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REGULARITY OF SOLUTIONS
OF A FUNCTIONAL EQUATION
ON LIE GROUPS
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Dedicated to Professor Imre Kdtai on the occasion of his 65th birthday

Abstract. It is proved that if G is a connected Lie group, X is a C*
manifold, and f : G — X is measurable or has the Baire property and f
satisfies the functional equation

fx)=nh (;v,y7f ((;velykl)al) i ((we”yk”)é")) , z,y € G,

where h : G? x X" — X is C*® and ¢; € {0,1}, §; € {-1,1}, k; € N,
ki >0fori=1,2,...,n, then fis C*.

1. Introduction

In connection with his fifth problem Hilbert [5] suggested that although
the method of reduction to differential equations makes it possible to solve func-
tional equations in an elegant way, the inherent differentiability assumptions
are typically unnatural (see Aczél [2]). Such shortcomings can be overcome by
appealing to regularity theorems.

In this short note two theorems will be proven (Theorem 1 and Theorem
4). The first makes possible to deduce continuity of measurable solutions
for a general type of functional equations on certain locally compact groups,
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especially on Lie groups. The second theorem makes possible to deduce C* of
solutions directly from measurability, but for a more special type of equations,
and only works on connected Lie groups. We follow the terminology of Bourbaki
about topology, hence compact and locally compact spaces are supposed to be
Hausdorff. About measure theory we follow the terminology of Federer [5].

2. Results

First we will prove the following “measurability implies continuity” type
theorem:

Theorem 1. Suppose that Z, Z; (i = 1,2,...,n) are completely reqular
spaces, Zy is a o-compact completely reqular space, G is a locally compact
topological group and

(1) f(ZL') = h(lE, Y, fO(y)7 fl (gl,l(x)yklgr,l(x))7 sy fn (gl,n(x)yk”gr,n(x)))a

z,y € G,

where h: G2 X Zo X Zy X -+ x Zp — Z is continuous and gii: G— G,
gri + G — G are continuous, k; € N and k; > 0 for ¢ = 1,2,...,n.
Suppose, that fo : G — Zy is an arbitrary function and f; : G — Z; is
Lusin measurable for 1 < i < n, moreover

(2) G has a compact subset K with positive left Haar measure such that for
any compact subset C' C K with positive left Haar measure and for any
exponent k; in (1) the left Haar measure of the set {z*i : x € C} is positive,
too.

Then f is continuous.

The theorem generalizes a result of Jarai [4] about D’Alembert’s functional
equation

flay) + flay™") =2f (@) f ().

The proof is based to the following general theorem (see Jarai [7], Theorem 8.2
and Jérai [5]):

Theorem 2. Let Z, Z; (i = 1,2,---,n) be completely reqular spaces,
Zy a o-compact completely reqular space, Y and X; (i = 1,2,---,n) locally
compact spaces, X an arbitrary topological space. Suppose that D C X X Y.
Let f : X - Z, fo:Y = Zp,9;: D - X; (i =12,---,n), fi : Xi = Z;
(i=1,2,---,n), and h: D X Zy X Zy X ... X Zp — Z be functions, v a Radon
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measure on Y and p; a Radon measure on X; (i = 1,2,---,n). Suppose that
xo € X and the following conditions are satisfied:

(1) for each (z,y) € D

flx) = h<x,y7fo(y),f1 (gl(x,y)),---,fn(gn(x,y)));

(2) h is continuous;

(8) fi is Lusin p; measurable on the subset A; of X; (i=1,2,---,n);

(4) g is continuous on D (i =1,2,---,n);

(5) there exist sets V and K such that V is open, K is compact, V. x K C D,
2o €V, v(K) >0, and K C 151 i a (A);

(6) for each € > 0 there exists a § > 0 such that B C K and v(B) > € implies
ui(gix(B)) > 0 whenever 1 <i<nandx €V.

Then f is continuous on a neighborhood of x.

Proof of Theorem 1. Let A denote a left Haar measure on G. Let xg
denote an arbitrary element of G. We prove, that f is continuous at xy. Let
X be a compact set containing a neighborhood of xg, let K be the set from
(3), D=XxK,and let Y = X; = G and g;(2,9) = g1.:(2)y* g,..(x) whenever
(x,y) € D. We will use Theorem 2 with sets A; = G. The only non-trivial
fact is that the last condition is satisfied by g;. Since if B C K then the left
translation does not change the left Haar measure of {y*: : y € B} and the right
translation only changes this measure with a positive constant depending on
gr.i(x) but bounded by positive constants from below and above for all z € X,
it is enough to prove that for each € > 0 there exists a § > 0 such that B C K
and \(B) > ¢ implies M{y* : y € B} > § for i = 1,2,...,n. Suppose, that this
is not the case. Then there exists a 1 < i < n, g¢g > 0 and for every natural
number j an open subset U; of G for which A(U;) < 1/27 and

My:yeC, y* €U} > e,

where k = k;. Since the mapping y — y¥ is continuous, the sets {y : y* € U;}
are open, and so the sets {y : y* € U;} N K are measurable. Let

Aj={y*:yecO}n (OL(J)U1> .
i=j
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Then A1 D Az D ..., MA;) < 1/2771 and the sets {y : y* € A;} are
measurable with finite measures which are not less than gqg. If

B{y:yke ?’10 Aj},
Jj=1
then A(B) > ¢¢ > 0, but

)\{yk:yeB}:)\(OﬁlAj) =0.
j=

If C' is a compact subset of B with positive left Haar measure we have a
contradiction with (2). Hence the proof is complete.

Remark 3. Condition (2) of Theorem 1 is fulfilled in many important
locally compact groups, but not in all of them. For example, if G = {—1,1}
with multiplication and discrete topology, n is a cardinal number and for some
i we have k; = 2, then G satisfies (2) if and only if n is finite.

If G; and G4 satisfy (2) with subsets K7 and K5 then G = G1 x G5 satisfies
(2) with K = K3 x K». This easily follows from Fubini’s theorem.

Each Lie group satisfies this condition. Let G be an N-dimensional Lie
group with unit element e. It is not hard to prove using some theorem on
the left Haar measure of Lie groups (see Chevalley [2]) that there exist open
subsets U, V, and a homeomorphism ¢ of U onto an open subset of RY so that
eeV CU, ¢(e) =0, the mapping x — go(tp*l(x)ki) is an analytic mapping of
o(V)*¥ into p(U) for i = 1,2,...,n and that for every compact subset C' of V
the left Haar measure of C' and the Lebesgue measure of ¢(C) vanish together.
Since the Jacobian of the mapping

z (e (2)F)

of (V) into ¢(U) is equal to k¥ at 0, we have that there exists an open
neighborhood W of e in G so that W*: c V fori = 1,2,...,n and the Jacobian
over (W) is not less than 1. Hence, by the formula on transformation of
integrals, for any compact subset C of W the Lebesgue measure of @({xkl ‘T €
€ C}) is not less than the Lebesgue measure of ¢(C). Hence G satisfies
condition (2) with any compact subset K of W which has a positive left Haar
measure.

In a rather general situation, we can even directly deduce that f € C*°.
We can obtain the following
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Theorem 4. Suppose that G is a connected Lie group, X is a C*
manifold, and f : G — X satisfies the functional equation

f(z) = h(x,y,f((xslykl)‘sl),...,f((xg"yk")é”)), x,y € G,

where h : G? x X" — X is C*° and &; € {0,1}, §; € {—1,1}, k; € N, k; > 0
fori=1,2,...,n. Then if f is measurable or has the Baire property, then f
is C*.

The proof is based to the following general theorem (see Jérai [7], Theorem
1.37 and Jérai [6]):

Theorem 5. Let X, Y, and Z be C* manifolds, let D be an open subset
of X XY and let W be an open subset of Dx Z™. Let f: X — Z,g9,: D —- X
(i=1,2,...,n), and h : W — Z be functions. Suppose that

(1) if (z,y) € D then

(2.5 £ (01 @), S (gale) ) €W

and

F@) = h(2.y, f @), f(9a(@1)) )

(2) h is C*>;
(8) gi is C*° and there exists a compact subset C of X such that for each xo € X

there exists a yo for which (xo,y0) € D, gi(zo,y0) € C and y — g;(x0,y) is a
submersion at yo fori=1,2,...,n.

Then every f which is measurable or has the Baire property, is C*°.

Proof of Theorem 4. Let g denote the Lie algebra of G and let
K = maxk;. There exists an open neighborhood Vj of 0 € g such that the
exponential mapping is a diffeomorphism of this neighborhood onto some open
neighborhood Uy of e in G (see Dieudonné [3], (19.8.5), (19.8.6)). Let us choose
a convex symmetric neighborhood V of 0 in g such that KV C Vy. Then with
the notation U = exp(V) we have U = exp(V) and the mapping y — y* is a
submersion in each point of U whenever 0 < k < K.

By Dieudonné [3], (19.9.11) for any m > 1 we have

exp(v1) exp(va) - - - exp(vy,) =
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1
- exp(vl s+ vt 5 D i o] + O (el 4+ + ||vm)3)> -

i<j
= exp<v1 +vg+ -+ Uy +O((||U1H + -+ ||Um||)2))

for sufficiently small |jv;||, 5 = 1,2,...,m. Hence by further shrinking V' if
necessary we may suppose that all of the mappings

(v1,v2,...,0K) — exp(v1) exp(va) - - - exp (Vi )

- exp (_Ul+"'+vK)j
K i

j=1,2,..., K map KV into some compact subset C’ of exp(KV).

We want to apply Theorem 5. Let us fix a k > 2K and let X = U*,
Y = U. First let us observe that since the left shifts and the inversion
are diffeomorphisms, for any zo € X all the mappings y — (xfiy*)% are
submersions at any point y € Y and for any i =1,2,... n.

Let C =T “cruo Ut Clearly C' is a symmetric compact set.
Let us choose an open neighborhood W of e for which C'W C exp(KV'). Then

T ow c T " exp(kV) c T FTT =T c UF.

—k—K —k—K
But since U C'W is open, we have U C'W c U¥, and hence C € X =
=U*.

Let o € X and let us represent xo as ©o = z1x2--- T}, wWhere x; € U
for j = 1,2,...,k. For each j let v; be the unique element of V' for which
exp(vj) = z;. Let us define

. Vg + V-1 + -+ Vk—K+1
Yo =exp | — e .
Clearly, yo € Y and if ¢; = 0, then

ks : . —k-K
ahiyet =yt e UM U ccC.

If ¢; = 1, then by the choice of C’ we have

€i, ki ki __ ki
Ty = ToYy' = T1T2 - Tp— Kk (Th—K+1° TkYy') €

cU" %o coe.
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Since C~! = C we obtain that (:Egiygi)‘s'i € Cforeachi=1,2,...,n.

Let us take for each (xg,yo) an open neighborhood Wy C X x Y of this

pair which is mapped by all maps (x,y) — (z%y*)% into X and let D be
the union of all these Wy’s. With this setting, Theorem 5 can be applied and
implies that f is infinitely many times differentiable on X = U*. Since G is
connected, G = k>L%K U*, hence the theorem is proved.

=

=
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