 otherwise.

Define ¢ € L*>®(R™) as follows

p(t) =Y 27"V rua(t)  (teRY),
k=0

where 7,0(t) = o(t — ), z € R. Then ¢ € L=(R™T), suppp = [J [2¥,2F + 1],
k=0
and ¢ is differentiable. Moreover
ok+1 1/r ok 41 1/r
/ | (t)|" dt = / 2R/ |97 sin 27t |" dt < 2r2 kA=),
2k 2k

Consequently, ¢ satisfies condition (2.1).
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We will define the function f € HP(R') by means of the p-atoms
ar = 2°A/P= D (Do — Dor) (k€ N).
Let us choose the coefficients A\ as
A = 2 k(1 /p+1/r=2) (k € N).

Then it follows from the condition p < r/(2r —1) that 1/p+1/r —2 > 0. Thus

Z [ AklP < oo, Le. f= Z Arax € HP(RT).
5=0

The action of the multlpher @ on f can be calculated as follows

o 2k~+1
Tof(x) =) A\2F/p=Do=k(=1/n) / mowo(wy(z)dt (€ RY).

k=0 2k

We will show that xjo,1)T, & L”[0,1). To this order let us calculate

2k+1

/ Toro (t)wy () dt, 0<z<1.

ok

Since wy(z) = wy(x) (x €[0,1), t € RY) (see e.g. [12]) we have

ok+1 1

1
/ Toro(t)w(x) dt = war (x / 3 (1 — cos 2mt) dt = war (x) (x €10,1)).
2k 0

Consequently, x[o,1)7}, takes the form of a Rademacher series. i.e.

z) =Y rm(z)  (xe[0,1)).
k=0

o 1/2
By the Khintchin inequality, ~ (Z ci) . In particular,

k=0

o0
> CkTE
k=0

L ([o,1)
1

J|To(x)|P de = oo, ie. T, & LP(RT).

0
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